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Modeled on the Gauss measure, the authors introduce the locally doubling measure metric space
(X, d, p),, which means that the set A is endowed with a metric d and a locally doubling regular
Borel measure y satisfying doubling and reverse doubling conditions on admissible balls defined
via the metric d and certain admissible function p. The authors then construct an approximation
of the identity on (X, d, p1),,, which further induces a Calderén reproducing formula in LF(X) for
p € (1,0). Using this Calderén reproducing formula and a locally variant of the vector-valued
singular integral theory, the authors characterize the space L?(X) for p € (1, %) in terms of the
Littlewood-Paley g-function which is defined via the constructed approximation of the identity.
Moreover, the authors also establish the Fefferman-Stein vector-valued maximal inequality for
the local Hardy-Littlewood maximal function on (X, d, u),. All results in this paper can apply
to various settings including the Gauss measure metric spaces with certain admissible functions
related to the Ornstein-Uhlenbeck operator, and Euclidean spaces and nilpotent Lie groups of
polynomial growth with certain admissible functions related to Schrédinger operators.

1. Introduction

The Littlewood-Paley theory on R"” nowadays becomes a very important tool in harmonic
analysis, partial differential equations, and other related fields. Especially, the extent to
which the Littlewood-Paley theory characterizes function spaces is very remarkable; see, for
example, Stein [1], Frazier, et al. [2], and Grafakos [3, 4]. Moreover, Han and Sawyer [5]
established a Littlewood-Paley theory essentially on the Ahlfors 1-regular metric measure
space with a quasimetric, which means that the measure of any ball is comparable with
its radius. This theory was further generalized to the RD-space in [6], namely, a space of
homogeneous type in the sense of Coifman and Weiss [7, 8] with an additional property that
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the measure satisfies the reverse doubling condition. Tolsa [9] established a Littlewood-Paley
theory with the nondoubling measure y on R”, which means that y is a Radon measure on R”
and satisfies that p(B(x, 7)) < Crforall x € R",r > 0, and some fixed d € (0, n]. Furthermore,
these Littlewood-Paley theories were used to establish the corresponding Besov and Triebel-
Lizorkin spaces on these different underlying spaces; see [5, 6, 10].

Let (R",| - |, dy) be the Gauss measure metric space, namely, the n-dimensional
Euclidean space R" endowed with the Euclidean norm | - | and the Gauss measure dy(x) =
a2 dx for all x € R™. Such an underlying space naturally appears in the study of
the Ornstein-Uhlenbeck operator; see, for example, [11-18]. In particular, via introducing
some local BMO (y) space and Hardy space H'(y) associated to admissible balls defined
via the Euclidean metric and the admissible function p(x) = min{1,1/|x|} for x € R",
Mauceri and Meda [12] developed a theory of singular integrals on (R", | - |, dy) ,, which plays
for the Ornstein-Uhlenbeck operator the same role as that the theory of classical Calderén-
Zygmund operators plays for the Laplacian on classical Euclidean spaces. The results of [12]
are further generalized to some kind of nondoubling measure metric spaces by Carbonaro et
al. in [18, 19].

It is well known that the Gauss measure metric space is beyond the space of
homogeneous type in the sense of Coifman and Weiss, a fortiori, the RD-space. To be precise,
the Gauss measure is known to be only locally doubling (see [12]). In this paper, modeled on
the Gauss measure, we introduce the locally doubling measure metric space (X, d, u) p» Which
means that the set A is endowed with a metric d and a locally doubling regular Borel measure
u satisfying the doubling and reverse doubling conditions on admissible balls defined via
the metric d and certain admissible function p. An interesting phenomenon is that even in
such a weak setting, we are able to construct an approximation of the identity on (X, d, u),,,
which further induces a Calderén reproducing formula in L?(X) for p € (1, o). Using this
Calderén reproducing formula and a locally variant of the vector-valued singular integral
theory, we then characterize the space LF(X) for p € (1, o) in terms of the Littlewood-Paley
g-function which is defined by the aforementioned constructed approximation of the identity.
As a byproduct, we establish the Fefferman-Stein vector-valued maximal inequality for the
local Hardy-Littlewood maximal function on (X, d, p1) ,, which together with the Calderén
reproducing formula paves the way for further developing a theory of local Besov and
Triebel-Lizorkin spaces on (X, d, ) ,.

To be precise, motivated by [12], in Section 2, we introduce locally doubling measure
metric space (X, d, p) p; See Definition 2.1 below. The reasonabilities of Definition 2.1 are given
by Propositions 2.3 and 2.5. Some geometric properties of these spaces are also presented in
Section 2.

To develop a Littlewood-Paley theory on the space (X,d,p) pr one of the main
difficulties is the construction of appropriate approximations of the identity. In Section 3, by
subtly modifying Coifman’s idea in [20] (see (3.2) through (3.4) below), for any given ¢, € Z,
we construct an approximation of the identity, {Sk}{,, , associated to p; see Proposition 3.2
below. Indeed, we not only modify the operators appearing in the construction of Coifman to
the setting associated with the given admissible function p, but also use an adjoint operator in
our construction as in Tolsa [9]. Some basic estimates on such approximations of the identity
are given in Lemma 3.4 and Proposition 3.5 below. We remark that, although the Gauss
measure is a nondoubling measure considered by Tolsa [9], due to its advantage-locally
doubling property, the construction of the corresponding approximation of the identity
here does not appeal to the complicated constructions of some special doubling cubes and
associated “dyadic” cubes as in [9].
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In Section 4, invoking some ideas of [3, 7, 11], we establish the LP(X)-boundedness
for p € (1, 0) and weak-(1,1) estimate of local vector-valued singular integral operators on
(X, d, p) o7 See Theorem 4.1 below. As a consequence, in Theorem 4.4 below, we also obtain the
Fefferman-Stein vector-valued maximal function inequality with respect to the noncentered
local Hardy-Littlewood maximal operator (see (2.20)).

The existence of the approximation of the identity guarantees that we obtain some
Caldero6n reproducing formulae in LP(X) for p € (1, 0) in (5.2) and Corollary 5.4, by using
the methods developed in [20]. Applying such formula, we then establish the Littlewood-
Paley characterization for L?(X) with p € (1,00) on (X, d, p) P in terms of Littlewood-Paley
g-function; see Theorem 5.6 below.

Some typical examples of locally doubling measure metric spaces in Definition 2.1 are
presented in Section 6. These typical examples include the aforementioned Gauss measure
metric spaces with certain admissible functions related to the Ornstein-Uhlenbeck operator,
and Euclidean spaces and nilpotent Lie groups of polynomial growth with certain admissible
functions related to Schrodinger operators; see [21-25]. All results, especially, Theorems 4.4
and 5.6, are new even for these typical examples.

It should be pointed out that all results in Section 2 through Section 4 are exempt from
using the reverse locally doubling condition (2.3); see Remark 2.2(iii) below.

We make the following conventions on notation. Let N = {1,2,...}. For any p € [1, 0],
denote by p’ the conjugate index, namely, 1/p + 1/p’ = 1. In general, we use ‘B to denote
a Banach space, and B, with a > 0 to denote a collection of admissible balls. For any set
E C X, denote by yg the characteristic function of E, and by #(E) the cardinality of E, and
set EC = A\ E. For any operator T, denote by T* its dual operator. For any a,b € R, set
aAb=min{a,b} and aVb = max{a, b}. Denote by C a positive constant independent of main
parameters involved, which may vary at different occurrences. Constants with subscripts do
not change through the whole paper. We use f < gand f 2 g to denote f < Cgand f > Cg,
respectively. If f < ¢ < f, we then write f ~ g.

2. Locally Doubling Measure Metric Spaces

Let (X, d, u) be a set X endowed with a regular Borel measure y such that all balls defined by
the metric d have finite and positive measures. Here, the regular Borel measure y means that
open sets are measurable and every set is contained in a Borel set with the same measure; see,
for example, [26]. For any x € X and r > 0, set B(x,r) = {y € X : d(x,y) < r}. For a ball
B C X, we use cg and rp to denote its center and radius, respectively, and for x > 0, we set
xB = B(cp, krg). Now we introduce the precise definition of locally doubling measure metric
spaces.

Definition 2.1. A function p : X — (0, o) is called admissible if for any given 7 € (0, o), there
exists a constant ©, > 1 such that for all x, y € X satisfying d(x, y) < 7p(x),

[©:17p(y) < p(x) < Orp(y). (2.1)

For each a > 0, denote by B, the set of all balls B ¢ X such that rg < ap(cp). Balls in B, are
referred to as admissible balls with scale a. The triple (X, d, u), is called a locally doubling
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metric space associated with admissible function p if for every a > 0, there exist constants
D,, K., R, € (1,00) such that for all B € B,

U(2B) < Dau(B)  (locally doubling condition), (2.2)
and

u(K4B) > Rau(B)  (locally reverse doubling condition). (2.3)

Remark 2.2. (i) Another notion of admissible functions was introduced in [25] in the following
way: a function p : X — (0, o) is called admissible if there exist positive constants C and v
such that for all x,y € X,

p(y) <Clp)]" " [p(x) +d(x, )], (2.4)

By [25, Lemma 2.1], any p satisfying (2.4) also satisfies (2.1), while the converse may be not
true; see Example 6.5 below.

(ii) Obviously, any constant function is admissible. When p = 1, if {D,} ., has upper
bound, then (X, d, p) , is the space of homogeneous type in the sense of Coifman and Weiss
[7, 8]; furthermore, ifa {Kga} 450 has upper bound and {R,} .., has lower bound away from 1,
then (X, d, p), is just the RD-space in [6]. Conversely, any RD-space is obviously a locally
doubling measure metric space with p = 1.

(iii) We remark that the locally reverse doubling condition (2.3) is a mild requirement
of the underlying space. Indeed, if a > 0 and X is path connected on all balls contained in B,
and (2.2) holds for certain a > 0, then (2.3) holds; see Proposition 2.3(vi) below. Moreover,
(2.3) is required only in Section 5, that is, all results in Section 2 through Section 4 are true
‘E)zy 2o)nly assuming that p is an admissible function satisfying (2.1) and that (X, d, p) p satisfies

(iv) Let d be a quasimetric, which means that there exists A > 1 such that for all
x,y,z € X,d(x,y) < Ao(d(x,z) +d(z,y)). Recall that Macias and Segovia [27, Theorem 2]
proved that there exists an equivalent quasimetric d such that all balls corresponding to d are
open in the topology induced by d, and there exist constants Ag > 0 and 6 € (0,1) such that
forallx, v, z € X,

'E(x, z) - J(y, z)| < A [J(x,y)]e[g(x, z) + g(y,z)]l_e. (2.5)

If the metric d in Definition 2.1 is replaced by d, then all results in this paper have

corresponding generalization on the space (X, d, t),- To simplify the presentation, we always
assume d to be a metric in this paper.

Proposition 2.3. Fix a € (0, o). Then the following hold:

(i) the condition (2.2) is equivalent to the following: there exist K > 1 and D, > 1 such that
forall B € B/kya, f(KB) < Dau(B);
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(ii) the condition (2.2) is equivalent to the following: there exist C, > 1 and n, > 0, which
depend on a, such that for all A € (1,00) and AB € Bya, p(AB) < Co\"u(B);

(iii) the following two statements are equivalent:

(a) there exists R, > 1 such that for all B € B,, u(2B) > R,pu(B);
(b) there exist Ky € (1,2] and ﬁa > 1 such that u(K1B) > ﬁay(B)for all B € Bo/ky)a;

(iv) if (2.3) holds, then there exist C.€ (0,1] and x, > O such that forall A > 1 and AB € Bk,
H(AB) > Cod%op(B);

(v) if (2.3) holds, then K,B \ B#0 for all B € B,;

(vi) if there exists ag > 1 such that ayB \ B # for all B € Ba,, and (2.2) holds for all B € B;
with a = (a/2)[1 + 4ao]O2qya, then for any given a; > ao, there exists a positive constant
C depending on ag and @ such that for all B € B,, p(a1B) > Cu(B).

Proof. The sufficiency of (i) follows from letting K = 2. To see its necessity, we consider K €
(1,2) and K € [2,00), respectively. When K € (1,2), there exists a unique N € N such that
KN <2 < KN*1 which implies that for all B € B,,

When K € [2,00), for any B € B,, we have (2/K)B € B(y/k)a and p(2B) < ﬁay((Z/K)B) <
f)a‘u(B), thus, (2.2) holds. Therefore, we obtain (i).

Now we assume (2.2) and prove the sufficiency of (ii). For any A > 1, choose N € N
such that 2N-1 < A < 2N Then, for all AB € B,,, we have (1/2/)B € B, forall1 < j < N;
we therefore apply (2.2) N times and obtain p(AB) < (Da)Ny(()L/ZN)B) < D\ u(B), where
n, =log,D,. The necessity of (ii) is obvious.

Next we prove (iii). If (a) holds, then (b) follows from setting K; = 2. Conversely, if
(b) holds, then for any B € B,, we have (2/K1)B € Bp/k,)s and

uB) = (KB 2 Ron(5-B) 2 RouB), 27)

which implies (a).
To prove (iv), for any A > 1, there exists a unique N € N such that (K,)V™" < A <
(K,)". This combined with the fact that (A/K,)B € B, implies that

H(AB) = #<(Ka)N‘1#B> > (Ra)N_lﬂ<ﬁB> > (Ry)"8x* " y(B) = C, A% u(B),

’ (2.8)

where é,l = (R,z)_1 and x, = logKaRa. Thus, (iv) holds.

Notice that (v) is obvious. To show (vi), without loss of generality, we may assume
that a; € (ap,2ap]. Set 0 = (a1 — ag)/ (1 + ap). Observe that 0 < ¢ < 1. Thus, for any B € B,,
we have (1 + 0)B € By, and ag(1+0)B\ (1+0)B#0. Choose y € ap(1+0)B\ (1+0)B.Itis
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easy to check that B(y,org) N B = @ and B(y,org) C a1B C B(y, [0 + 2a¢(1 + 0)]rp). Notice
that rg < ap(cp) < aO24,ap(y) and B(y, [0 + 2ao(1 + 0)]rg) € Byz. This combined with (2.2)
and (i) of Proposition 2.3 yields that

u(a1B) > u(B) + u(B(y,0r5) )

o

> ju(B) + [Ca]”! [m

] Ey(B(y, [0 +2a0(1 +0)]7s)) (2.9)

nx

c u(a1B),

> p(B) + [Ca] ™! [m

which further implies that (a1 B) > Cpu(B) with € = {1 - [C3] [0/ (0 +2a0(1 + 0))]"} " > 1.
This finishes the proof of (vi), and hence the proof of Proposition 2.3. O

Remark 2.4. (i) By Proposition 2.3(i), there is no essential difference whether we define the
locally doubling condition (2.2) by using 2B or KB for some constant K > 0.

(ii) The assumption K; € (1,2] in (b) of Proposition 2.3(iii) cannot be replaced by
Ki € (1, 00); see Proposition 2.5 below. Therefore, in Definition 2.1, it is more reasonable to
require (2.3) rather than (a) of Proposition 2.3(iii).

In the following Proposition 2.5, we temporarily consider the Gauss measure space
(R", |- |,y)p, where p is given by p(x) = min{1,1/|x|} and dy(x) = 27 %F dx for all x € R™.
In this case, for any ball B centered at ¢ and is of radius rg, we have B= {x e R" : |x —¢p| <
rg}, and moreover, B € B, if and only if g < ap(cp); see [12].

Proposition 2.5. Let a € (0,00) and (R",|-|,7) P be the Gauss measure space. Then,

(a) there exist positive constants K, > 1 and C, > 1, which depend on a, such that for all
B € By, y(KyB) > C,y(B);

(b) there exists a sequence of balls, { B; }7.eN C By, such that lim; _, o, (y(2B;) /y(B))) = 1.

Proof. Recall that for all B € B, and x € B, it was proved in [12, Proposition 2.1], that e 200" <
e“:f"z_"d2 < ¢22. From this, it follows that for any K; >0,

y(B) :J 26 g < ﬂ_"/ze_'CB‘2+2“|B|,
B
(2.10)

Y(KIIB) = j ﬂfn/ze’lx‘zdx > ]l'in/2efch|2*2a*az (Ka)n|B|,
K,B

where and in what follows, we denote by |B| the Lebesgue measure of the ball B. Thus,
Y(K,B) > (K,)"e *%y(B). Hence, (a) holds by choosing K, > e(4a+@)/n,
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To show (b), for simplicity, we may assume n = 1. Consider the ball B, = B(y,e™),
where y > 1 such that e™¥ < a/y. Thus, B, € B, for any such chosen y. A simple calculation
yields that lim,, _, .,y (B,)) = 0. Therefore, using the L'-Hospital rule, we obtain

+2e7Y |42
roB) e
y=ey(By)  vme (Ve dx

-~ lim (1-2e7Y)e"W2e™)’ _ (1 4 2e7¥)e~ (w26’ (2.11)
v (1—e)e W) — (14 ev)e ey

= lim e—36’2~‘/—2ye’y (1-2e)-(1+ Ze—y)ESye’y
S Y- (1-e¥)—(1+eV)etve”

7

which implies the desired result of (b). This finishes the proof of Proposition 2.5. O

Next we present some properties concerning the underlying space (X, d, yt) ,. In what
follows, for any x,y € X and 6 > 0, set V5(x) = u(B(x,06)) and V(x,y) = u(B(x,d(x,y))).

Proposition 2.6. Let 7> 0,1 >0, a >0, and B € B,. Then the following hold:

(a) for any given ' € (0, 7], if x, y € K satisfy d(x,y) < T'p(x), then d(x,y) < T'Op(y),
Vi) (X) ~ Vopy) (v) ~ Vrp) (%) ~ Ve (v), (212)

and V(x,y) ~ V(y, x) with equivalent constants depending only on ;
(b) for all x, y € X satisfying d(x,y) < np(x),

Veo) (%) + V (%, y) ~ Vepi) (v) + V(% y) ~ u(B(x,7p(x) +d(x,y))),  (213)

with equivalent constants depending on 1 and T;
(c) fd(z/x)q d(z,x)*(1/V(z,x)) du(z) < Cr® uniformly in x € Land r € (0, Tp(x)];
(d) for any ball B' satisfying B'NB#0 and rp < Trp, B' € Braey.../

(e) there exists a positive constant D, . depending only on a and T such that if B' N B # (0 and
rp < Trp, then u(B') < D, pu(B).

Proof. We first show (a). Forall 7’ € (0, 7], if d(x,y) < T'p(x), then d(x,y) < TO.p(y) by (2.1).
Since

B(x,7'p(x)) c B(y,27'p(x)) € B(y,27'©:(p(v))), (2.14)

by (2.2), we obtain Vi) (x) < De, Vrp)(y). A similar argument together with (2.1) and
(2.2) shows the rest estimates of (a) as well (b). The details are omitted.
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To prove (c), by (a) and (2.2), we obtain

Az 2 4 - __dEz0T
L(z,x)<r V(z,x) dp(z) J‘d(zlx)q u(B(x,d(z, x)))d#(z)
[*e] (2,]r)a
_wrn
< jzojz-f—lrgd(z,x)<2-j, u(B(x,2771r)) p(z) (2.15)

[e'e]
< 27Dt S,
i=0

which implies (c).
To see (d), by BN B'#0 and rg < 7rp, we have d(cp,cp) < rg + rp < (1 + T)rg, which
combined with (2.1) and the fact B € B, implies that

rg < Trg < Tap(c) < TaOq.ryap(cp). (2.16)

Thus, (d) holds.

To show (e), notice that B’ C B(cp, 2T + 1)r8) € Br+1)a- Choose N € N such that
2N-1 < 2741 < 2N. Then, by (2.2), we obtain u(B') < #(2NB) < [Dars1)a]™ #(B), which implies
(e) by setting D, , = [D(ZT+1)a]l+1°g2(2T+l). This finishes the proof of Proposition 2.6. O

A geometry covering lemma on (X, d, ) p is as follows.
Lemma 2.7. Let p be an admissible function. For any A > 0, there exists a sequence of balls,
{B(xj, Ap(x))) }j, such that

(i) X = U]- Bj, where B; = B(xj, A\p(x;));

(ii) the balls {Bj}]. are pairwise disjoint, where Ej = B(x;j, ([@A]2 + 1)_1)Lp(x,-));

(iii) for any T > O, there exists a positive constant M depending on T and A such that any point
x € X belongs to no more than M balls of {TB; }j.

Proof. Let J be the maximal set of balls, I§]- = B(x;j, ([©,] + 1)_1)Lp(x]-)) C X, such that for all
k#j, 1§j N By = (. The existence of such a set is guaranteed by the Zorn lemma. We claim that
J is at most countable.

Indeed, we choose xy € X, and set Xn = B(xp, Np(xp)) and Jn = {j : Ej N AN #0}.
For any j € Jn, denote by w; an arbitrary point in ]§]- N An. From (2.1), it follows that p(x;) ~
p(w;) ~ p(xo) with constants depending only on N and \; thus, for all z € Ej,

d(z,xo) <d(z,xj) +d(xj,w;) +d(wj, xo) < Cy,np(x0), (2.17)
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for some positive constant C, nr. This implies that |J ieln I§]~ C B(xp, Cy np(x0)). Likewise, there

exists a positive constant a}; such that for all j € Jn;, B(xg, Cy np(x0)) C (/Z;EEJ By this and
(2.2), we obtain

#(N)K(B(xo, Cinp(x0))) S D u(B)) ~ #< U §j> S #(B(xo, Cinp(xo))),  (218)

1SN 1SN

and hence #(Jn) < 1. This combined with the fact that X = [JX_; A~ implies the claim.
For any z € X, by the maximal property of J, there exists some j such that

B<z, (1 + 1>_1)Lp(z)> n B(x]-, (1 + 1)‘1)Lp(x,)> 40, (2.19)

which combined with (2.1) implies that p(z) < [G))L]zp(xj) and d(z,xj) < Ap(x;). This proves
).

For any z € X, set J(z) = {j : z € TB;}. By (2.1), p(x;) ~ p(z) for all j € J(z). Then
by an argument similar to the proof for the above claim, we obtain (iii), which completes the
proof of Lemma 2.7. O

For any a > 0, we consider the noncentered local Hardy-Littlewood maximal operator M,
on (X, d, u),, which is defined by setting, for all locally integrable functions f and x € X,

1
Maf (x) = sup melf W) |du(y). (2.20)

BeB,(x)

where B,(x) is the collection of balls B € B, containing x. Observe that if (X,d, p) p is the
Gauss measure metric space and p(x) = min{1,1/|x|}, then (2.20) is exactly the noncentered
local Hardy-Littlewood maximal function introduced in [12, (3.1)]; see also [18, (7.1)].

Theorem 2.8. (i) For any a > 0, the operator M, in (2.20) is of weak type (1,1) and bounded on
LP(X) forp € (1, o0].
(ii) For any locally integrable function f and almost all x € X,

. 1 .
}E‘}Jm IBW) |f(y) - f(x)]|du(y) =0. (2.21)

Proof. A similar argument as in [26, Theorem 2.2] together with (2.2) shows (i). Following
the procedure in [26, Theorem 1.8], we obtain that for almost all x € X,

. 1
}E%m J‘BW) fy)du(y) = f(x), (2.22)

which together with an argument similar to that of the Euclidean case (see [28]) yields (ii).
This finishes the proof of Theorem 2.8. O
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3. Approximations of the Identity

Motivated by [6, 20], we introduce the following inhomogeneous approximation of the
identity on the locally doubling measure metric space (X, d, p1) ..

Definition 3.1. Let €y € Z. A sequence of bounded linear operators, {Sk};Z,,, on L?(X) is called
an €p-approximation of the identity on (X, d, p), (for short, £-AOTI) if there exist positive
constants C; and C;, (may depend on ¢)) such that for all k > ¢y and all x, ', y and ¥’ € X,
Sk(x,y), the integral kernel of Sk, is a measurable function from X x X to C satisfying that

(i) Sk(x,y) = 0if d(x,y) > Ci27%[p(x) A p(y)] and [Sk(x,y)| < Ca(1/ (Varkp(r) (x) +
Voo (¥)));

(i) ISk(x, y) = Sk(X,y)| < Cad(x,x')/(27%p(x))) (1/ (Varkpa) (%) + Varipyy (1)) if
d(x,x') < (C1 Vv 1)27*1p(x);

(iii) Sk(x,y) - Sk(x,¥)| < Ca(d(y, y)/ 2 FpW)) A/ Vakp) (X) + Varkpyy (1)) if
d(y,y') < (C1v 1) p(y));

(iv) |[Sk(x,¥) = Sk(x,¥)] = [Sk(x,y) = Sk(x', y) 1| < Cald(x,x)/2*p(x))(d(y, y')/
2 p() (1/ (Vo pa (%) + Varipyy (1)) if d(x, x') < (C1 vV 1)27%p(x) and d(y, y) <
(Crv 12 p(y);

(V) [ Sk(x, w)du(w) =1 = [, Sk(w, y)dpu(w) for all k > &.

The existence of the approximation of the identity on (X, d, u) , follows from a subtle
modification on the construction of Coifman in [20, Lemma 2.2] (see also [6]). Different from
[20], here we define Sy = M Tk WiT; Mk, where Ty is an integral operator whose kernel is
defined via the admissible function p, and My and Wj are the operators of multiplication by
(1/Ti1) and [T (1/ )], respectively; see (3.2), (3.3), and (3.4) below. We remark that the
idea of using the dual operator T} here was used before by Tolsa [9].

Proposition 3.2. For any given €y € Z, there exists a nonnegative symmetric €o-AOTI {Sk},.,
where the symmetric means that Si(x,y) = Sk(y,x) for all k > &y and x,y € X. Moreover, there
exists a positive constant Cs (may depend on €y) such that for all k > €y and x,y € X satisfying
d(x,y) <27%p(x),

C3V2fkp(x)(x)5k(x,y) > 1. (31)

Proof. Let h be a differentiable radial function on R satisfying xo,a) < h < X[0.24,) With ag =
20,¢,.Forany k > ¢, f € L' (X), and u € X, define

loc

T(Hw=| n <2d e >f<w>du<w>, 62)

and its dual operator

(W= h<f_(,f‘ 0 )f(w)dy(w» (33)
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Then, for all x,y € X, set

1 d(x,z) 1 d(z,vy) 1
Sel® ) = 710 {Lh <2—kp<z>>T,:<1/Tk1><z>h <2—kp<z>>d" (Z)}m—(y)' G4

It is easy to see that Sk is nonnegative, Sk(x,y) = Sk(y, x), and fx Sk(x,y)du(y) = 1.
The support condition of h together with (2.1) and (2.2) implies that for any u € X,

Tic1(u) ~ Vo (u) ~ Ti1(u), (3.5)

with constants depending on &.
If Sk(x,y) #0, then by (3.4), there exists z € A such that d(x,z) < ap2*!p(z) and
d(z,y) < ap27*'p(z), which together with (2.1) implies that

d(x,y) < ao[Oa-4112752 [p(x) Ap(y)], (3.6)

and that the integral domain in (3.4) is B(x, ag[© ¢+ 12751 p(x)).
For any z € B(x, ag[©,5-%+ 127%1p(x)), by (3.5), (2.2), the support condition of h, and
Proposition 2.6(a), we obtain

* L _ d(z,w) 1 1
()=, h(ﬂp(z) > T 2 s T 21

1 . (3.7)
m(ﬁj)&)gﬁmmﬂwﬁ»ﬁjagde)SL
which further implies that for all z € B(x, ao[© -4+ ] 9—k+1 p(x)),
m<i>@%4' (3.8)
Ti1l

By (3.5), (3.8), Proposition2.6(a), and the fact that the integral domain in (3.4) is
B(x, ao[©,,,5-¢1127F1 p(x)), we obtain

1 1
0<Sk(xy) < S : (39)
( y) VZ*kp(x) (x) VZ‘kp(x) (x) + VZ‘kp(y) (y)

Thus, (i) of Definition 3.1 holds with positive constants C; and C, depending only on &.
To show (3.1), by the fact h > x[0,4,) and (3.8), we obtain that when d(x, y) < 27kp(x),

1 d(z,y) 1
Sk(x,y) 2 T0) {J‘x [X{d(x,z)s:zalz—kp(z)} (z)] h<%> du(z) } Ty (3.10)
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When d(x,y) < 27¥p(x) and d(x,z) < a612’kp(z), by (2.1) and the fact that ag > 1, we have
[©,4]7'p(2) < p(x) < Orerp(2) and

d(y,z) <d(y,x) +d(x,z) <27%p(x) + a;' 2770, p(x) <27%1p(x) < ag2*p(z), (3.11)
which implies that h(d(z,y)/27%p(z)) = 1. Inserting this into (3.10) and then using (3.5), we
obtain (3.1).

Now we show that Sy satisfies the desired regularity in the first variable when
d(x,x") < (C1 Vv 1)27%1p(x). Notice that in this case, Sk(x,y) — Sk(x',y) #0 implies that
d(x,y) < 27%p(x), and hence p(y) ~ p(x) ~ p(x') by (2.1). Write

Sk(x,y) = Sk(x,y)

S d(x,z) 1 d(z,y) 1
- |7 - {Lch <2—kp(z>>T,:<1/Tk1>(z>h <2-kp<z>>d" (Z)}m(y)

1 d(x,z) d(x', z) 1 d(z,y)
"I {Lc lh<2"‘p<z>> . h(Z-kp<z>>] T;<1/Tk1><z>h<z—kp<z>>dﬂ(z>}

(3.12)

If d(x,x') < (C; VvV 1)27%1p(x), then by the mean value theorem, (2.1), (2.2), (3.5), and

Proposition 2.6(a),
d(x,z) d(x', z)
h(Z-kp<z)> o <2-kp<z> > ‘d" @

1 d(x,x")

< ——=d
S Vr oy @V iy @) | dxacantipe) 2ipz) #E - (G13)

or d(x',z)<ap2 **1p(z)

r 1 < 1 J'
Til(x) Tl(x) |~ Til(0)Til(x') ) «

< d(x,x") 1
~ szP(x) VZ’kp(x)(x) .

By this, (3.5), (3.8), p(x') ~ p(x), d(x,y) < 27%p(x), and Proposition 2.6(a), we obtain

< d(x,x") 1 d(x,x") 1
13 ~ .
27kp(x) Varkp() (x) - 27Fp(2x) Vakp(x) (%) + Vo (v)

(3.14)

Now we estimate Z,. If Z, #0, from the support condition of h and Proposition 2.6(a), we
deduce that d(x,z) < C27¥p(x) for some positive constant C that depends on ¢. Therefore,
by the mean value theorem and (3.8),

1 d(x,x"), (d(zy) > } 1
7o« L h d ) 3.15
2~ Til(x) {j d(x)<C2*p(x) 27p(2) <2_kP(Z) #z) Til(y) (319
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which combined with (2.1), (35), d(x,y) < 2%p(x), d(x,x) < C2%p(x), and
Proposition 2.6(a) further implies that

< d(x,x") 1
2 S :
27k p(x) Varkp() (X) + Vot pay (¥)

(3.16)

Combining the estimates of Z; and Z, yields that Si satisfies (ii) of Definition 3.1.

We finally prove that Sy satisfies (iv) of Definition 3.1 if d(x,x’) < (C; vV 1)27%1p(x)
and d(y,y') < (C1vV1)27¥!p(y). In this case, [Sk(x,y) - Sk(x', y)] - [Sk(x, y) - Sk(x', )] #0
implies that d(x, y) < 27%p(x) and hence p(x') ~ p(x) ~ p(y) ~ p(y') by (2.1). Write

[Sk(x,v) = Sk (*, y)] = [Sk(x,¥') = Sk(x, )]
B 1 1 d(x,z) 1 d(z,y)
- |7~ 7] {Lf’ <z—kp(z>>T,:<1/Tk1>(z>h <z—kp<z)>d"(z)}
o +[ 1 ] 1
Til(y) Tel(y') Til(x) Til(xX)] Tel(y')
d(x, z) 1 d(z,y) d(z,y)
- {Lh<2-kp<z>>T;<1/Tk1><z> [h<2-kp<z>> - h<2-kp<z> >]d” (Z)}
1 d(x,z) d(x', z) 1 d(z,v)
Tl (x') {L |h<2—kp(z)> ) h<2‘kp(z)>] T;(l/Tk1)(z)h<2—kp(z)>d”(z)}
o I U 1
Til(y) Tel(y)| Tel() Tel(y')
N J‘ n d(x,z) T d(x, z) 1
x 27%p(z) 27%p(z) /| T (1/Ti1)(2)
d(z,y) d(z,y')
[(z58) 1 (555)] o)

=3+ 24+ Zs+ Zs.

+

(3.17)

By (3.13), (3.5), (3.8), (3.6), the fact p(x') ~ p(x) ~ p(y) ~ p(y'), and Proposition 2.6(a), we
obtain

Lcdex) 1 dlyy) 1 p
~ 27kp(x) Vot p(a) (%) 27kP(3/) Vakoy) (y)

< dix) d(y,y') 1
™ 27Fp(x) 27K p () Varkp(e) (X) + Varspi (1)

<B (x, a0 240+ Z*kp(x)>>
(3.18)
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The estimates for Z4 through Zs are similar to those of Z3 or Z, and hence omitted. Therefore,
Sk satisfies (iv) of Definition 3.1. This finishes the proof of Proposition 3.2. O

Remark 3.3. (a) It should be mentioned that (3.1) is crucial in establishing the vector-valued
Fefferman-Stein maximal function inequality; see Theorem 4.4 below.

(b) Let €y € Z. Given any 7 > 0, if {Sk}}2,, satisfy (i) and (ii) of Definition 3.1, then by
(2.1) and (2.2), we have that there exists a positive constant C (depending on 7) such that for
all k > ¢y and all d(x, x') < 27%p(x),

d(x,x") 1

Si(x, - Sk x’, <C .
Sk = S ) Ve )+ Vo ()

(3.19)

If {Sk}}Z,, satisfy (i) and (iii) of Definition 3.1, then a symmetric estimate as in (3.19) holds
for the second variable. Analogously, if { Sk };Z,, satisfy (i) through (iv) of Definition 3.1, then
for all d(x,x') < 127%p(x) and d(y, ') < 27%p(y),

|[Sk(x,y) = Si(x, y)] = [Sk(x,y) = Sk(x, y)]|
d(x,x') d(y,y") 1 (3.20)
27%p(x) 27%p(y) Varsp) (%) + Voo ()

The following technical lemma in some sense illustrates that the composition of two
€o-AOTT's is still an €y-AOTI (except Definition 3.1(v)).

Lemma 3.4. Let €y € Z and let {Sk}}2, and {Ex};Z,, be two €5-AOTI's. Set Dy, = Sg,, Qq, = Eq,,
Dy = Sk — Sk-1, and Qi = Ex — Ex—4 for k > &y. Then for any 1,0,6 € (0,1) and o+ 6 € (0,1], there

exists a positive constant C, depending on 1, 0,06, C1, and C,, such that the kernel of DxQ;, which is
still denoted by Dy Q);, satisfies that for all k, j > €,

(i) if DxQj(x,y) #0, then d(x,y) < Cs2= D [p(x) A p(y)] with Cs = 4C1O¢ 0041,

(ii) forallx,y € X,

1
V2’(k/\f)p(x) (x) + sz(k/\j)P(y) (y) ’

|DkQ; (x, y)| < C27F! (3.21)

(iii) forall x, y, y' € X satisfying d(y,y') < (Cq v 1)2-kM+p(y),

|DxQj (x, y) = DQj (x, y') |

7\ 3.22
< C2—|k—f|(1—n)< A(y,y') > 1 ; (3.22)
2-kMp(y) ) Votenp pay () + Varteni oy ()
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(iv) forall x,y,x'" € X satisfying d(x,x') < (Cq v 1)2-*M+1p(x),

|DxQj(x,y) - DeQj (%', )|

/ n 3.23
< cokjlamn (40 x) 1 ; 62)
- 2‘(kA])p(x) VZ’(k/\f)p(x) (x) + Vz—(k/\j)P(y) (y)

(v) forall x,y, x', y' € X satisfying d(x,x') < (C4 v 1)2=*"N*p(x) and d(y,y') < (C4 V
D2+ p(y),

| [DxQj (x,y) - DkQ;(x', y)] - [DkQj (x,y') = DkQ;j (', )]

, n(l-o) , 1n(1-6)
< C2-k=il(1-m)(0+6) d(x,x') a(y,y')
- 2*(k/\j)p(x) Zf(k/\])p(y) (324)

1
x ;
V-t p(aey (%) + Vot oy ()

(vi) forall x,y € X, jx DyQj(x,y)du(x) = fx DQj(x,y)du(y) = 0 when (kv j) > €p; = 1
when k = j = €.

Proof. Without loss of generality, we may assume that j > k > . By Definition 3.1(i), for all
j >4, Qj(x,y) #0 implies that

d(x,y) < G127 [p(x) Ap(y)], (3.25)

likewise for Dy. Therefore, if DrQ;(x,y) = ’[x Dy (x,2)Qj(z,y)du(z) #0, then there exists z €
X such thatd(x, z) < C127*V[p(x)Ap(z)] and d(z,y) < C1270"D[p(z)Ap(y)], which together
with (2.1) yields (i).

The support and size conditions of Sy and Eg together with (2.1), (2.2), and
Proposition 2.6(a) imply that (ii) holds when j = k = ;. To show that (ii) holds when j > ¢,
by the fact fx Qj(z,y)du(z) = 0, (3.25), the size condition of Q;, and the regularity of Dy, we
obtain that for all x,y € X,

IDkQ )] = | [ [Dete,2) = D )]z, )2

<

[ DK% - Dulx)l1Qi( ) duca) 326)
d(zy)<Cr27"p(y)

o1 1 d(y,z)
™ 2%k p(y) Voo (%) J azyyscizinp) Varipn) (v) +V (Y,

2 du(z),
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which combined with Proposition 2.6(c) and j > k further implies that

1
V2*kp(x) (X) .

1 1 d(zy)

du(z) <257
27%p(y) Varp) (%) Jaizyzcizmipw) V(Zy)

IDkQj(x,y)| < (3.27)

This together with (i) of this lemma and Proposition 2.6(a) yields (ii).
The proofs for (iii) and (iv) are similar and we only show (iii). To this end, it suffices
to prove that when d(y, ') < (C4 vV 1)27%p(y),

d(v.y') 1
27K p(y) Vakp(a) (%) + Varspy) (y)

|DkQj(x,y) - DkQi(x,y)| S (3.28)

To see this, notice that if DxQ;(x,y) — DxQ;j(x,y') #0, then the assumption of (iii) combined
with (i) and (2.1) yields that

p) ~p(y) ~p(y), d(xy) S2%[p) Ap(y)]- (3.29)

This together with (ii) and Proposition 2.6(a) further implies that

. 1 1
DrQ;i(x,v) - DiQ; (%, )| < 27y (e m<ciatoi (X, +
|DkQ; (x,y) = DiQj(x, /)| Yaepscao (Y v~y * v o

1

< 2=Ik=jl )
VZ*"p(x) (.X') + VZ’kp(y) (y)

(3.30)

Taking the geometric mean between (3.28) and (3.30) gives the desired estimate of (iii).
Now we verify (3.28). Indeed, by the observation (3.19) on the regularity of the second

variable, it suffices to show (3.28) for d(y,y’) < C127%p(y)/4. In fact, we show that (3.28)

holds for d(y,y') < [C127%p(y) + d(x, y)] /4. To this end, by Definition 3.1(v), we write

|DkQj (x, y) = DkQj (x, y')| = Ux [D(x, z) - Di(x, ¥)][Qj (2. v) - Qj(z.¥)]du(2)

2

> J‘WA |Dk(x, 2) = Di(x, ¥)||Q) (2, v) - Qi(z,¥') |du(2)

i=1

IN

2
Zzi/
i=1

(3.31)

wherq Wi ={zeX: dly,y) < [C127p(y) +d(z,y)]/2} and W, = {z € X : d(y,y) >
[C127p(y) +d(z,y)]/2}.

We first estimate Z;. If z € W; and Qj(z,y) — Qj(z,¥') #0, then either d(z,y) <
C1277[p(z) A p(y)] or d(z,y') < C127/[p(z) A p(y')], which together with (2.1) yields that
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d(y,y") < 27p(y) and d(z,v) < 277 [p(z) A p(y)] < 27%p(y). These facts and (3.29) together

with Proposition 2.6(a) and the regularities of { D}, and {Q; };’i ¢, yield that

d(y,y") d(z,y) 1 xi(z.y)
< L d ,
"2 2000y) s T () Vi) ) Vasp(2) + Vg () HE0 () -
< d(y’y,) 1

™~ 27kp(x) Vit (X) + Vartpiy (1)

where and in what follows, (2, ¥) = X{dzy) <2 ilpnew))) (2 y) forall j > &y and z,y € L.
To estimate Z,, notice that for any z € W5, by (3.29) and (2.1), we have

d(zy) <2d(y.y) < [Clz_kp(y); W] < 249 y) 240 (3.33)

This combined with (3.19) and Proposition 2.6(b) gives that

d(z, 1 '
25 0(0) || e s 10/ +10)(9) anta
d(z,y) d(y.y') 1 :
< , i (z, (z, d
~ Xk(x y) J.Wz 2_kp(x) Clz—]p(y) + d(zry> VZ*kp(y) (y) [|Q] (Z y)l + |Q] (Z y ) |] #(Z)
dly.y) 1 :
< 4 j 4 j 4 d
St g v | 191G 110 ) laue)
< d(y’ yl) 1

T 27%p(y) Varkp(n) (%) + Vot (v) '
(3.34)

Combining the estimates of Z; and Z, yields (3.28) and hence (iii) holds.
When j > k, to prove (v), it suffices to verify that for any n € (0,1), d(x,x’) < (Cy V
1)27%p(x) and d(y,y') < (Cs v 1)275p(y),

[[DxQ) (x,y) = DiQj(x', y)] - [DkQj(x,y') = DQ; (%, )]
<<dWJﬂ>ﬂ<ﬂ%y3>n 1 (3.35)
~\2Fp(x) 27%p(y) ) Vaspio(x) + Varpy ()

To see this, notice that if DxQ;(x,y') — DxQ;(x',y') #0, then by (i) and the assumption
d(x,x") < (C4 vV 1)27%1p(x) together with (2.1), we have d(x,y') < 27¥p(x), which combined
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with d(y,y') < (Cs vV 1)27%p(x) further implies that d(x,y) < 27%p(x). By this, (iv) of this
lemma, (3.19), and Proposition 2.6(a), we obtain

|[DxQj (x,y) - DkQ;(x', y)] - [DkQj (x,y') = DkQ;j (', /)]

< -kl < d(x, x') >n{ ! ¥ (0, ) }
27kp(x) Varsp() (%) + Vap) () Varkp(e) (%) + Vo) (V)

n
< prlkjian (46 X) ! .
Z_kP(x) V2*kp(x) (x) + V2”‘p(y) (y)

(3.36)

Using (iii) of this lemma and a symmetric argument, we obtain that

[[DkQj (x,y) - DkQ;(x', y)] - [DkQj (x,y') - DkQ;j (', y)]|

A% 3.37
< o-lk=jl(1-) <d(%y )> 1 . (3.37)
25p(y) ) Varpto () + Vary ()

Then the geometric mean among (3.35), (3.36), and (3.37) gives the desired estimate of (v).

By the observation (3.20), we only need to show (3.35) for d(y,y') < Ci127%p(y)/8
and d(x,x') < C127%p(y)/8. Actually, we now establish (3.35) for d(y,y’) < [C12¥p(y) +
d(x,y)]/8 and d(x,x') < [C127%p(y) + d(x,y)]/8. To this end, notice that if I[DrQj(x,y) -
DyQ;(x", y)] — [DxQ;j(x,y'") — DxQj(x',y')] #0, then (i) of this lemma implies that at least
one of the following four inequalities holds: d(x,y) < Cs27%[p(x) A p(y)], d(x',y) <
Ca27¥[p(x) Ap()], d(x,y) < Ci27*[p(x) A p(y)], and d(x', y') < Ca27¥[p(x) A p(y')]. This
and (2.1) together with the assumptions d(y,y') < [C12¥p(y) + d(x,y)]/8 and d(x,x') <
[C127%p(y) + d(x,y)]/8 imply that

d(x,y) S27%p(x), p(x)~p(y) ~p(x) ~p(¥), (3.38)

and hence

d(x,x) <27%p(x),  d(y,y) S27%p(y). (3.39)
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Then we write
[ [DQ) () = DkQj (', y)] = [DhQ; (% y') - D (x, )]
= |[ (1P 2) - D, )] = e ) = DeC )]} (Q)(29) - @y (2.9 (2

< 3 [ 11Du(x,2) = D', )] = [Dx(x,9) = De (', )11y (21) = Q=) )

Mo IMe

Il
—_

Jis
(3.40)

where Uy = {z € X : d(y,y') < [Ci27p(y) + d(z,y)]/2} and U, = {z € X : d(y,y) >
[C127p(y) +d(z,y)]/2}.

If z € Uy and Qj(z,y) - Qj(z,Y') #0, then by the support condition of Q; and the fact
d(y,y') < [C1277p(y) + d(z,y)]/2 together with (3.38), we have

d(z,y) S27p(y) S27%p(y), (3.41)

and hence d(y,y') < 277p(y). By this, (3.41), (3.39), the second-order difference condition of
Dy, and Remark 3.3(b), we then obtain

. d(x,x) d(zy) 1 d(y,y')  Xidepn<2iew) (2) du(z)
Ty 27%p(x) 27%p (y) Varkpay (%) + Vo) (¥) 270(Y) Varip(z) (2) + Varipey) (¥)
< di,x) dy,y') 1
™ 27%p(x) 27Kp(y) Vorkp(ey (X) + Vo) (1)
(3.42)

If z € U,, then by (3.39), we have d(z,y) < 2d(y,y') < 2%p(y). This and (3.39)
together with the second-order difference condition of Dy and (3.19) yield that

J < f d(yy)  dxx) d(zy) 1
~u, C127p(y) +d(z,y) 27%p(x) 27K p(y) Varkp(a) (X) + Varipy (¥)

x|Qi(z,y) - Qj(z,¥)|du(z)

d(x,x') d(y,y') 1 , (3.43)
N i\ < - i\Z, d
™ 27%p(x) 27K (y) Vorkpe) (%) + Vo () Lle] (zy) = Q= y)|duz)
- d(x,x') d(y,y') 1

~ 27kp(x) 27%p(y) V() (%) + Varip(y) (y)

Combining the estimates of J; and J, yields (3.35). Hence, (v) holds.
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Property (vi) can be obtained simply by using Definition 3.1(v). This finishes the proof
of Lemma 3.4. O

We conclude this section with some basic properties of ¢,-AOTI, which are used in
Section 5. For all f € LP(X) withp € [1,00] and x € X, set Si(f)(x) = jx Sk, y) f(y)du(y).
Denote by L*(X) the collection of all f € L*(X) with bounded support.

Proposition 3.5. Let €y € Z and { Sk}, be an €o-AOTI as in Definition 3.1.

(i) There exists a positive constant C depending only €y such that for all x,y € X and k > &,
[ ISk(x, )ldp(y) < Cand [, |Si(x, y)ldpu(x) < C.

(ii) There exists a positive constant C depending only on €y such that for all k > &y, locally
integrable functions f, and x € X, |Sx(f)(x)| < CMc -« f(x), where Cy is the constant
appearing in Definition 3.1(i).

(iii) For p € [1, o], there exists a positive constant C,, depending on p and €y, such that for all
k> € and f € (20, 1S¢(N) 1y < Collfll o

(iv) Set Dy, = Sy, and Dy = Sk — Sk-1 for k > €. Then I = Zl?;fo Dy in LP(X), where
p € [1,00) and I is the identity operator on LP (X).

Proof. (i) can be easily deduced from the support and size conditions of Sy together with
Proposition 2.6(c). We can easily show (ii) by using (2.20) and Definition 3.1(i). Property (iii)
is a simple corollary of (i) and Holder’s inequality.

To prove (iv), it suffices to show that limy_ | f — Zszgo Dk(f)”LP(x) =0forall f €
LP(X) with p € [1,00). Since || f — Z,Jigo Dk(f)”mx) =|f- SN(f)lle(x), it is enough to show
]\}im f | f(x) = Sn(f) (x)|dp(x) =0. (3.44)

Now we prove (3.44) for p € (1, ). Let x € X be a point such that Theorem 2.8(ii)
holds for f. Then using (v) and (i) of Definition 3.1, we obtain

1760 -Sn (@] < [ 15w IFe0) - F0)|du(y)

: (3.45)

<
™ u(B(x,C127Np(x))) J Bx,ci2Vp(x))

|f () = f(v)|du(y),

which tends to 0 as N — oo, by Theorem 2.8(ii). This and [Sn (f)(x)| < Mc o« f (x) together
with the dominated convergence theorem and Theorem 2.8(i) imply that (3.44) holds for p €
(1, 00).

To prove (3.44) for the case p = 1, we first consider f € L;°(X). Assume that supp f C
B(xo, rop(x0)) for some xy € X and ry > 0. Combining this with (2.1) gives supp Sk(f) C
B(xo, (C1©y, + 19)p(x0)). By Holder’s inequality and L®(X) C L*(X) together with the fact
that (3.44) holds for p = 2, we obtain that for all f € L?(X),

m (IS8 (f) = flliagy < Jim [u(B(xo, (€105 + 1)) 1SN (f) = fll 20 = O,
(3.46)
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which combined with the density of L*(X) in L' (X) and Proposition 3.5(iii) yields that (3.44)
holds for p = 1. Thus, we obtain (iv), which completes the proof of Proposition 3.5. O

4. Local Vector-Valued Singular Integral Operators

In this section, let (X, d) be a metric space and y a regular Borel measure satisfying (2.2).
Denote by 98 a complex Banach space with norm || - ||43, and by B* its dual space with norm
I - [los-- A function F defined on a o-finite measure space (X, y) and taking values in 9B is
called B-measurable if there exists a measurable subset X of A such that (X \ Xy) =0 and
F(Xy) is contained in some separable subspace B, of B, and for every u* € B*, the complex-
valued map x — (u*, F(x)) is measurable. From this definition and the theorem in [29, page
131], it follows that the function x — ||F(x)|| on X is measurable.

For any p € (0, oo], we define L? (X, *B) to be the space of all B-measurable functions

F on X satisfying ||F|| »x,%) < oo, where [|F||px 5 = {fx ||1-"(x)||’fB dy(x)}l/p with a usual
modification made when p = oo. Define LP*(X,B) to be the space of all B-measurable
functions F on X satisfying ||F||pe %) < oo, where

Fllsmemy = supfafu(ix € £ 1FG)n > ah] ). (1)

Denote by Li°(X,B) the set of all functions in L*(X,B) with bounded support. For p €
(0,00), let LP(X) ® B be the set of all finite linear combinations of elements of B with
coefficients in L? (X), that is, elements of the form,

F :f1u1 +--'+fmum, (42)

where m € N, f; € LF(X), and u; € B for j € {1,...,m}. Both L*(X,B) and LP(X) ® ‘B are
dense in LP (X, B); see, for example, [3] or [30, Lemma 2.1]. Given F € L}(X) ® B as in (4.2),
we define its integral to be the following element of B:

Lc F(x)du(x) = g{Ix fi(x)dpu(x) }uj. (4.3)

Therefore, for any F € L'(X,B), the integral fx F(x)du(x), as a unique extension of the
integral of functions in L'(X) ® B, is well defined; it is not difficult to show that

HL F()du(x)

sj IF ()l dpe(x); (44)
B X

see, for instance, [3] or [29]. Here we refer the reader to [3, 31, 32] for more detailed
knowledge on Banach space-valued functions.

In what follows, we consider a kernel K defined on (X x X)\ Awith A = {(x,x) :
x € X} that takes values in the space £(B1,B,) of all bounded linear operators from Banach
-

space B; to Banach space B,. Then K(x,y) is a bounded linear operator from B; to B,
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whose norm is denoted by ||?(x, Yy, _ o, Assume that ?(x,y) is £(*B1,B,)-measurable
and locally integrable on (X x X) \ A such that the integral

TR = [ R y)F@)du(y) (45)

is well defined as an element of B, for all F € L(X,%;) and x¢ supp F. Set A =
lim inf;_,(©;. Suppose that there exist constants Cs > 2A%20 404 + A and Cs > 0 such that
for all x, y € X satisfying d(x,y) < Csp(x),

[Ken,, . C6ﬁf (4.6)
||?(z, x) - K(z,y) H dpu(z) < Ce, (47)

d(x,z)>2d(x,y) B — By
||?(x, z) —?(y, Z)H du(z) < Ce. (4.8)

d(x,z)>2d(x,y) B1— By

Let NV = {(x,y) € Xx X :d(x,y) < [p(x) Ap(y)]} and Ny = {y € X : (x,y) € N}
Then for all x € X, set

Trocal(F)(x) = T (4. F) (x), (4.9)

where y 4, represents the characteristic function of the set /. A conclusion concerned such
locally vector-valued singular integrals is as follows.

Theorem 4.1. Let B and B, be Banach spaces. Suppose that T given by (4.5) is a bounded linear
=
operator from L"(X,B1) to L"(X,B,) for some r € (1,c00] with norm A, > 0. Assume that K

satisfies (4.6) through (4.8). Then T local 45 i1 (4.9) has well-defined extensions on LF (X, B1) for all
p € [1, 00). Moreover, there exists a positive constant C depending on X, p, and Cs such that
(i) whenever p € [1,r), for all F € LP(X,B1),

[T o (F)

(ii) whenever p € (1, 00), for all F € LP(X,B1),

vy < CCot ADIFl s, (4.10)

[Trca(F)] < CCo+ ADIFlr (4.11)

Proof. It suffices to show the theorem for F € L°(X, %), since L;°(X,B) is dense in
LP(X,B1) for p € [1,00). We further assume that p(X) < oo, since the proof for the case
U(X) = oo is similar and simpler.
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Suppose that 7 < coand p € [1,7). If 0 < A;1A < ”F”LP(X,SBl)/.u(—%)UP (this happens
only when p(X) < o), then

w({rex: Foamr|, > 1)) <uo< (5) 1Fln, @12

Assume now that A;'A > ||F|| s/ ,u(ﬂ()l/ P. By Lemma 2.7, for any given sufficiently
small positive number t, which will be determined later, there exists a sequence of balls,
B;j = B(xj,tp(xj)), such that X = |J; B; and {7B; }]. has finite overlapping property whenever
1 > 0. Set B]’.‘ = B(x;, [©: + t]p(x})). It follows easily from (2.1) that for any given j,
Uxep, NVx C B Therefore, by (4.9),

ﬂ< {x eX: ||710ca1 (F)(x)“%2 > l})
< Zu( {x €B;: il?(xjuxlf)(x)”%z > /\}
j

<S({rem [ (e, >3]
+ Z]]ﬂ( {x € By [T (xeynF) )|, > %} ) = Ej;yj Y.

)
) (4.13)

Observe thatif y € B; and x € Bj, then d(x,y) < (O +2t)p(xj) < Oy(O; +2t)p(x),s0 d(x,y) <
Csp(x) if we choose t > 0 sufficiently small. Thus, for any x € B;, by (4.4) and (4.6), we have

7 CenF)e,, = Hfmwxﬂx,y)lﬂ(y)du(y)

= (4.14)

< CeJ Md#(y)-

e V(Xy)

Ifxe Bjand y € B;‘ \ N, then (2.1) implies that B;.* C B(x,0:(©; + 2t)p(x)) and d(x,y) >

CAR [@@ﬁt]_lp(x). This combined with (4.14) and (2.2) yields that there exists a positive
constant C, depending only on X and t, such that

1/p
7

'ﬁ(ﬁ?\m F) (x)”%z < CCo|Ma(IF Oy x5:) ()] (4.15)
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where a = O;(O; + 2t). By (4.15), Theorem 2.8(i), Lemma 2.7(ii), the finite overlapping
property of {B*} and the fact that for all x > 1 and {a]} cC,

2lajl" < <Z|a]‘|> , (4.16)

we then obtain

6

Y < Z#<{x € By Ma(IF Oy x5 ) (x) > f‘_p}>
i cC

(4.17)

|Fxs; L
< C6zj: ML)”(% B1) < L;;x%l

Now we estimate Z]- Y;. Set f; = ||F(')||<,31XB;- Then supp f; C B}‘. We claim that there
exists a positive number ¢ sufficiently small such that

supp [.//la<f]’-g>]1/p C B(xj,Csp(xj)). (4.18)

In fact, for any x € X, from (2.20), we deduce that if [_#,( f]p )(x)]l/p #0, then there exists a
ball B 5 x satisfying that B N B]*.‘ #0 and rg < ap(cp). From this and (2.1) together with the
triangular inequality of d, it follows that d(x, x;) < [2a©,0e,+; + ©; + t]p(xj). Combined this
with the facts C5 > 2A%0 404 + A, A = lim inf, _(©;, and a = ©;(0; + 2t), we obtain that
x € B(xj,Csp(x;j)) if t is sufficiently small. Thus, (4.18) holds.

Forany A > 0, theset Q) = {x € X : [_/fla(ff)(x)]l/p > L} is open and, by (4.18), Q,
is contained in the ball B(x;, Csp(x;)). Following the procedure of the proof for the Whitney
covering lemma (see [33, page 277] and [7, pages 70-71] ), we obtain that for any fixed j,
there exists a sequence {B’ ) el of balls, where I; is an index set depending on j and a positive

number M (depending on Dc5 in (2.2) with a = Cs, but not on j) such that
@) Qa1 = Uier, B;- C B(x;j, Csp(x;));
(ii) "B < Csp(xj)/(20c¢;, +2);

(iii) every point of A belongs to no more than M balls of {3B'}

] lEI]'

7

(iv) the balls {(1 /4)B; } o are mutually disjoint and (3(O¢, + 1)B;) N (QA_M)E #0.
ielj r
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For any given j,i € Ij, and x € X, we set §(x) = x5 (x)/ Siey, X/ (x), and define

iEIj

8(0) = F(x)xpa,., () + D) { - f F(y) s ()6 () du(y) }xs; (x), (4.19)
K(B) 7n

hj(x) = F(x) y: ()¢ (x) = {;f F(y) s () (v)du(y) }XB; (). (4.20)
k(B) 7n

By Properties (i), (iii), and (iv) above together with Lemma 2.7, it is not difficult to show that
there exists a positive constant C, independent of j, such that

(v) forall x € X, P(x)XB]*_‘ (x) = gj(x) + hj(x), where h;(x) = Zielj h;(x);

(vi) for almost every x € A, ||gj(x)[ls, < CA;'A;

(Vll) ”g]”Lp(x By) = < C”FXB] ”LP (4,9, )

(viii) foranyi € I}, supp hl C Bl and 3, ,u(B’) < C||FXB] ”Izv(x% )/(A;l)t)p;

(ix) foranyielj, [ X H (x)d‘u(x) = Oy, where Oy, denotes the zero element of B;
(9 Sien, 1l 0 < CUEXE N

(xi) ey, 1MLl CLA A PPy |I?

UL (x,38, ) - LP(X,%B1) by (vi).

Then, by Property (v), we obtain

l@gy({xij: ”_)(g])(x)” }>+‘u<{x€B |r(h )(x)” }>
Fol (e wan

+/4<{xe B\ U(3B;i> T (h) (x)l|gs, > %}> =L;+H;+Nj.

IEIj

Recall that p € [1,r). The boundedness of T from L"(X,B1) to L"(X,B,) together with
Properties (vi) and (vii) implies that

(A ) Ay
Lj < ” ]”L’()(%O f, < > ”g]”LP(j(%1) S (T) H X 1P (X,%1) (4.22)
By (2.2) and (viii) together with Theorem 2.8(i), we have
Hy < 3(o) < Zu(5) < (5) 1Pl @.23)
A j 1 j
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To estimate Nj, for any x € B; \ (Uiel,- (3B;)), by (ix), (4.4), and (4.5),

"7301,')(36)”%2 = HZI fBi [?(x, v) —?(x, CB;>]hj. (y)du(y)

By

: EIZJB ” [?(x’y) _?<X’CB§>]h§(y)”%zdﬂ(y) (4.24)

<3, [Reow) -R(xe)]
icI; ¥ B;

W) | A W).

%1—>%2

For any j and i, if x € B; \ (Uiell_(?)B;.)), then x € B; \ (3B;.), which implies that for any y € B;.,
d(x,y) >2d(y, CB;'_). By (ii) and (2.1), we have

d(y,c ) <rs < (20, +2)7Csp(x)) < (20c, +2)7 C5Oc.p(y) < Cap(y)- (4.25)
Therefore, applying (4.7) and (xi) yields that
N; <+ J- (hj)(x)|| . du(x)
"7 ) B, 08 I 4

2
: X%f ! J‘B;\(SB}) “?(x,y) _?<x’CB;>|

~ Ce(Aap)"!
=5

H(y) H%ldﬂ(x) du(y) (4.26)

B — B,

14
Billr a8y

The estimates of L;j, H;, and N; together with the finite overlapping property of {B*} and
(4.16) imply

;Y]N <A +C6) Z” Y

A +C6
LP(X,B1) ™ < 1 > ||F“Lp(‘x% ) (427)

which combined with the estimate of Y and (4.13) yields that (4.10) holds when r < co.
Following the proof of [30, Theorem 1.1], we interpolate between the estimates?local :
LO+/2 (K, B) — LO/2% (X, B,) and Tieea : LOW/2 (X, By) — LE/2% (X, By), and
then obtain that (4.11) holds whenever p € (1,r). A standard duality argument shows that
(4.11) holds for p € (r, «0); see, for example, [30].
The case r = oo of the theorem can be proved by a slight modification of the above
argument (see [3, 30]) and we omit the details. This finishes the proof of Theorem 4.1. O

As an application of Theorem 4.1, by an argument similar to that used in [3], we obtain
the following conclusion. The details are omitted.
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Proposition 4.2. Let p,q € (1, 00) and B, B, be Banach spaces. Suppose that T in (4.5) is a bounded
—
linear operator from L9(X, By) to L1(X, By) with norm A, > 0. Assume that K satisfies (4.6) through

(4.8) with positive constants Cs and Ce. Let?;ml be as in (4.9). Then there exists a positive constant
C, depending on X and Cs, such that for all B1-valued functions {F;}

jen’
1/q 1/q
q
H <Z"?local(1:j)”%2> SC(C6+Aq) <Z”F]”q%]> ,
jeN L1 (4,583) jeN LB
(4.28)
1/q 1/q
q
ll <Z”?local(Fj)“%z> < C(C6 + Aq) <Z”F]”q%1>
e LP(X,B,) e LP(X,%B1)

Remark 4.3. 1t is not difficult to see that Theorem 4.1 and Proposition 4.2 still hold if /A/in (4.9)
is replaced by any set {(x,y) € AxX : d(x,y) < Cp(x)} with C > 0and Cs > 2CA?O¢ ,,0z 4 +
CA, where A = lim inf; _, ,©7. In fact, in this case, we only need to replace B;.‘ in the proof of
Theorem 4.1 by E]; = B(x;, (é@t + t)p(xj)) and make some corresponding modifications for
the succedent proof.

Using the approximation of the identity constructed in Proposition 3.2 together with
Theorem 4.1 and Proposition 4.2, we obtain the following Fefferman-Stein vector-valued
inequality, which was first established by Fefferman and Stein in [34] for the setting of
Euclidean spaces; see also [30] for the setting of RD-spaces.

Theorem 4.4. Let a > 0 and M, be as in (2.20). For p € (1,00) and q € (1,00], there exists a
positive constant C, depending on a, p, and q, such that for all measurable functions { f;}

1/q 1/q
<%[ﬂa(fj)]q> <C <%|fj|q> /

Ll=(X) LY(X)

1/q 1/q
<%[ﬂu(ff)]q> <C <%|fj|q>

Lr(X)

jen’

(4.29)

Lr(x)

Proof. If g = oo, then (4.29) can be deduced from the boundedness of /#, in Theorem 2.8 and
the fact that sup ;. Ma(f;) (x) < ./fla(sup]-eN|f]~|)(x) forall x € X.
Now we assume that g < co. In this case, by (2.1) and (2.2), we have

Ma(F)(x) S sup L

u(B(x,rp(x))) dap(y), 4.30
r<2a0, H(B(x,7p(x))) B(x/rp(x))|f(y)| w(y) (4.30)
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uniformly in x € X. Choose &y € Z such that 2747 < 240, < 27%. Let {Si}i2,, be the
£o-AOTI constructed in Proposition 3.2. For any f € Llloc(ﬂ() and x € X, set M(f)(x) =

SUPy»y, [Sk(f) (x)] (the operator M here in fact depends on a). This combined with (4.30) and
(3.1) yields that

Mo (F)(x) < sup !

d
ot (B, 27%p(x))) J b s (x))|f W) |du(y)

(4.31)
< sup : Sk, y) | f(y)|du(y) ~ m(|f])(x).

k>¢y ¥ B(x,27%p(x

Now the proof of Theorem 4.4 falls into proving the inequalities (4.29) and for the operator
. To this end, we set B; = C, B, = £, and view M as the linear operator that maps B1-

valued functions f to B,-valued functions {Sk(f)}{Z,, Precisely, define Z( ) ={Sc(NH e
The corresponding kernel of ﬁ, say I_<>(x, y) = {5k(x,y) };iéo’ is defined by that for any t € C,
?(x, y)(t) = {Sk(x, l‘/)t}l?;eo' If we appropriately choose N = {(x,y) € X x X : d(x,y) <

Cy27% p(x)}, then ﬁlocal = ,71} Recall that we are using the £o-AOTI {Sk}_,, constructed in
Proposition 3.2, which is nonnegative and [, Sk(x,y)du(y) = 1 for all x € X. Therefore, for
all fe L*(X)and x € X,

|5k(f)(x)| < ||5k(x/')”Ll(x)”f”Lm(x) < ||f||L°°(,K)’ (4.32)

which implies that ﬁ is bounded from L*(X,B1) to L* (X, B,).

Now we show that K satisfies (4.6) through (4.8). In fact, for all x,y € X, since Sk is
nonnegative and satisfies Definition 3.1(i),

Xtdeyscatpe) (5 y) 1

N
K (x, =sup Sk(x,y) < su < . (4.33)
“ ( y) ||(C—>€°° kzg ( y) kzg VZ’kp(x) (x) + szk,ﬂ(y) (y) V(x, y)
Observe that
- —
J HK(x,y) —K(x,z)”(C . du(x)
d(x,y)>2d(z,y) A (4.34)
< f 1Sk (x,y) - Si(x, 2)|dp(x) = I
k=¢, ¥ d(x,y)>2d(z,y) k=¢y

When d(z,y) > C127¥[p(z) vV p(y)] and d(x, y) > 2d(z, y), by the support condition of Si, we
have Si(x,y) = Sk(x,z) = 0. So the summation 37, is valid only for k satisfying d(z,y) <
C12‘kG)C12feop(y). Moreover, for these k’s, if Sk(x,y) — Sk(x,z) #0, then d(x,y) < (~32‘kp(y),
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where C is a positive constant depending only on ¢y. Since {Si}2, satisfy (i) and (iii) of
Definition 3.1, by Remark 3.3 and (2.2),

d(y,z) 1
ws[ = dp()
(e y)<C2kp(y) 275 (V) Varkp(a (%) + Varkyry (1)
(4.35)

_d(y,2) HBE W) _ dy,2)
T2%(y) Vo (¥) ~2kp(y)

Taking summation over all k satisfying d(y,z) < C127%0¢ y-«p(y) yields that 32, I < 1.
Thus, (4.7) holds. Likewise, (4.8) holds by symmetry.

Applying Theorem 4.1 yields that M is bounded from L1(X,%B1) to L1(X,B,) when
q € (1,00). Then, by Proposition 4.2 and ||ﬁ(f]-)(x)||‘Bz = M(f;)(x), we obtain that (4.29)
hold for the operator /. This finishes the proof of Theorem 4.4 O

5. Littlewood-Paley Operators

Fix €y € 7. Let {Sk};f:eo be an ¢)-AOTI as in Definition 3.1. Set Dy, = Sy, and Dy = Sk — Sk-1
for k > ¢. Without loss of generality, we may assume that Dy = 0 for k < &.

For any given measurable function f on X, we define the Littlewood-Paley g-function
g(f) by setting, for all x € X,

1/2
g(f)(x) {ZID,-(f) (x)lz} : (5.1)

j=bo

Recall that I = 32, Dy in LP(X) with p € [1,00); see Proposition 3.5(iv). Following
Coifman’s idea in [20], we know that for any N € N,

I= <ka> <§D]> = Z kaJ,ng + iD}i\[Dk =Rn + Ty, (5.2)

k:€0 j:eo |€|>N k:€0 k:fl)

in LP(X), where DY = Sej<n Dise-
Applying an argument similar to the proof of Lemma 3.4 in [6] yields the following
conclusion.

Lemma 5.1. Let N € Nand Ry be as in (5.2). Then there exists a positive constant C, depending on
¢y, C1, and Cy, such that for all N € N,

IRN 200y - r2x) < C27N. (5.3)
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Proof. For any |€| < N, k > £y, and j > £, by Lemma 3.4 and Proposition 3.5(iii), we obtain
that for all f € L%(X),

”Dk*'ng(Df+ng)*f||L2(x) S 2_|e|||<Dj+€D]')*f”L2(x) S 2_2‘£‘||f”L2(%)’

“DkJrng(DjJrgD]‘)*f |L2(K) = ||Dk+€DkD;D;+gf 2(%) 5 "DkD;D7+€f 12(X) (54)
S 2_|k_j|||D;+€f L2(X) S 2_|k_j|”f”L2(X)'

The geometric mean between (5.4) gives

< 27Wlplk=ilrz, (5.5)

I Dicve Dic (D D) N 2 ) - 20y S

Similarly,

* ~1€|»~|k—j|/2
IDj+eDj(DicseDi)* || 2y - 120y < 2727712 (5.6)

Applying the Cotlar-Knapp-Stein lemma (see [32, page 280]) together with (5.5) and (5.6)

yields that || 3372, Dk’f‘?Dk”LZ(x) TP < 271, Thus, we obtain

IRN 20y - 12000 € D || D DDk <2V, (5.7)
|€|>N || k=¢, L2(X) — L[2(X)
which completes the proof of Lemma 5.1. O

The locally reverse doubling condition (2.3) is used in the proof of following lemma.

Lemma 5.2. For any n > 0and €y € Z, there exists a positive constant C depending on 1 and &€y such
that

ZX‘d(x'y)S"ka,fx”(x'y) . 1 58)
= n(B(x,27%p(x))) V(x,y)
Proof. Notice that
i Xtdey)sm-p0) (X, Y) < i Xldeey<nzrpe) (X y)  27%p(x) 5.9)

& wBGITR)) ~ & kBEzE) 2rp@ +d(xy)
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Observe that the summation in the above inequality equals to 0 if d(x,y) > 72 "%p(x).
Choose kg € N such that 27%~%yp(x) < d(x,y) < 27%~%*yp(x). If &y < k < ko + €, by
Proposition 2.3(iv), there exists a positive constant xz with @ = 2-%*1y; such that

V(x,y) < p(B(x, 275" p(x)) )
< 2<—k0—fo+’<>'<w<B <x, 2_k+111p(x)>> (5.10)

< ph-tork)rs #< B (x, 27k p(x)>>,

where in the last inequality we used (2.2). This further implies that

ko+6 -k ko+4
< Ode(x,wsvﬂ’kpk(x)] (xy) . 27p(x) < 1 ioz(—ko—mk)xa < LI (5.11)
& #B(x2%p(x)) 2%p(x) +d(x,y) T V(xy) 5 V(xy)
If k > ko + €9 and d(x, y) < 12 %p(x), then by (2.2),
V(x,y) < ‘u<B<x, Z‘kqd(x,y)>> < D,ly<B<x, Z‘kd(x,y)>>, (5.12)
and hence
Xtaytpe) (X y) — 2%p(x) 1 & 2%p()
k=ko+€y+1 H(B(x,27%p(x))) 27*p(x) +d(x,y) ~ V(x,y) k=ko+€y+1 d(x,y) (5.13)
S o
V(xy)
Combining the last two formulae yields the desired result of Lemma 5.2. O

Lemmas 5.1 and 5.2 together with the scalar version of Theorem 4.1 yield the following
conclusion.

Corollary 5.3. Let N € Nand Ry be as in (5.2). Then, for any p € (1,00), there exists a positive
constant C, depending on p, €y, C1, and C, such that for all N € N,

||RN||LP()()—>LP(X) < CZ_N/Z} (5.14)

'('/Uhll(i‘p = 1, ||RN||L1(X)_>L1,QO(‘K) < CZ_N/2.

Proof. For all x,y € X, we write

0

© o -N
Rn(x,y) = Z ZDk+ng (x,y) + Z Z cee= R}\, (x,v) + R%V (x,v). (5.15)
¢=Nk=¢, {=—cok=¥,
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By (i) and (ii) of Lemma 3.4 together with Lemma 5.2, we obtain

& &y Xldy)<Ciatp) (5 Y) _  n Xldaw<Cipt) (X, Y)
R )| S 2-¢ < , (5.16)
[Riew)] ZZNkZe u(B(x,2%p(x))) V(x,y)

where Cy is as in Lemma 3.4(i). If d(y,y') < d(x,y)/2 and Di.¢Di(x,y) — DiseDi(x, y') #0,
then by Lemma 3.4(i),

d(x,y) <2C27%p(x). (5.17)

Thus, when d(y, y') < d(x,y)/2, using (5.17), Lemma 3.4(iii), and (3.20), we obtain

RN (%) = RN (x,9)| £ >, 3 |DkeeDi(x,y) = Dicee Di(x,9) |
¢=N k=4,

N
S i iz—f/z <d(%y ) > Xtdey)2c2 o) (/) 518
g 27k p(x) u(B(x,27%p(x))) :

AN 172 o
< 2—N/2<d .y > S Xdepctpe) (xv)
- dxy) ) & #(B(x2Fp(x))

which together with Lemma 5.2 and (2.2) implies that for the constant C= 2-b*1C,,

[ R (5, ) - R (<, ) |dp(a)
d(xy)22d(y,)
172 i
< NN I [d(y,y)] X{dxy)<Cotey) (X Y) ) (5.19)
~ pay de(y,y’)sd(x,y)dk“d(y,y’) d(x, y) V(x, y)

g 2—N/2.

Similarly, R%\[ satisfies the same estimates as in (5.16) and (5.19). From this and a
symmetric argument, we deduce that Ry satisfies (4.6) through (4.8). Notice that (Rn)jocal =
Ry if we choose N = {(x,y) € X x X : d(x,y) < 27%*1Cyp(x)}. Applying Lemma 5.1,
Theorem 4.1, and Remark 4.3, we obtain Corollary 5.3. O

From Corollary 5.3, we easily deduce the following Calder6n reproducing formulae,
which are basic tools connecting considered operators with corresponding function spaces.
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Corollary 5.4. For any given p € (1,00), there exists N € N large enough, depending on p, €y, and
X, such that for all f € LP(X),

f= SITIDNDL(f) = SIDYDTL(S), (520)
k=¢, k=¢,

in LP(X).

Proof. For any given p € (1, o), by Corollary 5.3, there exists N € N large enough such that
IRN I r () = 1r (1) < 1/2. This combined with (5.2) implies that ngl exists and is bounded on
LP(X); see [29, page 69, Theorem 2]. In view of (5.2), Ty = Z,‘f’:% D}(V Dy in LP(X). Therefore,
the desired conclusions of Corollary 5.4 hold. O

Proposition 5.5. There exists a positive constant C, depending on €y, C1, and Cy, such that for all

feLXx),

_ 2 < 2 2
C 1”f”Lzuc) < Z ”Dk(f)”Lz(x) S C”f”LZ(x)' (5.21)
k=4

Proof. By Proposition 3.5(iii), [|Se,( f)||L2(x) S S ||L2(x). Therefore, to show the second
inequality of (5.21), it suffices to show that

0

Z ”Dk(f)”iz(x) S ”f”izw' (5.22)

k:€0+1

In fact, by Lemma 3.4 and the proof of Proposition 3.5(iii), there exists a positive constant C,
which depends on ¢y, Cy, and C,, such that forall k,j > &y + 1,

*

+ ||D. < oWkl (5.23)
L2(X) = L2(X) ]

L2(K) = L2(X) —

||DkD;f Dy

This combined with the Cotlar-Knapp-Stein lemma yields (5.22). Thus, the second inequality
of (5.21) holds.
Now we show the first inequality of (5.21). By Lemma 5.1, for large N € N, we have

1
I = TNl ) — 2y = IRN 2 00) = 12 x0) < 5’ (5.24)

and hence Ty is invertible on L?(X). Thus, for large N, there exists a positive constant C,
depending on N, such that || f{| ;2 ) < CITN (f)ll;2(x) forall f € L2(X).
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For any f € L?(X) and h € L?(X), by Holder’s inequality,

(TN (), )] =

(S o)

k=6y

> (Du(h), (Dif)*h>‘

k=¢y
1/2
5 /
L2(X) '

Then, using D} = 3 y<n Dx+e, Minkowski’s inequality, and the second inequality of (5.21),
we obtain

(5.25)

® 12 o
A S} {Sore

k=0

= 2
%HD{? M) < 2 2 IDkse®lfany

k=0 |£|<N
(5.26)
< D)2y S Ml -
k=6
This combined with (5.25) together with a dual argument yields that
2 2 < 2
”f”LZ(x) S ”TN(f)”LZ(x) S ;% ”Dk(f)”LZ(x)/ (5.27)
=¢0
which completes the proof of Proposition 5.5. O

The main result of this section is the following characterization of L¥ (X) for p € (1,0)
by using the Littlewood-Paley g-function.

Theorem 5.6. Let p € (1, 00). Then there exists a positive constant C, depending on p, €y, C1, and
Co, such that for all f € LP(X),

C_1||f||LP(j() < ”g(f)”Uv(x) < C”f”LP(_x)/ (5.28)
while p =1, for all f € LY(X),
”g(f)”le(x) < C”f”Ll(j()’ (5.29)

Proof. We first show (5.29) and ||g(f)ll1px) < Ifllz»(x) Py using Theorem 4.1. To this end, set
B =C, B, =4, and define?(f) = {Di(f)}{.,- The corresponding kernel of?, say ?(x, y),
is given by that for any t € C, ?(x, y)(t) = {Dk(x,y)t},;“;eo. By Proposition 5.5,? is bounded
from L2(X,B;) to L*(X,B,). Observe that Di(x,y) = 0 when d(x, y) > C127%1[p(x) A p(y)]-
Then ?local defined as in (4.9) equals to T if we choose N={(xy) e XxX:dxy) <
274*1C;p(x)}. It remains to show that?(x, y) satisfies the hypotheses (4.6) through (4.8).
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For any x,y € X, since Dj satisfies Definition 3.1(i), we apply Lemma 5.2 to obtain

1/2
- © 2 & X{d(xy)<Ci2+1p(0) (X, ) 1
K(x,v) = Di(x, < < , (5:30)
n y ||<c—>ez {k_ZgJ (@ y)l } k:zeo u(B(x,27%p(x))) V(x,y)

and hence K satisfies (4.6). An argument similar to the proof of Theorem 4.4 shows that
5
K (x,y) satisfies the hypotheses (4.7) and (4.8). Applying Theorem 4.1 and Remark 4.3 yields

(5.29) and ”g(f)”Lp(x) S ||f||Lp(x)-

The proof for || f||;, e S NgHI () follows by duality. In fact, Corollary 5.3 implies
that || RN || x) - 1r(x) < 1/2 for large enough N. Furthermore, for large N, the operator Ty =
I - Ry is invertible on L?(X) and ”f”U’(X) < ”TN(f)”LP(J()'

By the second inequality of (5.28) together with an argument similar to (5.25) and
(5.26), we obtain that for all h € L' (X) with || k|| w <1,

vl [ 3| e(PY) te]duco

1/2

oo 1/2 © . )
SL( <Z|Dk(f)(x)|2> <;§‘(J|<DIZ<V> (h)(x)| > ()

<i le(f)|2>1/2 (;OI(D{H)YMF)UZ

k=¢o

< S ”g(f)”Lr(JC)'

LY'(%)
(5.31)

Lr(x)

Thus, |fllp 0 S ITNO o S 18l (k). Which completes the proof of Theorem 5.6. [

As an application of Proposition 4.2, Theorem 5.6 has the following vector-valued
extension; see, for example, [3] for the Euclidean case. The details are omitted.

Corollary 5.7. Let p € (1,0). Then there exist positive constants C, and C, which depend on €y,
such that for all {ff}jeZ C LP(X),

J€Z k=t j€z

1/2 1/2
{Z Zle(fi)lz} <G {Z|fj|2} , (5.32)
Ly L7 (%)

(©9)

and for all {ff}jeZ c LY (Xx),

1/2 12
{ZZ|Dk(fJ‘)|2} <C {Zlfjlz} . (5.33)

JEZ k=€ jE€Z
Lleo (x) 11 (‘x)
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In particular, the inequalities (5.32) and (5.33) still hold if their left-hand sides are replaced by
- 1/2 o 1/2 .
HE 20 DI, 0 1 I DD I, respectively.

6. Some Examples

In this section, we present some typical examples of the locally doubling measure metric
spaces satisfying Definition 2.1. All results in previous sections, especially, Theorems 4.4 and
5.6 apply to various settings appearing in the following examples and, to the best of our
knowledge, are new even for these typical settings.

Example 6.1 (Gauss measure metric spaces). Let (R",| - |, dy) be the Gauss measure metric
space and for all x € R”, p(x) = min{1,1/|x|}; see Mauceri and Meda [12].

The space (R",|-|,y), is a locally doubling measure metric space in the sense of
Definition 2.1. To see this, for a € (0, o), by the definition of B,, any Euclidean ball B C R" is
in the class B, if and only if rg < ap(cg), where cp is the center of B and rp is its radius. For
allBeB,and y € B,

(a+1)"p(y) < plcp) < (a+1)p(y); (6.1)

see [12, (3.4)] when a = 1 and see [35] for general a € (0,0). Thus, p satisfies (2.1) with
©, = a + 1. By Proposition 2.5(a) and its proof, the Gauss measure y satisfies the locally
doubling Condition (2.2) and the reverse locally doubling Condition (2.3).

For the admissible function p(x) = 1/(1 + |x]|) for all x € R", a similar argument shows
that (R", |- |, y) 5 is also a locally doubling measure metric space in the sense of Definition 2.1.

It should be mentioned that the admissible function p or p plays important roles
in analysis on Gauss measure metric spaces, especially in the study of operators related
to Ornstein-Uhlenbeck semigroup; see, for example, [11-15, 17]. These operators can be
represented as integral operators associated with kernels K: for all f € CZ(R") and

x ¢ supp(f),
(N = [ K f@)arw); (62

see, for example, [12]. Fix 6 > 0. Some common properties shared by these operators are that
their kernels K(x, y) satisfy that

elvl® elvl’
K(x,y) < Cﬁ_—y 0K (x, y)| + |0yK (x,y)| < Cs

x (6.3)
|x -yl

|x_ y|n+1'

only in the regions Vs = {(x,y) e R"xR": x#y,|x-y| < 6p(x)} with constants Cs growing
exponentially as & — oo; see, for example, [11, 12, 15, 16]. A usual treatment in considering
the boundedness of these operators on LP(R",dy) (p € [1, %)) is by splitting the operator
into a local part and a global part, namely, Tipca1 (f)(x) = T (y_1, (x, ) f)(x) for all x € R” and
Tgiobal =T — Tiocal; Se€, for instance, [11, 14, 17] and the references therein.

We remark that Theorem 4.1 is an extension of [11, Theorem 2.1] in a more abstract
setting, which can be applied to local versions of operators such as Riesz transforms of any
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order (see, e.g., [11, 14]), imaginary powers of the Ornstein-Uhlenbeck operator (see, e.g.,
[16]), and some square functions (see [11, 17]).

Example 6.2 (Nondoubling measure metric spaces in [18, 19]). Carbonaro, et al. [18, 19]
developed an H!-BMO theory on the metric space (M, d, u) , withholding the following
properties:

(i) p=1on M, and the locally doubling property (2.2) holds;

(ii) isoperimetric property when pu(M) = oo: there exist positive constants xy and C such
that for every bounded open set A,

y({x €EA: d<x,AC> < K}> > Cxu(A), Vre (0,x0]; (6.4)

complementary isoperimetric property when pu(M) < oo: there exists a ball By ¢ M,
xo > 0, and C > 0 such that (6.4) holds for every open set A contained in M \ By;

(iii) approximation midpoint property: there exist Ry € [0, 00) and p € (1/2,1) such that for
every pair of points x, y € M with d(x,y) > Ry, there exists a point z € M such that
d(x,2) < pd(x,y) and d(z,y) < pd(x, ).

Applying Proposition 2.3(vi), we can easily show that (M, d, u) , satistying (i) and (ii)
as above falls into the scope of Definition 2.1; however, (iii) is not necessary.

Example 6.3 (Complete Riemannian manifold with Ricci curvature bounded from below).
Let (M,d, pu), be an n-dimensional complete Riemannian manifold M endowed with
Riemannian distance d and Riemannian density y, and also p(x) = 1 for all x € M. Let g
denote the Riemannian metric tensor. When M has the Ricci curvature bounded from below,
namely, Ric M > —K g for some K > 0, the Bishop-Gromov comparison theorem implies that
forallx e Mand r >0,

U(B(x,2r)) < 2" exp <2r\/ (n- 1)K>‘u(B(x, r)); (6.5)

see [36] or [37]. This implies that (M, d, ) o satisfies the locally doubling condition (2.2).
It is well known that any Riemannian manifold has a differentiable structure of C*, and
hence the annulus (2B) \ B#0 for all balls B contained in M. Then Proposition 2.3(vi)
implies that the locally reverse doubling condition (2.3) holds for (M,d, u) e Therefore,
any complete Riemannian manifold with Ricci curvature bounded from below is a locally
doubling measure metric space in the sense of Definition 2.1. Some curvature-dimension
conditions also guarantee the locally doubling condition (2.2); see, for example, [38].

Example 6.4 (R" with certain admissible function associated to Schrodinger operators). Let
V be a nonnegative function on R" (n > 3) satisfying some reverse Holder inequality

RH,(R") with g > n/2, namely, there exists a positive constant C, depending on g and

V, such that {(1/|B]) [, Vix)idx}VT < (C/|BI) [3 V(x)dx for all balls B c R". Function
spaces and operators related to Schrodinger operators £ = —A + V have been the subject
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of many literatures; see, for example, [21-25, 39—41]. The admissible function associated to £
is defined by setting, for all x € R”,

p(x, V)= sup{r >0: nl—z J V(y)d(y) < 1}; (6.6)
r B(x,r)

see Shen [39] for more details. It was proved in [39, Lemma 1.4] that for every positive
constant C, there exists a constant C > 1 such that for all |x — y| < Cp(x, V),

Clp(y, V) <p(x, V) <Cp(y, V), (6.7)

which implies that p(:, V) satisfies (2.1). Thus, (R",| - |, dx) vy isa locally doubling measure
metric space in the sense of Definition 2.1.

Dziubanski [21] also developed a theory of Hardy spaces associated to a class of
degenerated Schrodinger operators

() === S 00, ) () + VR £ x), (68)
7]

where a;;(x) is a real symmetric matrix satisfying that there exists a positive constant C such
that for all ¢ € C" and x € R",

Crw@Ef < X aij(x)é&i; < Cw(x)lf, (6.9)
ij

with w being a nonnegative weight from the Muckenhoupt class A,, and V > 0 belonging to
a reverse Holder class RH,(R", w(x)dx) with certain large q. The corresponding admissible
function is defined by setting, for all x € R",

2

-
p(x,V)=su {r>0: B S E—
P P fB(x,r) w(z)dz

f, Vool en
B(x,r)

By [21, Lemma 4.3], the underlying space (R",|-|,w(x)dx)s.y, is also a locally doubling
measure metric space in the sense of Definition 2.1.

We remark that p(-,V) or p(-,V) as above plays a crucial role in dealing with
function spaces such as Hardy spaces or BMO spaces associated to Schrodinger operators;
see [22, 41] and the references therein. In a general setting of the RD-space (X, d, u) (see
[6, 10]), a theory of Hardy spaces H! related to a certain class of admissible functions
p satisfying (2.4) was developed in [25], which applies to Schrodinger operators on
(R",]+|,dx),(.v), degenerated Schrodinger operators on (R”, |- |,w(x)dx)ﬁ(,lv), sub-Laplace
Schrodinger operators on Heisenberg groups (see [23, 25]), and sub-Laplace Schrodinger
operators on nilpotent Lie groups of polynomial growth (see [24, 25]).

Obviously, when p satisfies (2.4) and (X, d, ) is an RD-space, (X, d, u) p in [25] is
another typical example of locally doubling measure metric space in Definition 2.1.
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Example 6.5. Dziubanski [40] studied Hardy spaces on (R*, |- |, dx) associated to admissible
functions p;(y) = min{1,y} and p»(y) = min{y,y '} for y € R*. It is easy to show that (2.4)
fails for p; and p,, while both p; and p; satisfy (2.1). Thus, (R, ||, dx) o withi = 1,2 are
all locally doubling measure metric spaces in the sense of Definition 2.1, and the notion of
admissible function here is more general than the one in [25].

Remark 6.6. When p is the constant function 1, as in Examples 6.2 and 6.3, the approximation
of the identity constructed in Proposition 3.2 can be easily obtained from [6, 20].

The construction of the approximation of the identity for Example 6.1 can be deduced
from the case p = 1 by changing the metric d. In fact, by [19, Proposition 8.2], for every a > 0,
there exists a positive constant C depending on a such that for all x, y € R" with d(x,y) < q,

Cx-y|[p(x)] " <do(x,y) <Clx-yl|[px)] ", (6.11)

where p(x) = minf{l, |x|_1} for all x € R", and d is the distance function defined by the
length element ds? = (1 + |Ve|)*(dx? + - + dx2) with ¢(x) = |x|>. Then, the approximation
of the identity on (R, |- |,dy) p follows from (6.11) and the approximation of the identity on
(R", do, dy),.

Remark 6.7. By [42], with the modified Agmon metric ds® = p(x, V)™ (dx? + -+ + dx2), we
define the corresponding distance function

d(x,y) = inf f 1 p(T(1), V)T ()| dt, (6.12)
0

where I : [0,1] — R" is absolutely continuous and I'(0) = x and I'(1) = y. For any given
a € (0,00), using [42, Proposition 1.8(c)] and an argument similar to [42, (3.19)], there exist
positive constants C and C such that for all x € R* and r € (0, a],

|x - y| < rp(x, V) implies that d(x,y) < Cr,
! i (6.13)
d(x,y) <r implies that |x-y| < Crp(x, V).

Obviously, (6.13) is weaker than (6.11). However, (6.13) is not sufficient to deduce an
approximation of the identity on (R", | - |, dx),. v, from the constructed approximation of the
identity on (R", d, dx),; the problem lies in how to derive (ii) and (iii) of Definition 3.1. So
far, it is not clear whether there is an argument as in Remark 6.6 also works for Example 6.4.
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