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We deal with the well-posedness for solutions of nonlinear integrodifferential equations of second-
order in Hilbert spaces by converting the problem into the contraction mapping principle with
more general conditions on the principal operators and the nonlinear terms and obtain a variation
of constant formula of solutions of the given nonlinear equations.

1. Introduction

Let H and V be two complex Hilbert spaces. Assume that V is a dense subspace in H and the
injection of V into H is continuous. If H is identified with its dual space then we may write
V € H C V* densely and the corresponding injections are continuous. The norm on V, H,
and V* will be denoted by || - ||, | - | and || - [|,, respectively.

The subset of this paper is to consider the initial value problem of the following
second-order nonlinear integrodifferential control system on Hilbert spaces:

x"(f) + Ax(t) = f(t,x(t)) + h(t), 0<t<T,
1.1
X(O) = Xo, x'(O) = X1, ( )

where the nonlinear term is given by

t
f(t,x) = fok(t -5)g(s,x(s))ds. (1.2)
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Let A be a continuous linear operator from V into V* which is assumed to satisfy Garding’s
inequality. Here V* stands for the dual space of V. The nonlinear mapping g is Lipschitz
continuous from R x V into H.

The regularity results of the evolution equations of second-order in case f(-,x(-)) +
h € L*(0,T;V*) are given by [1-3]. We also call attention to the method of Baoicchi [4]
who has obtained the results directly, without duality, under slightly different hypotheses,
which is valid for first- and second-order equations. The well-posedness of solutions for
delay evolution equations of second-order in time was referred to in [5]. As for the
equation of first order, it is well known as the quasi-autonomous differential equation
(see Theorem 2.6 in [1, 11] and [6, 7]).

The paper is a generalization of a particular case of the equation by Brézis [8, 9] based
on the Lipschitz continuity of nonlinear term f where the nonlinear differential equation of
hyperbolic type

xX'(F) + Ax(t) + f(x(t)) = h(t), 0<t<T,
1.3
x(0) =xp,  x'(0)=x (2

has a unique solution u(t) which satisfies what follows: if xp € V, xy € H, and h €
W2(0,T; H), then

ueC([0,T; H)nC'((0,T];V*),
(1.4)
u € L*(0,T;V), u € L*(0,T; H), u’ € L*(0,T; V*).

By different methods, results similar to those in result mentioned above were established
by Browder [10], Barbu [11], Lions and Strauss [12], and many others. Tanabe [13] proved
the existence of local solution of (1.3) when the nonlinear mapping f is locally Lipschitz
continuous. Even under the weakest assumption on nonlinear term, the existence of weak
solution can be shown though the uniqueness is not vertain. For example, it is referred to in
a work by Strauss [14]. [15] dealt with an L,-approach to second-order nonlinear functional
evolutions involving m-accretive operators in Banach spaces.

In this paper, under the assumption that h € L?(0,T;V*) and the local Lipschitz
continuity of the nonlinear mapping from V into H (not from H into itself), we deal with
regularity for the solution of the given equation (1.1) which will enable us to obtain a
global existence theorem for the strict solution x belonging to C!((0,T]; V) n C([0,T]; H) N
W22(0,T; V*); namely, assuming the Lipschitz continuity of nonlinear terms, we show that
the well-posedness and stability properties for a class with nonlinear perturbation of second-
order are similar to those of its corresponding linear system.

we begin to study well-posedness and stability properties for a class with nonlinear
perturbation of second-order.

We will develop and apply the existence theory for first-order differential equations
(see [16, 17]) to study certain second-order differential equations associated with nonlinear
maximal monotone operators in Hilbert spaces.
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2. Linear Hyperbolic Equations

The duality pairing between the element v; of V* and the element v, of V is denoted by
(v1,v2), which is the ordinary inner product in H if v1,v, € H. By considering H = H*, we
may write V C H C V* where H* and V* denote the dual spaces of H and V, respectively.
For | € V* we denoted (I, v) by the value I(v) of [ at v € V. The norm of | as element of V* is
given by

L,v
1, = sup &2

. 2.1
AT 1)

Therefore, we assume that V has a stronger topology than that of H and, for the brevity, we
may regard that

l[ull, < lul < lull, YueV. (2.2)

Definition 2.1. Let X and Y be complex Banach spaces. An operator S from X to Y is called
antilinear if S(u + v) = S(u) + S(v) and S(Au) = AS(u) for u,v € X and for A € C.

Let a(u,v) be a quadratic form defined on V x V which is linear in u and antilinear in

We make the following assumptions:

(i) a(u,v) is bounded, that is,

la(u,v)| < collull - [|oll, (2.3)
(ii) a(u,v) is symmetric, that is,

a(u,v) = a(v,u), (2.4)

(iii) a(u,v) satisfies the Garding’s inequality, that is,

Rea(u,u) > 6||ul]* - xul’, 6>0, k€R. (2.5)

Let A be the operator such that (Au, v) = a(u,v)u,v € V. Then, as seen in [13, Theorem
2.2.3], the operator A is positive, definite, and self-adjoint, D(A'/2) = V, and

a(u,v) = <A1/2u, Al/zv>, u,vevV. (2.6)
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It is also known that the operator A is a bounded linear from V to V*. The realization of A in
H which is the restriction of A to D(A) = {v € V : Av € H} is also denoted by A, which is
structured as a Hilbert space with the norm ||v||5(4) = |Av|. Then the operator A generates an
analytic semigroup in both of H and V*. Thus we have the following sequence:

D(A)CV CHCV*CcD(A), (2.7)

where each space is dense in the next one which is continuous injection.

If X is a Banach space and 1 < p < oo, then LP(0,T;X) is the collection of all
strongly measurable functions from (0, T) into X the pth powers whose norms are integrable
and W™?(0,T;X) is the set of all functions f whose derivatives D*f up to degree m
in the distribution sense belong to LP(0,T;X), and C™([0,T]; X) is the set of all m-times
continuously differentiable functions from [0,T] into X. Let X and Y be complex Banach

spaces. Denote by B(X,Y) (resp., B(X,Y)) the set of all bounded linear (resp., antilinear)
operators from X and Y. Let B(X) = B(X, X).
First, consider the following linear hyperbolic equation:

X'(8) + Ax(t) = h(t), 0<t<T,
(2.8)
x(0) = xo, x'(0) = x3.

By virtue of Theorem 8.2 of [18], we have the following result on the corresponding
linear equation of (2.8) in case f = 0.

Proposition 2.2. Suppose that the assumptions for the principal operator A stated above are satisfied.
Then the following properties hold: For (xo,x1) € V. x H and h € L*(0,T; H), T > 0, there exists a
unique solution x of (2.8) belonging to

C([0,T];V)nC'((0,T]; H) nW>*(0,T; V*) (29)
and satisfying
¢l (fo,r1,v)nct (0,17 w220,Tv+) < Ca <||x0|| + |oxr| + ”h”LZ(O,T;H))/ (2.10)

where Cy is a constant depending on T. Moreover, the mapping

{x0,x1,h) — {x,x"} (2.11)

is a linear continuous map of V. x H x L2(0,T; H) — C([0,T]; V) nC((0,T]; H).

As for the solution which belongs to L? spaces, we refer to Chapter IV of [17]. The
applications of these problems are mixed problems in the sense of Ladyzenskaya [16].
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3. Hyperbolic Equations with Nonlinear Perturbations

Let g:[0,T] x V. — H be a nonlinear mapping such that t — g(t, x) is measurable and
|3t x) - g(ty)| < Lllx -yl (F)

for a positive constant L. We assume that g(t,0) = 0 for the sake of simplicity.
For x € L?(0,T; V) we set

t
f(t,x) = fok(t -5)g(s,x(s))ds, (3.1)

where k belongs to L?(0, T).

Lemma 3.1. Let x € L?(0,T; V), T > 0. Then f(-,x) € L*(0,T; H),

|f(tx1(t) = f(t, xa(t))| < L\/i”k”LZ(O,t)”xl = 22le(ovy,

(3.2)
”f(',x)”Lz(o,T;H) < L”k”LZ(O,T)\/T”x”LZ(O,T;V)'
Moreover if x1,x, € L*(0,T; V), then
”f(‘/xl) - f('rx2)||L2(olT;H) < L||k||L2(o,T)\/T||x1 - x2||L2(o,T,-V)~ (3.3)

Proof. By Holder inequality we obtain

t
| £t x1(8) = ft,x2(1))] < folk(t - 5){g(s,x1(s)) - g(s,x2(5)) }|ds
1/2

1/2
< {It|k(t— s)|2ds} {J'thllxl(s) _ JCQ(S)”st} (3.4)
0 0

< LVHIKl 209 1%1 = X2llc o0y

From (F) and using the Holder inequality;, it is easily seen that

2

T
dt
0

t
||f(.,x)||i2(0,T;H) < f Jok(t -5)g(s,x(s))ds

T ot (3.5)
< ||k||iz(o,nf0 fOL2||x<s>||2dsdt

2017112 2
< LAKN 201 THx N 20,77

The proof of the second paragraph is similar. O
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The following lemma is from Brézis ([9], Lemma A.5)

Lemma 3.2. Let m € LY(0, T;R) satisfying m(t) > 0 for all t € (0,T) and let a > 0 be a constant.
Let b be a continuous function on [0,T] C R satisfying the following inequalities:

bz(t) <= a +f m(s)b(s)ds, te]0,T]. (3.6)
Then,
t
b)) <a +I m(s)ds, te][0,T]. (3.7)
0

Let x € C([0,T]; V) nC((0,T]; H). Then invoking Proposition 2.2, we obtain that the
problem

y'(t)+ Ay(t) = f(t,x(t)) + h(t), 0<t<T,

(3.8)
y(0) = xo, y'(0) =x;
has a unique solution y € C([0,T]; V) nC'((0,T]; H) nW?2(0,T; V*).
The following Lemma is one of the useful integral inequalities.
Lemma 3.3. Let b, a,m € C(R*, R*) and consider the following inequality:
t
b(t) < af(t) +’[ m(s)b(s)ds, t>to. (3.9)
to
Then,
t t
b(t) < a(t) +f [a(s)m(s)] exp{ m(T)dT}ds, £ > to. (3.10)
to S

Lemma 3.4. Let y1,y> be the solutions of (3.8) with x replaced of by x1,x, € C([0,T];V) N
CL((0,T]; H), respectively. Then the following inequality holds:

t
[y (&) = 5] + 8|y (s) - ya(8) || < a(t) f 0ez’““”H(s) |ly1(s) - v5(s)]|ds, (3.11)
1 t
|y (1) = 51| < sa(t) f e H(s)ds, (3.12)
2 0

where a(t) = 1+ 2te? and

H (t) = 2LVl 20, 161 = Xallcqov)- (3.13)
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Proof. Fori =1, 2, we consider the following equation:

Yl (t) + Ayi(t) = f(t, xi(t)) + h(t), 0<t<T,

y(0) =x,  y(0)=x1.
Then, we have that
(1) = 12(8)" + A(ya (1) = y2(1)) = f(t,21(8)) = f(t, x2(1)
for t > 0. Acting on both sides of (3.15) by y; (t) — y;(t), we have

D1y - B OF + (A D - 1200, ¥4 - ()

= (f(t,x1(t) = f(t, x2(1)), i () — y5(1)-

N| —

By integration of parts, it holds that
t t
[ (Awes), @) ds = (ay(o),y®) - (Ay(0,y0) - [ (Ay/(s),y(s)ds.
Consequently, since A is self-adjoint, we have
t
2 Re Io (Ay(s),y'(s))ds = Re(Ay(t), y(t)) —Re(Ay(0),y(0)),
and by Lemma 3.1,

60 (0) - £ 20)] < 3HE),

where
H(t) = 2LVt kMl 20,6 121 = X2l 0,47,v)-
By integrating over (0,t), (3.16) implies that
t
720) = O+ Re(A (1) = 120), 1) = 20) < [ HE)-[yi(s) - o),

which yields that

t
i (®) = 5O + 6lly1 () =2 O|1” < x|ya(8) = 2O + JOH(S) yi(s) —ya(s)|ds.

(3.14)

(3.15)

(3.16)

(3.17)

(3.18)

(3.19)

(3.20)

(3.21)

(3.22)
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From (3.22) and Schwarz’s inequality it follows that

e o - 0l?)
- 2e-z”f{%%|y1(t) ~ (O] = x[ya () - yz(t)lz}
= 2e > Re(y; (1) - v (8), y1(H) = 12(8)) — |1 () ~ o ()]} (3.23)
<2e (| () - O + [y (®) - 2O = x|y ) - 200)[)

t
< 2e‘2’“{|y1(t> ~p®| + fOH<s> 1yis) - y'ﬂs)lds}.
Integrating (3.23) over (0,t) we have
e |yi(t) — ()|

t t T

< ZIOe‘ZKS|y1(s) - 12(s) |2ds + 2.[06_2KT.[0H(S) |yi(s) = yy(s)|ds dr (3.24)
: -2xs 2 1(' —-2xKs —2xt ' /

=2| e|yi(s) —ya(s)|"ds + = <e -e )H(s)-|y1(s)—y2(s)|ds.
0 KJo

By Lemma 3.2, we get
2kt 2 a(t) ' —-2Ks —2xt / !
ey (t) — ()| < TJO (e -e >H(s) |y (s) = y5y(s)|ds (3.25)
where a(t) = 1 + 2te?, that is,
t
klya () = y2()|” < a(t)fo (&) = 1) H(s) - |1(5) - ya(s)]| ds. (3.26)
Hence, inequality (3.11) is obtained from (3.22) and (3.26), which implies that

L ) -3 01) + See ) - a0 P

Lo (3.27)

< Ea(t)J‘ e ™ H(s)-e™|yi(s) — yy(s)|ds.
0

So, by using Lemma 3.1, we obtain (3.12). O

Theorem 3.5. Let the assumption (F) be satisfied. Assume that h € L*(0,T; H) and (xo,x1) €
V' x H. Then there exists a time Ty > O such that the functional differential equation (1.1) admits a
unique solution x in C([0,To]; V) N C((0, To]; H) N W*2(0, Tp; V*).
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Proof. Let us fix Tp > 0 such that

{ LKl ) Toa(To) }2(62”0 -1)
(2x) min{1, 6}

(3.28)

<1.

We are going to show that x — y is strictly contractive from C([0,T]; V) n C!((0,T]; H) to
itself if condition (3.28) is satisfied. The norm in C([0,T]; V) N C!((0,T]; H) is given by

”'“C([O,T];V)ﬂCl((O,T];H) = max{ ”'“C([O,To];V)r ||'||C1((0,T0];H) } (3.29)
From (3.11) and (3.12) it follows that

() = ) * + 6]lya () - 2 ®||?

t s
< %a(t)zf ezK(t’s)H(s)I e*CH(t)dr ds
0

zx(t)z MJ‘O KSH(S)J‘ZEKTH(T)dT ds

1d s 2 t 2 (330)
(t)2 2'<ff -—{ f _KTH(T)dT} ds = —a(t)2 2t f e H(r)dr
2d 0
1 —21ct
Za(l‘)2 2th ‘2KTdTJ‘ H(r)*dr = a(t‘)2 2xt 1 f H(r)*dr
_a®)’ /o t 2
= W(e —1>'[OH(S) ds
Starting from initial value xo(t) = xo, consider a sequence {x,(-)} satisfying
X () + Axpaa (t) = f(t,x,(8)) + h(t), 0<t<T,
(3.31)
Xn+1(0) = xo, x,,1(0) = x;.
Then from (3.30) it follows that
|01 (5) = 2, ()] + B0 (1) = 2 (1)
(3.32)

2
< { Lkl Toa(To) } (€T = 1) 2) ™ ln = xu-11E0 1)
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Hence, we obtain that

2
%41 = Xnllcor1v)nct (0.17:8)

2 (g2x 333
{LIKl ) Toa(To) | (7 - 1) (3.33)

2
- (2x) min{1,6} 1n = Xn-alleqoryvyne oy

So by virtue of condition (3.28) the contraction principle gives that there exists x(-) €
C([0,T]; V) nC'((0,T]; H) such that

Xu(-) — x() in C([0,T]; V) nC((0,T]; H). (3.34)

Since h € L?>(0,T; H) and the operator A is bounded linear from V to V*, it follows from (1.1)
that the solution x belongs to W?22(0,T; V*). Thus, it completes the proof of theorem. O

From now on, we give a norm estimation of the solution of (1.1) and establish the
global existence of solutions with the aid of norm estimations.

Theorem 3.6. Let the assumption (F) be satisfied. Assume that h € L*(0,T; H) and (xo,x1) €
V x H. Then the solution x of (1.1) exists and is unique in X = C([0,T]; V) n C*((0,T]; H) N
W?22(0,T; V*), and there exists a constant C, depending on T such that

el < Co(1+ loxoll + bl + Ml o )- (3.35)

Proof. We establish the estimates of solution. Let y be the solution of

y'(t) + Ay(t) = h(t), 0<t<T,

(3.36)
y(0)=x,  y(0)=x.
Then if x is a solution of (1.1), since
(x(®) = y(1)" + A(x() ~y (1) = f(t,x(1)), (3.37)

by multiplying x(t) — y(t) and using the monotonicity of A, then we obtain
t
|/ (t) =y () +6]|x(t) = y(®)]| < x|x(t) —y(t)|* + f |f(t,x(®)| - |x(t) - y(B)|dt.  (3.38)
0

By the procedure similar to (3.33) we have

2
{1l Toa(To) | (2T - 1)

2 2 (3.39)
||x - y”C([O,T];V)nCl((O,T];H) < (2%) min{1, 5} ”x”C([O,T];V)no((O,T];H)'
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Put

Lk T T)}Z( 2T _ 1)
s {EIkllzon Toa(T) | (e (3.40)
(2x) min{1,6} '

Then from Proposition 2.2, we have that

1
Ixlleqorivncioriiy < T3 1Y z0mm)

G
< = (Il + bl + ll 2 ) (341
< Co(Ilxoll + 1] + 1Bl 2o 1) )
for some positive constant C,. Noting that by Lemma 3.1
”f(‘rx(’))”LZ(o,TD;H) < ||f(',x(')) -f( O)HLZ(O,TO;H) + ”f('fo)”LZ(o,To;H)
(3.42)
< const.(l + ||x||L2(0,T0;V)>
and by Proposition 2.2
Iz ey < {1+ loll + bl + [L£CxO) + Bl 2o | (3.43)
it is easy to obtain the norm estimate of x in W22(0, Tp; V*) satisfying (3.35).
Now from (3.41) it follows that
1 (To)| < [1xllcgom), i) < C2<1 + [lxoll + || + ”h”LZ(O,TO;H))' (3.44)

So, we can solve the equation in [T, 2Tp] and obtain an analogous estimate to (3.41). Since
condition (3.28) is independent of initial values, the solution of (1.1) can be extended to the
internal [0, nT,] for natural number n, that is, for the initial x(nTj) in the interval [nTy, (n +
1)To], as analogous estimate (3.41) holds for the solution in [0, (1 + 1)Ty]. Furthermore, the
estimate (3.35) is easily obtained from (3.41) and (3.43). O

Example 3.7. Let
H = L*(0, ), V = H;(0,), V*=H10,x),

T du(x) do(x)
a(u,v) = fo Ix  dx X, (3.45)

2

A= % with D(A) = {y € H2(0,7r) : y(0) = y(r) = o}.
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Let U be another Hilbert space and let B be a bounded linear operator from U to H. We
consider the following semilinear control equation of second-order:

yu(t,x) = Ay(t, x) + J;k(t —-5)g(s,x(s))ds + Bu(t), (t,x) €[0,T]x(0,), (3.46)

y(x,0) =yo(x), wyi(x,0)=y1(x), x€(0,m),

where k belongs to L?(0,T). Let the assumption (F) be satisfied. Assume that (yo,y1) €
H;(0,7r) x L*(0, o). Then the solution y of (3.46) exists and is unique in C([0,T]; H} (0, o)) N
C'((0,T]; L*(0,or)) n W22(0,T; H'(0,r)), and the variation of constant formula (3.35) is
established.

Remark 3.8. Since the operator A : D(A) ¢ H — H is an unbounded operator, we will make
use of the hypothesis (F). If A is a bounded operator from H into itself, then we may assume
that g : [0,T] x H — H is a nonlinear mapping satisfying

|g(t,x) - g(ty)| < Llx -y, (3.47)

for a positive constant L; therefore, our results can be obtained directly.
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