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The aim of this paper is to investigate approximation properties of some extremal polynomials
in A;, p > 0 space. We are interested in finding approximation rate of extremal polynomials to

Riemann function in Aj and C-norms on domains bounded by piecewise analytic curve.

1. Problem and Main Results

Let G be a finite region with zy € G bounded by Jordan curve L := 0G and let w = ¢(z) be the
canonical conformal mapping of G onto the disc Dy, := {w : |w| < ry} with ¢(z9) =0, ¢'(z¢) =
1, where 7y is called the conformal radius of G with respect to zo.

Denote by A;,(G), p € (0,0) the set of functions f(z) analytic in G with f(zg) =
0, f'(zo) =1 such that

1l = 1o = ([ 1r@rae:) " <co (11)

where do, is two-dimensional Lebesgue measure.
Also, let us denote by g, the class of all polynomials P,(z), deg P, < n, with P,(z¢) =
0, P, (z0) = 1 and consider following extremal problem:

ff |¢'(z) - Py(z)|’do. — min, p>0. (1.2)
G
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Using a method given in [1, page 137], it is seen that the solution of the extremal
problem in (1.2) exists, and if p > 1, the solution is unique [1, page 142]. This unique solution
was denoted by B, ,(z) and it was called p-Bieberbach polynomials in [2].

Let us denote the best approximation to f in the class g, by A;—norm and C-norm by

En(f43) 5= inf [1F = Pally, (13)

En(£.G ) = jnf |If = Pallc = inf max|f(2) - Pu(2)], (14)

P.epn

respectively.
It is clear from the definition of p-Bieberbach polynomials that

Ex(9.43) = llg = Busl . (15)

One of the problem in approximation theory is to calculate E,(f,G) through the
izllc]ulation of E,(f, A;,) for given f. This idea goes back at least as far as in [3, pages 116~

The special case p = 2 in (1.2) has two important properties. First, B, »(z) coincides
with usual Bieberbach polynomials B, (z) and it has an explicit representation via orthogonal
polynomials [4]. Second, B,,(z) is a main tool in the construction of Riemann mapping
function for the given region.

Especially, approximation properties of Bieberbach polynomials were first investi-
gated by Keldych in 1939 in [5], and then considerable progress in this area has been achieved
by Mergelyan [6], Suetin [7], Simonenko [8], Andrievskil [9, 10], Gaier [11, 12], Abdullayev
[13-15], Israfilov [16, 17], and the others.

Besides this, approximation properties of B, ,(z) have been investigated only by
authors of [2].

In this study, we are going to investigate the problem mentioned above in the region
bounded by piecewise analytic curve and consider analytic curve as the image of a segment
[0,1] under conformal mapping in a neighborhood of this segment.

Definition 1.1. (a) The curve L := 0G is called piecewise analytic if it is a union of finite number
of analytic arcs and it has Ajor, (0 <; <2, j =1,2,...,m) exterior angles with respect to G
on the zj,j =1,2,...,m corners where two arcs meet.

(b) One denotes the class of piecewise analytic curve by A(A) where A := minicjcp{A;}.

(c)OnesaysGe A(\), 0<A<2if L:=0Ge€ A()\), 0<A<2

Forany A,0 <A <2andp,1<p<2/(1-1,), let one denote

MA-1) 2

A =max{1,A}, A, :=min{l, L}, y:= y()u;p) =5 p./\, (1.6)

1 W} (1.7)

a(l) = max{ " I
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Theorem 1.2. Let G € A(A) for some A, 0 < A < 2andp, 1 < p < 2/(1 = \). Then, for any
n=1,2,..., the p-Bieberbach polynomials B, , satisfy

Il - Bn,p”A;] < const-n’’, (1.8)
where y is as in (1.6).

Theorem 1.3 (main theorem). Let G € A(XA) for some A, 0 < A < 2. Then, foranyn =1,2,... the
p-Bieberbach polynomials B, ,, satisfy

n7, 2<p<

2
1-47
”(P - Ban”C S const n7Y log n, p = 2, (19)

n @Y (L) <p <2,

where A, \*, and a(\) are defined in (1.6) and (1.7), respectively.
Corollary 1.4. (a) If the region is a square, then Theorems 1.2 and 1.3 are true for
1 1

when1 <p < co.
(b) If the region is an L-shaped region then Theorems 1.2 and 1.3 are true for

Y = —6 + ’; (111)

when 6/5 < p < 4.

Remark 1.5. 1If we take p = 2 in Theorems 1.2 and 1.3, we obtain the result of Gaier in [18].

2. Integral Representation of ¢

We are going to follow the analog used by Andrievskil and Gaier in [19]. Let us suppose
that 7; is a conformal mapping in an open neigborhood of [0,1] such that L; := 7;([0, 1]).
Then, there is a symmetric lens-shaped domain S; whose closure is contained in this open
neigborhood of [0,1] (for more information see [19]).

So, we obtain

G:=GuU <67i(si)>, (2.1)

i=1
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and ¢ can be extended into G as follows:

p(z), z €G,
§(2) = ] (22)

r:(), z e T,'(Si) \G
(P[Ti<7',~_] (Z))|

From the construction of CN}, it is clear that 0G consists of m analytic arc I';, i =
1,2,...,m,and z1, 2, ..., z,, are the common end points of L; and I’;.

For an arbitrary small ¢, ¢ < 1, let us choose R = 1 + cnf such that 1 < R < 2, the
points z(] ), i=1,...,m,j=1,2being the intersection of I'; and Lg. So, these points divide I’;
into three parts such that

I, =T} UT?UT?}, (2.3)
where
1"11 = 1",- <Zi+1/ Z§Z)>, 1”12 = 1",- <Z§2), 251)>, Ff‘ = Fi <Z§1), Zi>/ (24)
so that
~ m 3 .
oG =J Tk (2.5)
i=1 j=1

From the Cauchy integral formula, we have for all z € G

m 3
0(z) = — 1 ‘P(t)dt_izz ‘Pt)

271 Joe t—z 2ri= <~ ).jt-z
. =t =t (2.6)
_ Z(]l(l) + ]i(Z) + ]i(3)>/
i=1
where
1) 1 l/’(t)d 3) 1 p(t) . 1 ()
Si= — —dt = — —=dt, = —=dt
Ji 2ri Jpt—z Ji 27i Jo t -z Ji T 2rmi e t-z 2.7)

3. Some Auxiliary Results

We will use the notation a < b for a < cb, where c is a constant independent from n. The
following lemma plays central role in proving the main theorem.
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Lemma 3.1. Let G € A(\A) forsome A, 0 < A < 2and let 1 < p < 2/(1 - \.). Then, for any
n=1,2,...,thereis a polynomial Q,(z) which satisfies both Q,(zo) = 0 and

1
o= Qully, < (31)
where
A-1 2
y= .)L<2 1 p> (3.2)

Proof. Since “] 1.(2) (z), i=1,...,m” is analytic on G, there exists a polynomial with deg p,—1 <
n—1 [1, page 142] such that

<% iz12...m (3.3)
n

|0P@) Pt

where c is a constant independent from n.
Let us define Q,(z) : f pn-1(t)dt. Then, Q,(zp) = 0, and from (2.6) and (3.3) we have

(L-‘S)(z))")- (3.4)

By taking integral over G of the pth power of both sides of (3.4), we obtain

(10@) |+

9=~ = 5+ 3

<]l_1(z))"pdaz + ( ; (z)>, pdoz>. (3.5)

[[ v -auerde. < 5+ 5(

]i(l)(z) and | i(3)(z) (i = 1,2,...,m) have the same property in G, therefore, it is
sufficient to show that A},—norms of | l.(l)(z) and | l.(3)(z) tend to zero. So, we can restrict our
attention only to the estimate of

<P(t

t| do, — 0 (3.6)
1(t—

where [ = 1"51) or 1"53), (i=1,2,...,m).

To estimate this term, we need to know the behaviour of ¢(t) in the neigboorhood of
the corner. For this, the main tool is the Lehman result.

We have from [20]

o) <Clt—zil™, t— z,i=1,...,m, (3.7)

wherea; =1/(2-4;), i=1,2,...,m
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We conclude from (3.7) and (3.6) that

t t - g
00" <[ f o] dwﬂ == Y o
l|t—z| l|t—z| -z
(3.8)
b -zl \'
ff doz+ff 12 dt ) do.,
G |1 |t—z| G \JI |t—z
where
Gi:={z:|z-zi| <6r} NG, Gy:={z:|z-z|>6r} NG,
(3.9)

= |sz) —zii, j=12

If z € G, we have |t — z| ~ |t — zi| + |z — z;|. Let us denote |t — z;| and |z — z;| with s, 7,
respectively. So,

P 6R C46R Sai 14
Jf |dt| do, < C3j r j sds| dr
G \J1 |t—z| 0 o (s+7)
Or roga c46R P
< C3J‘ ri| —ds+ j s“2ds| dr
0 o’ r
(3.10)
O poitl p
§C3J‘ r< + s 6“’ "‘1> dr
0 T'
Or -1 i~1)+2
< 4[0 r6§(“’ ldr < 0662(“’ A
forp(a; —1) +2>0.
If z € Gy, we have |t — z| ~ |z — zi|. So,
al (‘11"'1)?
—|dt] do J‘J‘ |dt| do ff do
J‘J‘G2 I |t : G|/ |z zil? ) |z|*P :
(3.11)
< gy J‘ Fr gy < &1
Or
Substituting (3.10) and (3.11) into (3.6), we obtain
J‘J‘ (‘P( ) 0. < 612(:1,-—1)4—2/ (3'12)
1(t—

and also from (3.5), we have

llo = Qullfy <67 (3.13)
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If we use Lehman result [20] for ¥ = @1, we obtain
6m=PP—QL{T@(ﬁﬁ)—W@mmﬂgh(ﬁﬁ—@@ﬁ“gw*ma (3.14)

The proof is completed by (3.13) and (3.14). O

Lemma 3.2. Let G € A()), 0 < A < 2. Then, for all polynomials P,(z),deg P,(z) < n with
P,(zp) =0, n=2,3,...,0ne has

1, p>2,
IPallc < [IPallay§ \/logn,  p=2, (3.15)

n@/P Y p <2,

Proof. We will prove only the case p < 2 since the other cases are already given in [10, 21].
Let z be an arbitrary fixed point on the boundary. It is clear from [14, Lemma 2.2] that
I(zo, z) C G exists joining zo, z and satisfying cord arc properties. If I; := {¢ € I(zo, z) : | — 2| <

en~} and I, := (2o, z) \ I, then we have

|Pu(2)] = UM )P,’,(é)dé < fl | P(8)]1¢] +L | P, (8)]1d]. (3.16)

It is well known from [14, Corollary 2.3] that
IPille@) < em™ - IPallc): (3.17)

At the same time, mes(l;) < cyen™ is valid for a positive constant ¢, which is
independent from ¢. Using the Mean Value property of subharmonic function |P,(¢)[F (see

[22, page 482]), we have for arbitrary point ¢ € I

, 1
|P(8)] < W”PnHA},f (3.18)

and after combining (3.18) and (3.16), we obtain

. 4|
|P.(z)| < a1 - ||Pullce f |dg| + cs|| P ||A1J Yy
n nliC(G) I nllA} L dz/p(é,L)
* . d
<t IPylcgyeien™ +elPily [ 2L
k16— 2] (3.19)
mes(]) At
<ccelPileg +albly [ o
czsn"”t P
@/p-Dr.

< C1C25||Pn”(;(6) + CSHPn”A},n



8 Journal of Inequalities and Applications

Using the maximum modulus principle and choosing ¢ satisfying cic,e < 1, the proof
is obtained. O

Lemma 3.2 shows how we can measure C-norm of polynomials by using its A,l,-norm.

Lemma 3.3 (see [2]). Let G C C be a simply connected region so that

[l =Bupll 4y <7 (3.20)
foreach pe (0,1), n=1,2,...,and

[Pallc < n¥[[Pall a1 (3.21)
for all polynomials P, (z), deg P, < n with P,(zo) = 0. Then,

llo = Bupl| o < n. (3.22)

4. Proof of Theorems 1.2 and 1.3
4.1. Proof of Theorem 1.2

Let us set P,(z) as follows:
Py(z) := Qu(2) + (¢'(20) - Qu(2)) (z - 20), (4.1)

where Q,(z) as in Lemma 3.1 and satisfying Q,(zo) = 0.
It is clear from the definition of P, (z) that P,(zo) = 0, P} (zo) = 1 is satisfying

l¢'(2) = Po(2)| < |¢(2) = Qu(=)] + [¢'(20) = Qi(20) |- (4.2)
So, we have
o= Pally < 665 + |/ (20) - Qutzo)], (*3)
and from the Mean Value Theorem in [4] we also have
/ ! 1
' (z0) = Qi (20)] < MT(ZO,L)”(P_Q"”A%' (4.4)
So, (4.3), (4.4), and (3.13) give
llg = Pallf)y < o #m2), (45)

Using extremal properties of the p-Bieberbach polynomials, the proof is completed.
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4.2, Proof of Theorem 1.3

Lemma 3.3 shows that it is enough to choose 7, p in (3.20) and (3.21), respectively. For this,
we take 77 as in Theorem 1.2 and y as in Lemma 3.2.
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