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Wiman'’s theorem says that an entire holomorphic function of order less than 1/2 has a minimum
modulus converging to oo along a sequence. Arima’s theorem is a refinement of Wiman'’s theorem.
Here we generalize both results to quasiregular mappings in the manifold setup. The so called
fundamental frequency has an important role in this study.

1. Main Results

It follows from the Ahlfors theorem that an entire holomorphic function f of order p has no
more than [2p] distinct asymptotic curves where [r] stands for the largest integer < r. This
theorem does not give any information if p < 1/2, This case is covered by two theorems: if
an entire holomorphic function f has order p < 1/2 then limsup, _, _minp-,|f(z)| = co (Wiman
[1]) and if f is an entire holomorphic function of order p > 0 and | is a number satisfying the
conditions 0 < 1 < 2ar,1 < or/ p, then there exists a sequence of circular arcs {|z| = 1, Ok < argz <
Oc + 1}, 1 — 00,0 < O < 201, along which |f(z)| tends to co uniformly with respect to argz
(Arima [2]).

Below we prove generalizations of these theorems for quasiregular mappings for n >
2. The next two theorems are generalizations of the theorems of Wiman and of Arima for
quasiregular mappings on manifolds.

Theorem 1.1. Let M, N be n-dimensional noncompact Riemannian manifolds without boundary.
Assume that h : M — (0,00) is a special exhaustion function of the manifold M and u is a
nonnegative growth function on the manifold N, which is a subsolution of (3.4) with the structure
conditions (3.2), (3.3) and the structure constants p = n, vy, vs.
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Let f : M — N be a nonconstant quasiregular mapping. Suppose that the manifold M is
such that

fw An(Sn(H); 1)dt = oo. (1.1)
If now
lirnlig.}fhl(l}n?iu(f(m)) exp{—C f L (Zn(8); 1)dt} =0, (1.2)
then
lim sup min u(f(m)) = co. (1.3)
Here

C= <n—1+n<<i—j>2[<2(f)_1>1/Z>_1 (1.4)

is a constant, K(f) is the maximal dilatation of f, 2 (t) is an h-sphere in the manifold M, A,,(U)
is a fundamental frequency of an open subset U C Xp(t), and A, (Zy(t);1) = inf X, (U), where the
infimum is taken over all open sets U C 2y (t) with U # Xy (t). (See Sections 4 and 6.)

Theorem 1.2. Let M, N be n-dimensional noncompact Riemannian manifolds without boundary.
Assume that h : M — (0,00) is a special exhaustion function of the manifold M and u is a
nonnegative growth function on the manifold N, which is a subsolution of (3.4) with the structure
conditions (3.2), (3.3) and the structure constants p = n, vy, vs.

Let f : M — N bea quasiregular mapping and M(t) = maxs, yu(f (m)). If for some y > 0
the mapping f satisfies the condition

liminf M(7 + 1) exp{—yf )Ln(Zh(t);l)dt} =0, (1.5)
T— 0
then for each k = 1,2, ... there exists an h-sphere Xy, (t) and an open set U C Xy (t), for which

u(Hluzk () < Ea(Enlti D). (1.6)

The proofs of these results are based upon Phragmén-Lindelof’s and Ahlfors” theorems
for differential forms of WT-classes obtained in [3].

For n-harmonic functions on abstract cones, similar theorems were obtained in [4].

Our notation is as in [3, 5]. We assume that the results of [3] are known to the reader
and we only recall some results on qr-mappings.
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2. Quasiregular Mappings

Let /M and N be Riemannian manifolds of dimension 7. A continuous mapping F : Mt — N
of the class W!, () is called a quasiregular mapping if F satisfies

|F'(m)|" < KJe(m) (2.1)

almost everywhere on M. Here F'(m) : T,,(M) — Trm)(N) is the formal derivative of F(m),
further, |F'(m)| = maxy1|F'(m)h|. We denote by Jr(m) the Jacobian of F at the point m € M,
that is, the determinant of F'(m).

The best constant K > 1 in the inequality (2.1) is called the outer dilatation of F and
denoted by Ko(F). If F is quasiregular, then the least constant K > 1 for which we have

Jr(m) < KI(F'(m))" (2.2)
almost everywhere on  is called the inner dilatation and denoted by K;(F). Here

I(F'(m)) = r|};|ig11|F'(m)h|- (2.3)

The quantity

K(F) = max{Ko(F), K;(F)} (2.4)

is called the maximal dilatation of F and if K(F) < K, then the mapping F is called K-
quasiregular.

If F: M — _is a quasiregular homeomorphism, then the mapping F is called
quasiconformal. In this case, the inverse mapping F~! is also quasiconformal in the domain
F(M) c N and K(F') = K(F).

Let &/ and B be Riemannian manifolds of dimensions dim<# = k and dimB = n - k,
1 < k < n, and with scalar products (, ) 4, (, )5, respectively. The Cartesian product /N = &#xB
has the natural structure of a Riemannian manifold with the scalar product

(= q )J + >73 (2.5)

We denote by 7 : # x B — o and 17 : # x B — B the natural projections of the manifold /U
onto submanifolds.

If wy and wg are volume forms on </ and B, respectively, then the differential form
wy = wr*wy A *wpg is a volume form on .

Theorem 2.1 (see [5]). Let F : M — _N be a quasireqular mapping and let f = oo F : M — A.
Then the differential form f*w is of the class WT, on M with the structure constants p = n/k,
V1=V (Tl, kr KO)/ and vy = v2(nr k/ KO)
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Remark 2.2. The structure constants can be chosen to be

_ -n/2
vl—l — <k + n zk) nn/Z Ko, v2—1 _ gn—k, (26)

where ¢ = ¢(k,n, Ko) and ¢ = ¢(k,n, Kp) are, respectively, the greatest and smallest positive
roots of the equation

(ke?+ (n- k)>n/2 -n"?Koék = 0. (2.7)

3. Domains of Growth

Let D C C be an unbounded domain and let w = f(z) be a holomorphic function continuous
on the closure D. The Phragmén-Lindelof principle [6] traditionally refers to the alternatives
of the following type:

(a) if Re f(z) < 1 everywhere on 0D, then either Re f(z) grows with a certain rate as
z — ooor Ref(z)<1forall ze€ D;

(p) if |[f(z)] £ 1 on 0D, then either |f(z)| grows with a certain rate as |[z| — oo or
|f(z)] <1forallz € D.

Here the rate of growth of the quantities Re f(z) and |f(z)| depends on the “width”
of the domain D near infinity.

It is not difficult to prove that these conditions are equivalent with the following
conditions:

(a7) if Ref(z) = 1 on 0D and Re f(z) > 11in D, then either Re f(z) grows with a
certain rate as z — oo or f = const;

(f1) if |[f(z)] =1 on 0D and |f(z)| > 1 in D, then either |f(z)| grows with a certain rate
asz — oo or f = const.

Let D be an unbounded domain in R" and let f = (f1, f2,...,fn) : D — R" bea
quasiregular mapping. We assume that f € C%(D). It is natural to consider the Phragmén-
Lindelof alternative under the following assumptions:

(@) fi(x)|sp =1and fi(x) > 1 everywhere in D;
(b) I, f(0)lop =Tand 37, f(x) 21on D, 1<p<n
(¢) |f(x)]=1onoD and |f(x)| >1on D.

Several formulations of the Phragmén-Lindelof theorem under various assumptions
can be found in [7-11]. However, these results are mainly of qualitative character. Here
we give a new approach to Phragmén-Lindelof type theorems for quasiregular mappings,
based on isoperimetry, that leads to almost sharp results. Our approach can be used to prove
Phragmén-Lindelof type results for quasiregular mappings of Riemannian manifolds.

Let W be an n-dimensional noncompact Riemannian C?*-manifold with piecewise
smooth boundary d (possibly empty). A function u € CO() N W1, (W) is called a

n,loc

growth function with A as a domain of growth if (i) u > 1, (ii) u | oM = 1 if dN#0, and
sup, ¢ 4 u(y) = +oo.
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We consider a quasiregular mapping f : M — N, f € C°(M UOM), where M is a
noncompact Riemannian C?-manifold, dim # = n, and O_M # (). We assume that f(om) con.
In what follows, we mean by the Phragmén-Lindel6f principle an alternative of the form:
either the function u(f (m)) has a certain rate of growth in # or f(m) = const.

By choosing the domain of growth /U and the growth function u in a special way, we
can obtain several formulations of Phragmén-Lindelof theorems for quasiregular mappings.
In view of the examples in [7], the best results are obtained if an n-harmonic function is
chosen as a growth function. In the case (a), the domain of growthis AN = {y = (y1,...,yn) €
R" : 11 > 0} and as the function of growth, it is natural to choose u(y) = y; + 1; in the
case (b), the domain W is the set {y = (y1,...,yn) € R" : ZL yl.Z >1},1 < p < n and
uly) = Sh, yf)(n7p>/2(n71); in the case (c), the domain of growth is At/ = {y € R" : |y| > 1}
and u(y) =log|y| + 1.

In the general case, we shall consider growth functions which are A-solutions of
elliptic equations [12]. Namely, let / be a Riemannian manifold and let

A:T(M) — T(M) (3.1)

be a mapping defined a.e. on the tangent bundle T (). Suppose that for a.e. m € M the
mapping A is continuous on the fiber T,,, that is, for a.e. m € M, the function A(m,-) : T,,, —
T,, is defined and continuous; the mapping m — A,,(X) is measurable for all measurable
vector fields X (see [12]).

Suppose that for a.e. m € M and for all ¢ € T,,, the inequalities

vllglp < <§1A(m/ §)>/ (32)
|A(m, &)| < waléP! (3.3)

hold with p > 1 and for some constants v1, v, > 0. It is clear that we have v; < v,.
We consider the equation

divA(m,Vf)=0. (3.4)

Solutions to (3.4) are understood in the weak sense, that is, A-solutions are W; loc-functions
satisfying the integral identity

fﬂ(VG,A(mr V) *1a=0 (3.5)

forall 0 € W; (M) with compact support in .

A function f in W;,loc('/n) is an A-subsolution of (3.4) in M if

div A(m, V) >0 (3.6)
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weakly in _#, that is,
f (VO, A(m, VF)) x Ly <0, (3.7)
M

whenever 0 € W; (un), is nonnegative with compact support in .
A basic example of such an equation is the p-Laplace equation

div(|Vf|"?vf) =0, (3.8)

4, Exhaustion Functions

Below we introduce exhaustion and special exhaustion functions on Riemannian manifolds
and give illustrating examples.

4.1. Exhaustion Functions of Boundary Sets

Leth: M — (0,hgp), 0 < hy < oo, be alocally Lipschitz function such that

ess iIQ1f|Vh| >0 VQcc.m. 4.1)

For arbitrary t € (0, hg), we denote by
By(t) ={me _M: h(m) <t}, Sp(t) ={me M: h(m) =t} (4.2)

the h-balls and h-spheres, respectively.

Let h: . — R be alocally Lipschitz function such that there exists a compact K C _#
with |Vh(x)| > 0 for a.e. m € M\ K. We say that the function h is an exhaustion function for a
boundary set = of / if for an arbitrary sequence of points my € M, k =1,2,..., the function
h(mi) — hy if and only if my — ¢.

It is easy to see that this requirement is satisfied if and only if for an arbitrary increasing
sequence t; < t, < --- < hy, the sequence of the open sets Vi = {m € M : h(m) > t;} is a chain,
defining a boundary set ¢. Thus the function h exhausts the boundary set ¢ in the traditional
sense of the word.

The function h : M — (0, hy) is called the exhaustion function of the manifold _# if
the following two conditions are satisfied:

(i) for all t € (0, hy), the h-ball By(t) is compact;

(ii) for every sequence t; < tp < --- < hy with limx_, tx = ho, the sequence of h-balls
{Bn(tr)} generates an exhaustion of #, that is,

Bi(t1) CBu(t;) C--- CBp(t) €+, | JBu(te) = M. (4.3)
k
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Example 4.1. Let M be a Riemannian manifold. We set h(m) = dist(m, my) where my € M
is a fixed point. Because |Vh(m)| = 1 almost everywhere on _#, the function h defines an
exhaustion function of the manifold .

4.2. Special Exhaustion Functions

Let M be a noncompact Riemannian manifold with the boundary o_# (possibly empty). Let
A satisfy (3.2) and (3.3) and let h : M — (0, hp) be an exhaustion function, satisfying the
following additional conditions:

(a1) there is B’ > 0 such that h™((0, 1)) is compact and h is a solution of (3.4) in the
open set K = h™}((I, ho));

((12) for a.e. h,t € (I’l/, ho), h <t

Vh Vh
— A x,Vh)>de’€”‘1 =f <—,A x,Vh >del€”‘1. 4.4
.Lwﬁ<Wh| ( o \ [ A VR (44

Here d#"™! is the element of the (n — 1)-dimensional Hausdorff measure on ;. Exhaustion
functions with these properties will be called the special exhaustion functions of M with respect
to A. In most cases, the mapping A will be the p-Laplace operator (3.8) and, unless otherwise
stated, A is the p-Laplace operator.

Since the unit vector v = Vh/|Vh| is orthogonal to the h-sphere X, the condition (a,)
means that the flux of the vector field A(m, Vh) through h-spheres X, (t) is constant.

In the following, we consider domains D in R" as manifolds /. However, the
boundaries 0D of D are allowed to be rather irregular. To handle this situation, we introduce
(A, h)-transversality property for .

Leth: M — (0,hg) be a C?-exhaustion function. We say that / satisfies the (A, h)-
transversality property if for a.e. t1, tp,h < t; < t; < hy, and for every ¢ > 0, there exists an
open set

G = G.(t,t) C By(t2) \ Bu(t1) (4.5)

with piecewise regular boundary such that

H () N Zh(k) \ 0G) < &, (4.6)
J€”<<Bh(t2) /Eh(t1)> \ G) <e (4.7)
(A(m,Vh(m),v)) =0, (4.8)

where v is the unit inner normal to 0G.

We say that M satisfies the h-transversality condition if _# satisfies the (A,h)-
transversality condition for the p-Laplace operator A(m, ¢) = |§|’”_2§. In this case, (4.8) reduces
to

(Vh(m),v) = 0. (4.9)
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Example 4.2. Let D be a bounded domain in R? and let

M ={(x1,32,75) €R®: (x1,%2) € D, x> 0} (4.10)

be a cylinder with base D. The function h : (0,0) — R, h(x) = x3, is an exhaustion function
for M. Since every domain D in R? can be approximated by smooth domains D’ from inside,
it is easy to see that for 0 < f; < f, < oo the domain G = D' x (t1,f,) can be used as an
approximating domain G, (t1,t,). Note that the transversality condition (4.8) is automatically
satisfied for the p-Laplace operator A(m, ¢) = i

Lemma 4.3. Suppose that an exhaustion function h € C2(M \ K) satisfies (3.4) in M \ K and that
the function A(m,¢) is continuously differentiable. If M satisfies the (A, h)-transversality condition,
then h is a special exhaustion function on the manifold M.

Proof. It suffices to show (ay). Let i’ < t; < t; < hg and € > 0. Choose an open set G as in the
definition of the (A, h)-transversality condition. |A(m, Vh(m))| < M < oo for every m € M,
and (4.6)—(4.8) together with the Gauss formula imply for a.e. t;, t,

Vh Vh
A(m,Vh)> etz"-l—f < A(m,Vh)> At
Lh<t2><|Vh| ot \ VA

< f <v—h,A(m,Vh)>dJZ"‘1 f < vh ,A(m, Vh)>de/€" HyeM
OGUX, (£) |Vh| OGUZy (1) |Vh| (411)
Vh n-1 n-1
= ,A(m,Vh) ydH# +eM = (v, A(m,Vh))dH# +eM
[Vh|’ 3G
= J‘ div A(m, Vh)dH"| + eM = e M.
G
Since ¢ > 0 is arbitrary, (az) follows. O

Example 4.4. Fix 1 < n < p. Let x1,x2,...,x, be an orthonormal system of coordinates in
R",1 < n < p. Let D C R" be an unbounded domain with piecewise smooth boundary and
let B be a (p — n)-dimensional compact Riemannian manifold with or without boundary. We
consider the manifold # = D x B.

We denote by x € D, b € B, and (x,b) € M the points of the corresponding manifolds.
Letor : DxB — Dandn: D xB — B be the natural projections of the manifold .

Assume now that the function h is a function on the domain D satisfying the
conditions (b1), (b2), and (3.8). We consider the function h* =hoa : M — (0,0).

We have

=V(hox)= (V. h)ou,

div<|Vh*|P‘ZVh*) = div<|V(h om)|P 2V (ho yr))

- div(leh|P‘2 o (Vyh) oyr) = (Zaiov h|P2 ai’ )> o

i=1
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Because h is a special exhaustion function of D, we have
div<|Vh*|P—2Vh*) =0. (4.13)

Let (x,b) € OM be an arbitrary point where the boundary O/ has a tangent
hyperplane and let v be a unit normal vector to 0_.

If x € dD, then v = v; + v, where the vector v, € R¥ is orthogonal to 0D and v, is a
vector from Ty, (B). Thus

(Vh*,v) = ((Vih) oor,vi) =0, (4.14)

because h is a special exhaustion function on D and satisfies the property (b,) on 0D. If b € 0B,
then the vector v is orthogonal to 0B x R"” and

(Vh*,v) = ((Vih) o, v) =0, (4.15)

because the vector (Vh) o o is parallel to R".

The other requirements for a special exhaustion function for the manifold / are easy
to verify.

Therefore, the function

W =h*(x,b) = hox : M —s (0,0) (4.16)

is a special exhaustion function on the manifold M = D x B.

Example 4.5. We fix an integer k, 1 < k < n, and set

k 1/2
di(x) = (Zx$> ) (4.17)
i=1

It is easy to see that |Vdi(x)| = 1 everywhere in R" \ %), where X = {x € R" : dr(x) = 0}. We
shall call the set

Bi(t) = {x e R" : di(x) < t} (4.18)
a k-ball and the set

Se() = (x € R" : di(x) = t) (4.19)

a k-sphere in R".

We shall say that an unbounded domain D C R" is k-admissible if for each ¢t >
infyepdi(x), the set D N By (t) has compact closure.

It is clear that every unbounded domain D C R" is n-admissible. In the general case,
the domain D is k-admissible if and only if the function dj(x) is an exhaustion function of D.



10 Journal of Inequalities and Applications

It is not difficult to see that if a domain D C R" is k-admissible, then it is I-admissible for all
k<l<n.
Fix 1 < k < n. Let A be a bounded domain in the (1 — k)-plane x; = --- = x; = 0 and let

D={x=(x1,..., %k, Xks1,---,Xn) ER" : (xks1,...,X,) € A}. (4.20)

The domain D is k-admissible. The k-spheres > (t) are orthogonal to the boundary 0D
and therefore (Vdg,v) = 0 everywhere on the boundary. The function

hx) log di(x), p=k, @21)
x) = .
al ™M), prk,

satisfies (3.4). By Lemma 4.3, the function h is a special exhaustion function of the domain D.
Therefore, the domain D has p-parabolic type for p > k and p-hyperbolic type for p < k.

Example 4.6. Fix 1 < k < n. Let A be a bounded domain in the plane x; = --- = xx = 0 with a
(piecewise) smooth boundary and let

D={x=(x1,...,x,) €ER": (Xps1,...,%n) EA} = R"™* x A (4.22)

be the cylinder domain with base A.
The domain D is k-admissible. The k-spheres X (t) are orthogonal to the boundary 0D
and therefore (Vdy,v) = 0 everywhere on the boundary, where d is as in Example 4.5.

Let h = ¢(dx) where ¢ is a C>-function with ¢' > 0. We have Vh = ¢'Vdy and since
|Vdi| =1, we obtain

LI w2 Oh\ & 0 on-10di
S (7750 ) = 2 (0715

(4.23)
= =)@ @)
dy
From the equation
(n-1)¢" + k- 1¢’ =0, (4.24)
dy
we conclude that the function
h(x) = (dy(x)) /=D (4.25)

satisfies (3.8) in D \ K and thus it is a special exhaustion function of the domain D.
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Example 4.7. Let (r,0), where r > 0, 6 € S""!(1), be the spherical coordinates in R". Let U C
S""1(1), 0U # 0, be an arbitrary domain with a piecewise smooth boundary on the unit sphere
S™1(1). We fix 0 < 7, < oo and consider the domain

D={(r,0)eR":rn<r<o, 0 €U}. (4.26)

As above it is easy to verify that the given domain is n-admissible and the function

h(]x]) = log % (4.27)

is a special exhaustion function of the domain D for p = n.

Example 4.8. Let 4 be a compact Riemannian manifold, dim </ = k, with piecewise smooth
boundary or without boundary. We consider the Cartesian product # = 4 x R", n > 1. We
denote by a € 4, x € R”, and (a, x) € M the points of the corresponding spaces. It is easy to
see that the function

log|x]|, p=n,
h(a,x) = { (p-m)/ (p-1) (4.28)
|x] , P#EN,

is a special exhaustion function for the manifold . Therefore, for p > n, the given manifold
has p-parabolic type and for p < n, p-hyperbolic type.

Example 4.9. Let (r,0), where r > 0, 6 € S""1(1), be the spherical coordinates in R". Let U C
§""1(1) be an arbitrary domain on the unit sphere S"(1). We fix 0 < r; < r, < co and consider
the domain

D={(r,0)eR":r<r<nr, U} (4.29)

with the metric
ds’y = o (r)dr® + f*(r)dl}, (4.30)

where a(r), f(r) > 0 are C’-functions on [ry,72) and dlp is an element of length on S"(1).
The manifold M = (D,dsin) is a warped Riemannian product. In the cases, a(r) = 1,
B(r) =1,and U = S*! the manifold  is isometric to a cylinder in R"*!. In the cases, a(r) =1,
B(r) =r,U = S"! the manifold  is a spherical annulus in R".
The volume element in the metric (4.30) is given by the expression

doy = a(r)p"(r)drdS™(1). (4.31)
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If ¢(r,0) € C}(D), then the length of the gradient V¢ in _ takes the form

2
7

|Vo|* = %(4’9)2 + %Ivmﬁ (4.32)

where Vg¢ is the gradient in the metric of the unit sphere S"1(1).
For the special exhaustion function h(r,0) = h(r), (3.8) reduces to the following form:

p-1
dir <<$> (h'r(r))”_lﬁ”‘l(r)> =0. (4.33)

Solutions of this equation are the functions

h(r) = Cl J‘Tl %dt + C2, (434)

where C; and C, are constants.

Because the function h satisfies obviously the boundary condition (ay) as well as
the other conditions of special exhaustion functions listed in (4.2), we see that under the
assumption

” a(t)
the function
r
t
h(r) = a(t) (4.36)

POV D (1)

is a special exhaustion function on the manifold .

Theorem 4.10. Let h : M — (0, hg) be a special exhaustion function of a boundary set ¢ of the
manifold M. Then

(1) if ho = oo, the set & has p-parabolic type,
(ii) if ho < oo, the set & has p-hyperbolic type.

Proof. Choose 0 < t1 < tp < hg such that K C By (t1). We need to estimate the p-capacity of the
condenser (B (t1), M\ By(t2); M). We have

J

cap, (Bu(t), M\ Byt M) = —— =,

(4.37)

where

/= () VAP dery! (4.38)
h
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is a quantity independent of t > h(K) = sup{h(m) : m € K}. Indeed, for the variational
problem [3, (2.9)], we choose the function ¢y, ¢o(m) = 0 for m € By(t1),

h(m) - t

T ME Bp(t2) \ Bu(t1), (4.39)
2—h

po(m) =

and ¢o(m) =1 for m € M \ By(t;). Using the Kronrod-Federer formula [13, Theorem 3.2.22],
we get

capp(Bh(tl),,/li \ Bu(t2); M) < Iﬂ |V(p0|p * 1 g

1

e [Vh(m)|P * 1_n 4.40
(t2 = t1)P )t <nimy<ts (4.40)

tr
= I dt f |Vh(m) P~ dee”, "
t Zp(t)

Because the special exhaustion function satisfies (3.8) and the boundary condition (ay),
one obtains for arbitrary 7, 7, h(K) <71 < < hg

f |Vh|”‘1del€"ﬂ‘1—f VR doen!
Zn(t2) Zn(th)

= f |VRP2(Vh,v)d",! —f |VhP2(Vh,v)d",! (4.41)
Zp(t2) Zn(t)

= f div Jn<|Vh|”_2Vh>*]1 1 =0.
ti<h(m)<t,

Thus we have established the inequality

J

capy(Bu(tn), M\ Bulta) M) < -5

(4.42)

By the conditions, imposed on the special exhaustion function, the function ¢y is an
extremal in the variational problem [3, (2.9)]. Such an extremal is unique and therefore the
preceding inequality holds as an equality. This conclusion proves (4.37).

If hy = oo, then letting t, — oo in (4.37) we conclude the parabolicity of the type of
¢ Let hg < oo. Consider an exhaustion {#y} and choose tyg > 0 such that the h-ball By, (ty)
contains the compact set K.

Set ty = supmeaukh(m). Then for t; > ty, we have

J

cap, <akoluk;./’l> > Capp(Bh(to)rBh(tk)}./ﬂ) = W,

(4.43)
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and hence

. — J
hknl1oro1f cap,, (Uko, Mk;,/li> > >0, (4.44)

" (hy - to)P

and the boundary set £ has p-hyperbolic type. O

5. Wiman Theorem

Now we will prove Theorem 1.1.

5.1. Fundamental Frequency

Let U C Zp,(7) be an open set. We need further the following quantity:

_ 1\ /P
(Ju IVAI | V2| dory )

Ap(U) = inf R
_ N
(fu VA" 1|‘P|pd°@/nl>

(5.1)

where the infimum is taken over all functions ¢ € W; (U) with supp ¢ c U (By the definition,
pisa W;—function on an open set U, if ¢ belongs to this class on every component of U.).
Here V5 is the gradient of ¢ on the surface X (7).

In the case |Vh| = 1, this quantity is well-known and can be interpreted, in particular,
as the best constant in the Poincaré inequality. Following [14], we shall call this quantity the
fundamental frequency of the rigidly supported membrane U.

Observe a useful property of the fundamental frequency.

Lemma 5.1. Let U C 2 (7) be an open set and let U; be the components of U, i =1,2,.... Then

Ap(U) = inf y, (U). (5.2)

Proof. To prove this property, we fix arbitrary functions ¢; with supp ¢; C U;. Set ¢(m) =
@i(m) form € U; and ¢ =0 for U \ (U, U;). Hence

ALU) Ju» VAP i |Pdet™™ < fu‘ |V | Vg |[Pdem . (5.3)

Summation yields

<h?f )‘5“11')) 2 ju VAP gl deer < 3 Ju VA | VagiPa™ (54)
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and we obtain
<iri1f)LZ(LIi)) fu VAP p|P de ! < fu |VA|! | Vap| dm . (5.5)

This gives

inf 4, (Uy) < 4y (UD). (5.6)

The reverse inequality is evident. Indeed, if U; is a component of U, then evidently

1,(U) < 4, () (5.7)

and hence
Ap(U) < infdy (Uy). (5.8)
O

We also need the following statement.

Lemma 5.2. Under the above assumptions for a.e. T € (0, hy), we have

er;5) > 22D, (5.9)

where A, is the fundamental frequency of the membrane Zy,(t) defined by formula (5.1) and

c forp<2,

c=c(vi,v,p) = (5.10)
¢ forp>2,

where

_ 2-p)/2 -1 (P-1/p
c1 =2 =2+ 202 p7l(p 1) ,
-1
CQ:\/vg-vfm”p .

For the proof, see Lemma 4.3 in [10].
We now use these estimates for proving Phragmén-Lindelof type theorems for the
solutions of quasilinear equations on manifolds.

(5.11)

Theorem 5.3. Let h: M — (0, 00) be an exhaustion function. Suppose that the manifold M satisfies
the condition

Jm Ap(Zn(t))dt = co. (5.12)
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Let f be a continuous solution of (3.4) with (3.2) and (3.3) on M such that

limsupf(m) <0, VYmge€ oM. (5.13)

m—my

Then either f(m) < 0 everywhere on M or

liminfj |Vh”f(m)||Vf(m)|p_1 * ﬂexp{—QJ‘ .)Lp(Zh(t))dt} >0, (5.14)
T=% Jr<h(m)<r+l
.
lim inf |Vh(m)|P| f (m)|” * ]lexp{—C3J’ )Lp(Zh(t))dt} > 0. (5.15)
T=% Jrch(m)<r+1

In particular, if h is a special exhaustion function on M, then

.. 3 ’
llTrilorgf M(t+1) exp{—; f Ap(Zh(t))dt} > 0. (5.16)
Here
M(t) =
(t) mselzlﬁﬂlf (m)| (5.17)

and c3 = vic~* where ¢ is the constant of Lemma 5.2.

Proof. We assume that at some point m; € int_# we have f(m;) > 0. We consider the set
O={me Mm:f(m)> f(m)}. (5.18)

By, [3, Corollary 4.57] the set O is noncompact.
The function h is an exhaustion function on O. Using the relation [3, 6.74] for the
function f(m) — f(m;) on O, we have

lim inf |Vh||f(m) - f(m1)||A(m, Vf)| = ]lexp{—m IT e(t; ?o)dt} >0, (5.19)
O(7) 0

—
T — 0 T

where O(7) = {me O : 7 <h(m) <T+1}.
By Lemma 5.2, the following inequality holds

(o) > M (5.20)
Because Zj,(t) N O C Xy (t), it follows that A, (2 (t) N O) > A, (Zx(t)) and hence
e(t;Fo) > M' (5.21)
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Thus using the requirement (3.3) for (3.4), we arrive at the estimate
h?licf}f J‘O(T) |Vh(m)||f(m) — f(m1)||V f (m) |p_1 * 1 exp{—C3 IT Ay (Zh(t))dt} >0. (5.22)
Further we observe that from the condition f(m) > f(m1) > 0 on O, it follows that
fomWhIlf(m) ~ fm)||Vfm)|" %1 = fom SR fom) |
~fomy [ RSO0 0

<f IVhILf ()| [V £ )P 5 2.
T<h(m)<t+1

From this relation, we arrive at (5.14).

The proof of (5.15) is carried out exactly in the same way by means of the inequality
[3,5.75].

In order to convince ourselves of the validity of (5.16), we observe that by the
maximum principle we have

f IVh(m)P|f(m)|P «1 < MP(r +1) IVh(m)[P * 1. (5.24)
T<h(m)<t+1 T<h(m)<t+1

But h is a special exhaustion function and therefore by (4.37) we can write
[ vhemrea-), 629
T<h(m)<t+1

where ] is a number independent of 7.
The relation (5.15) implies then that (5.16) holds. O

Example 5.4. Let # be a compact Riemannian manifold with nonempty piecewise smooth
boundary, dim«# = k > 1, and let #t = & x R", n > 1. Choosing as a special exhaustion
function of / the function h(a, x), defined in Example 4.8, we have

Sh(t) = o4 x STH(H). (5.26)

Then using the fact that h(a, x)|s, ;) = t, we find

—t

e forp=n

[Vh(a,x)|s,p =h () =4 p- nt(lfn)/(pfn) for p#n. (5.27)

p-1
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Therefore, on the basis of (5.1) we get

(stn 1(t) |v2¢|Pd°l€3n
10) inf -
(IJXR" |Pde[en )

dp(En(0) = - f— (5.28)

Computation yields

|Vag(a, )| = [Vud(ax)|* +|Vorrdla x|

X
V5n1(1)¢< x|>

2

= |Vula, 0] + (529)

dde’t = do,dS" (1),
where do is an element of k-dimensional area on /. Therefore,
Ap(Zn(t))

1/p
1 <L4 doy IS"’l(t) <|V4qb(a,x) |2 +| Vs np(a, x) |2>p/2d5"_1(t)>
= 0] inf

(1y 0 farr gy #7(a, x)dsm1()

/2 1/p
. <L4 A0 [gu (|v,,,qb(a,x/|x|)|2 + (1/t2)|v5n,1(t)¢(a,x/|x|)|2)” dSH(l))

= 0] inf 7
(s dou fgusay 97 (a, x/1x)) dS™1(1))
(5.30)
and we obtain
2 2 2 p/2 n-1 1/P
L (o Sy (Va0 + /) Tsmag?) sy
Ap(Zn(t)) = 0] inf 7 (5.31)
(L:l Ao [sui ) ‘desn_l(1)>
where the infimum is taken over all functions ¢ = ¢(a, x) with
¢(a, x) e W; <e4 X S"‘1(1)>, ¢(a,x)]c00 =0, VYxe S™(1). (5.32)

In the particular case n = 1, Theorem 5.3 has a particularly simple content. Here h(x)
is a function of one variable, and =, (t) = o x S(t) is isometric to Zj,(1). Therefore, I'(t) = 1
and by (5.31) we have

A (En(6) = 4, (Sn(1)) = A, (4) Vi€ R (5.33)
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In the same way, (5.16) can be written in the form
litminfr‘nla_i<|f(a,x)| exp{—%3 /\n(J)} > 0. (5.34)

Let n > 2. We do not know of examples where the quantity (5.31) had been
exactly computed. Some idea about the rate of growth of the quantity M(7) in the
Phragmén-Lindelof alternative can be obtained from the following arguments. Simplifying
the numerator of (5.31) by ignoring the second summand, we get the estimate

1/p
L (1o IV apta.0 s 0)

A (Zh(t)) !
0K <L4 Ao g, qﬂ”(a,x)dsﬂfl(l))l/lﬂ

(5.35)

For each fixed x € S""1(1), the function ¢(a, x) is finite on <4, because from the definition of
the fundamental frequency it follows that

1/p 1/p
<f |Vag(a,x)| dcu) > Ay (HA) (f qu(a,x)d0e4> . (5.36)
o o
From this we get

A (Zn(8) > —— A, (A). (5.37)

h’(t)

Thus

dh(r)

J )Lp(Zh(r))dTZJ‘ Mp(HA) =7 o)

To

)Lp(ed)f r'(h)dh = A, (A) (r(T) — 7(70)). (5.38)

Here r(h) is the inverse function of h(r). Because

hI(I‘l%X |f(a,x)| exp{——)» (ed)r(’r)} = max |f(a x)| exp{——)u (J)r(T)}, (5.39)

the relation (5.16) can be written in the form (5.34).

Example 5.5. Let U C S™! be an arbitrary domain with nonempty boundary. We consider a
warped Riemannian product M = (r1, ;) x U equipped with the metric (4.30) of the domain
D. We now analyze Theorem 5.3 in this case.
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The function h(r), given by (4.36) under the requirement (4.35), is a special exhaustion
function on . We compute the quantity A,(2;(7)) as follows:

, (r(1))
Vh(xDls, e = (7)) = 25050
|V -1 (i)| (5.40)
V205,00 = ey

dtyt = pr(r(r))ds" (1),  r(r)=h7'(7).

Therefore, observing that

]‘ !
waay O (5.41)
we have
1/p
[syo) | V20| as!
Ap(Zn(T)) = h'(rl(T))i%f< el n_lﬂl/>p
(Jsy o 9Py’ (5.42)
_rm (Jy |Vsrry@|Pdsm=1(1)) "
p(r(7)) (J‘u(ﬁ”’dS”*l(l))l/p
Thus
r'(T)
Ap(Zn(T)) = B @) A, U). (5.43)
Further we get
M (Sn(T))dT = A, (U " dr
f W(SH(r)dT = L, ( )Lm e
(5.44)

r(T) d
r{;e;XTIf(x)IeXP{ A()f ﬁr)} ||r(TIf(x)IeXp{ )»p(U)f [T:)}

Thus the relation (5.16) attains the form

lirrii;ﬁrlﬁgrxv(xﬂexp{ 22 (U)j B )} > 0. (5.45)
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5.2, Proof of Theorem 1.1

We assume that

li i =K .
imsup min u(f(m)) = K < oo (5.46)
Consider the set
O={meX:u(f(m))>qgK}, q<1 (5.47)

It is clear that for a suitable choice of g, the set O is not empty.

By assumptions, the function u satisfies (3.4) with (3.2), (3.3) and structure constants
p = n, vi, . Since f is quasiregular, by Lemma 14.38 of [12] the function u(f(m)) is a
subsolution of another equation of the form (3.4) with structure constants v; = v;/Ko,
vy, = »Kj, where Ko and K are outer and inner dilatations of f. In view of the maximum
principle for subsolutions, the set O does not have relatively compact components. Without
restricting generality, we may assume that O is connected. Because for sufficiently large 7, the
condition

ONZy(T)#0 (5.48)

holds; we see that
AL (ONZEL(T)) > X (Zp(T); 1). (5.49)

Therefore, the condition (1.1) on the manifold X implies the following property:

fm 1, (O N2y (7))dT = 0. (5.50)
Observing that
Jmax u(f(m)) > max u(f(m), (5.51)
we see that by (1.2)
hﬂg}fﬁa}?@u( f(m)) exp{—C f ’ (0N Zh(t))dt} =0 (5.52)

with the constant C of Theorem 1.1.
It is easy to see that C = ¢3/n. Using (5.16) with p = n for the function u(f(m)) in the

domain O, we see that u(f (m)) = gK on O. This contradicts with the definition of the domain
O.
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Example 5.6. As the first corollary, we shall now prove a generalization of Wiman'’s theorem
for the case of quasiregular mappings f : M — R" where M is a warped Riemannian
product.

For0<r <1 < oo, let

D={m=(r,9)eR":r1<r<r2,965"‘1(1)} (5.53)

be a ring domain in R” and let M = (ry,72) x S* (1) be an n-dimensional Riemannian
manifold on D with the metric

ds’y = o (r)dr® + A (r)dl2_,, (5.54)
where a(r), f(r) > 0 are continuously differentiable on [ri, ) and dl,—; is an element of

length on S"1(1).
As we have proved in Example 4.9, under condition (4.35), the function

" a(t)

h(T) = W

dt (5.55)

is a special exhaustion function on .
Let f : MM — R" be a quasiregular mapping. We set u(y) = log|y|. This function is
a subsolution of (3.4) with p = n and also satisfies all the other requirements imposed on a

growth function.
We find

Ay (5"-1 (1); 1) - A (s"-l 1); 1) (5.56)

_
p(r (7))
and further

e (S™1(1);1)

Ay (Zp(T); 1) = . (5.57)
SO = @G )
Therefore, the requirement (1.1) on the manifold will be fulfilled if
2 dr
—— = 5.58
p) (558)
holds.
Because
2n(la)x log™|f(r,0) |exp{—Cj L (Zn(t); 1)dt}
n(T)=T
(5.59)

) N i g,
< rzggé)log |f(r,0)]| exp{—C)Ln<S 1(1);1)I W}/
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we see that, in view of (1.2), it suffices that

hgrllrrzlfrzr}}%))( log™| f(r,0)] exp{ (S"‘l(l); 1) IT %} =0. (5.60)

In this way, we get the following corollary.

Corollary 5.7. Let f : M — R" be a nonconstant quasiregular mapping from the warped
Riemannian product M = (r1,r2) x S*1(1) and h a special exhaustion function of M. If the manifold
M has property (5.58) and the mapping f has property (5.60), then

lim sup m1n|f(r, 0)| = (5.61)

T—1

Example 5.8. Suppose that under the assumptions of Example 5.6, we have (in addition) r; =
0, 2 = oo, and the functions a(r) = p(r) = 1, that is, M = (0,00) x S""1(1) with the metric
dsin =dr?+dI2_| is an n-dimensional half-cylinder. As the special exhaustion function of the
manifold _#, we can take h = r. The condition (5.58) is obviously fulfilled for the manifold.
The condition (5.60) for the mapping f attains the form
lim inf max log |f(r, 9)|e_C)‘”(S"_] WD — 0,

o ges (5.62)
Corollary 5.9. If M = (0,00) x S" (1) is a half-cylinder and f : M — R" is a nonconstant
quasiregular mapping satisfying (5.62), then

hmsup rmn |f(r,0)| = (5.63)

r—oo Sn=1(1)

We assume that in Example 5.8 the quantities r; = 0, rp = oo, and the functions a(r) = 1,
P(r) = r, that is, the manifold is R". As the special exhaustion function, we choose h = log |x|. This
function satisfies (3.6) with p = nand vy = v, = 1. The condition (5.58) for the manifold is obviously

fulfilled.
The condition (5.62) attains the form

—CA(SH ) _ g

hrrr_1>1nfmaxlog |f () |r (5.64)
where
1
= <n - 1n(K(f) - 1>”2) . (5.65)

We have the following corollary.

Corollary 5.10. Let f : R* — R" be a nonconstant quasiregular mapping satisfying (5.64). Then

lim sup m1n|f(x)| = (5.66)

r—oo
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6. Asymptotic Tracts and Their Sizes

Wiman'’s theorem for the quasiregular mappings f : R" — R” asserts the existence of a
sequence of spheres S"!(r), rx — oo, along which the mapping f(x) tends to oo. It is
possible to further strengthen the theorem and to specify the sizes of the sets along which
such a convergence takes place. For the formulation of this result it is convenient to use the
language of asymptotic tracts discussed by MacLane [15].

6.1. Tracts

Let D be a domain in the complex plane C and let f be a holomorphic function on D. A
collection of domains {®(s) : s > 0} is called an asymptotic tract of f if

(a) each of the sets ®(s) is a component of the set
{zeD:|f(z)] >s>0}; (6.1)

(b) for all s, > s; > 0, we have D(sz) C D(s1) and (40 D(s) = 0.

Two asymptotic tracts {®'(s)} and {®"(s)} are considered to be different if for some
s >0 we have @'(s) N D"(s) = 0.

Below we shall extend this notion to quasiregular mappings f : M — N of
Riemannian manifolds. We study the existence of an asymptotic tract and its size.

Let M, /N be n-dimensional connected noncompact Riemannian manifolds and let
u = u(y) be a growth function on M, which is a positive subsolution of (3.4) with structure
constants p = n, vy, v.

A family {_M(s)} is called an asymptotic tract of a quasiregular mapping f : . — N
if

(a) each of the sets {_#(s)} is a component of the set
{me M:u(f(m))>s>0}; (6.2)

(b) for all s, > s; > 0, we have M(sy) C M(s1) and (. M(s) = 0.

Let f : M — R" be a quasiregular mapping having a point a € R" as a Picard
exceptional value, thatis, f(m) # a and f(m) attains on / all values of B(a,r) \ {a} for some
r>0.

The set {oo} U {a} has n-capacity zero in R" and there is a solution g(y) in R" \ {a}
of (3.4) such that g(y) — wasy — aory — oo (cf. [12, Chapter 10, polar sets] ). As the
growth function on R" \ {a}, we choose the function u(y) = max(0, g(y)). It is clear that this
function is a subsolution of (3.4) in R" \ {a}.

The function u(f(m)) also is a subsolution of an equation of the form (3.4) on .
Because the mapping f(m) attains all values in the punctured ball B(a,r), then among the
components of the set

{me Mm:u(f(m)) > s} (6.3)
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there exists at least one _(s) having a nonempty intersection with f~1(B(a,r)). Then by the
maximum principle for subsolutions, such a component cannot be relatively compact.
Letting s — oo, we find an asymptotic tract {_#(s)}, along which a quasiregular
mapping tends to a Picard exceptional value a € R".
Because one can find in every asymptotic tract a curve I" along which u(f(m)) — oo,
we obtain the following generalization of Iversen’s theorem [16].

Theorem 6.1. Every Picard exceptional value of a quasiregular mapping f : M — R" is an
asymptotic value.

The classical form of Iversen’s theorem asserts that if f is an entire holomorphic function of the
plane, then there exists a curve I' tending to infinity such that

f(z) — o asz— o0 onl. (6.4)

We prove a generalization of this theorem for quasiregular mappings f : M — N of Riemannian
manifolds.

The following result holds.

Theorem 6.2. Let f : M — _N be a nonconstant quasiregular mapping between n-dimensional
noncompact Riemannian manifolds without boundaries. If there exists a growth function u on N
which is a positive subsolution of (3.4) with p = n and on M a special exhaustion function, then the
mapping f has at least one asymptotic tract and, in particular, at least one curve I on M along which

u(f(m)) — oo.

Proof. Let h: M — (0, c0) be a special exhaustion function of the manifold . Set
liminf min u(f(m)) = K.
minf min u(f(m)) (6.5)

If K = oo, then u(f(m)) tends uniformly on / to oo for h(m) — oo. The asymptotic
tract {_M(s)} generates mutual inclusion of the components of the set {m € M : h(m) > s}.
Let K < oo. For an arbitrary s > K, we consider the set

O(s)={me M:u(f(m)) > s}. (6.6)

Because u(f(m)) is a subsolution, the nonempty set O(s) does not have relatively compact
components. By a standard argument, we choose for each s > K, as M (s), a component of the
set O(s) having property (b) of the definition of an asymptotic tract. We now easily complete
the proof for the theorem. O

6.2. Proof of Theorem 1.2

We fix a growth function u and a special exhaustion function h as in Section 4. Let f : M — N
be a nonconstant quasiregular mapping. We set

M(z) = max u(f (m)). 6.7)

m
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Let K be the quantity defined in (6.5). The case K = oo is degenerate and has no interest
in the present case.

Suppose now that K < . For s > K, we consider the set _#(s), defined in the proof of
the preceding theorem. Define

Ty = To(s) > mei%f(s)h(m)- (6.8)

Because u(f(m)) is a subsolution of an equation of the form (3.4) on # by [3, Theorem 5.59],
we have for an arbitrary 7 > 1y

[Vu(f(m)|" =1 < exp{—vlf s(t)dt} JB s [Vu(f(m))|" * 1. (6.9)

o

J‘Bh (m0)NAM(s)

Using the inequality (4.5) of [10] for the quantity £(¢), we get

[ |Vu(f(m))|" 1
By (To)NM(s)

(6.10)
% T n
Sexp{——lf An(Zh(t)ﬁjﬂ(s))dt}f |Vu(f(m))|" =1,
¢ Jn By (1) M(s)
where
-1
c=/v2 - v+ "n . (6.11)
By [3, 5.71], we have
v n n n n n
(B) [ vuGem sz < | VP Fom) " 1
V2 By(r) By, (t+1)\By(7) (6.12)
<n"M™M(t+1)V(T),
where
V(r) = f |V _nh|" 1. (6.13)
Bu(t+1)\Bi (1)
But h is a special exhaustion function and as in the proof of (4.37) we get
V(t) < J = const (6.14)

for all sufficiently large 7. Hence

IB " |Vu(f(m)|" 1 < JM™ (T +1) (6.15)
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and further

I [Vu(f(m))|" *1 S]M"(T+1)exp{—CIT )Ln(zh(t)n,/n(s))dt}, (6.16)
B (To)NM(s) T

where C = v{/c and c is defined in Lemma 5.2.
Under these circumstances, from the condition (1.5) for the growth of M(7), it follows
that for all € > 0 and for all sufficiently large 7, we have

f [Vu(f(m))|"*1 < ]5exp{J¢ (ny A (Zn(t); 1) = CAy(Zn(t) ﬂ,/ll(s)))dt}. (6.17)
By, (10)NM(s) T

If we assume that for all T > 7y
J (ny A (Zn(1); 1) = CAu(Zn(t) N M(s)))dt <0, (6.18)
To

then because € > 0 was arbitrary, it would follow from (6.17) that |Vu(f(m))| = 0 on By (1) N
M (s) which is impossible.
Hence there exists T = 7(K) > 79(K) for which

Aa(Z4(1) 0 M(S)) < - Aa(Ea(r)i D). (619)

Letting K — oo, we see that 7p — oo. Using each time the relation (6.17), we get
Theorem 1.2.

In the formulation of the theorem, we used only a part of the information about the
sizes of the sets M (s) which is contained in (6.17). In particular, the relation (6.17) to some
extent characterizes also the linear measure of those t > 19 for which the intersection of the
sets M (s) with the h-spheres X () is not too narrow.

We consider the case of warped Riemannian product M = (r1,72) x S"1(1) with the
metric dsih described in Example 5.6. Let h be a special exhaustion function of the manifold
M of the type (4.36) with p = n, satisfying condition (4.35).

Here, as in Example 5.6,

A (S"1(1);1)
p(r(r)k (r(7))’

A (U)

_Am ) (6.20)
P(r(r))h (r(7))

An(Zn(7);1) = L(U) =

where r(7) = h™!(7) and U* C S"71(1) is the image of the set U under the similarity mapping

X

" Br(m)

x (6.21)

of R".
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Let f : M — R" be a nonconstant quasiregular mapping. We choose as a growth
function u the function u = log"|y|. This function satisfies (3.6) withp = nand v; = v, = 1.
The condition (1.5) can be written as follows:

lim inf max log* |  (r, 9)|exp{—y)un<5"_1(l);l> f ' i} 0. (6.22)

T—r  r=T ﬁ(t)

Hence we obtain

Corollary 6.3. If a quasireqular mapping f : M — R has the property (6.22) for some y > 0, then
foreach k =1,2,... there are spheres S (t), ty € (r1,12), tk — 12, and open sets U C S”’l(tk)for
which

Ifm)| >k Ymel,  A,(U)-< %An(s"-lu)ﬂ), (6.23)
where as above

C = <n ~1+n(K2(f) - 1)1/2)_1. (6.24)

Corresponding estimates of the quantities .\,,(U*) and 1,,(S""1(1); 1) were given in [7]
in terms of the (n — 1)-dimensional surface area and in terms of the best constant in the
embedding theorem of the Sobolev space W into the space C on open subsets of the sphere.
This last constant can be estimated without difficulties in terms of the maximal radius of balls
contained in the given subset.
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