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The purpose of this work is to introduce an iterative method for finding a common element of
a solution set of a generalized equilibrium problem, of a solution set solutions of a variational

inequality problem and of a fixed point set of a strict pseudocontraction. Strong convergence
theorems are established in the framework of Hilbert spaces.

1. Introduction and Preliminaries

Let H be a real Hilbert space, C a nonempty closed and convex subset of H,and B: C — H
a nonlinear mapping. Recall the following definitions.

(a) The mapping B is said to be monotone if

(Bx-By,x-y)>0, VYx,yeC. (1.1)

(b) Bis said to be p-strongly monotone if there exists a constant # > 0 such that

2
7

(Bx-By,x-y) > p|lx-y Vx,y € C. (1.2)
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(c) Bis said to be p-inverse-strongly monotone if there exists a constant 3 > 0 such that

(Bx - By, x-y) > p||Bx - By||>, Vx,yeC. (1.3)

The classical variational inequality problem is to find u € C such that

(Bu,v-u)>0, VYveC. (1.4)

In this paper, we use VI(C, B) to denote the solution set of the problem (1.4). One can easily
see that the variational inequality problem is equivalent to a fixed point problem. u € C is a
solution to the problem (1.4) if and only if u is a fixed point of the mapping Pc(I - AB), where
A > 0is a constant and I is the identity mapping.

Let S : C — C be a nonlinear mapping. In this paper, we use F(S) to denote the fixed
point set of S. Recall the following definitions.

(d) The mapping S is said to be nonexpansive if

|Sx-Sy| <|lx-y|, YxyeC (1.5)

(e) Sis strictly pseudocontractive with a constant k € [0, 1) if

Sx-Sy|* < |x-y| +k|T-S)x-T-S)y|’, Vx,yeC. (1.6)
y y Y Y
For such a case, S is called a k-strict pseudocontraction.
(f) S is said to be pseudocontractive if
|Sx = Sy||* < |x-y|* +||T-S)x-T-9S)y|? VxyeC (1.7)

Clearly, the class of strict pseudocontractions falls into the one between a class of
nonexpansive mappings and a class of pseudocontractions.

Recently, many authors considered the problem of finding a common element of
the solution set of the variational inequality (1.4) and of fixed point set of a nonexpansive
mapping in Hilbert spaces; see, for examples, [1-5] and the references therein.

In 2005, liduka and Takahashi [2] obtained the following theorem in a real Hilbert
space.

Theorem IT. Let C be a closed convex subset of a real Hilbert space H. Let B be an a-inverse-
strongly monotone mapping of C into H and let S be a nonexpansive mapping of C into itself such
that F(S) N VI(C, B) # 0. Suppose x1 = x € C and {x,} is given by

Xn+1 = X + (1 = ay) SPc(xy, — Ay Bxy,) (1.8)
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foreveryn =1,2,..., where {a,} is a sequence in [0,1) and {1, } is a sequence in [a, b]. If {a,} and
{A,} are chosen so that {A,,} € [a,b] for some a,b with0 < a <b < 2a,

[ee] [ee] [ee]
lima, =0, Dayn=00, Dlawai-ay <o,  Dllwi-tf<oo,  (19)
noe n=1 n=1 n=1
then {x,} converges strongly to Pr(s)nvi(c,B)X.
Let A be an inverse-strongly monotone mapping, and F a bifunction of C x C into R,

where R is the set of real numbers. We consider the following equilibrium problem:

find z € C such that F(z,y) + (Az,y-z) >0, VYyeC. (1.10)

In this paper, the set of such z € C is denoted by EP(F, A), that is,

EP(F,A)={zeC:F(z,y) +(Az,y—-2z) >0, Yy e C}. (1.11)
In the case of A =0, the zero mapping, the problem (1.10) is reduced to

Find z € C such that F(z,y) >0, VyeC. (1.12)

In this paper, we use EP(F) to denote the solution set of the problem (1.12), which was studied
by many others; see, for examples, [1, 3, 6-23] and the reference therein. In the case of F =0,
the problem (1.10) is reduced to the classical variational inequality (1.4). The problem (1.10) is
very general in the sense that it includes, as special cases, optimization problems, variational
inequalities, minimax problems, the Nash equilibrium problem in noncooperative games,
and others; see, for instances, [15, 24].

To study the problems (1.10) and (1.12), we may assume that the bifunction F : C x
C — R satisfies the following conditions:

(A1) F(x,x) =0forall x € C;
(A2) F is monotone, thatis, F(x,y) + F(y,x) <0forallx,y € C;
(A3) foreach x,y,z € C,

limsupF(tz + (1 -t)x,y) < F(x,y); (1.13)
£0

(A4) for each x € C, y — F(x, y) is convex and weakly lower semicontinuous.

Recently, S. Takahashi and W. Takahashi [21] considered the problem (1.12) by
introducing an iterative method in a Hilbert space. To be more precise, they proved the
following theorem.
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Theorem TT 1. Let C be a nonempty closed convex subset of H. Let F be a bifunction from C x C to

R satisfying (A1)—(A4), and let S be a nonexpansive mapping of C into H such that F(S)NEP(F) # .
Let f be a contraction of H into itself, and let {x,} and {y,} be sequences generated by x1 € H and

F(yn,u) + %(u—yn,yn -x,) >0, VuecC,

(1.14)
Xn+l = “nf(xn) + (1 - an)synr n>1,
where {a,} € [0,1] and {r,} C (0, o0) satisfy
lima, =0, Zan = oo, Z|an+1 —ay,| < oo,
nme n=1 n=1
(1.15)
[ee)
liminfr, >0, Z|rn+1 — | < c0.
n—oo n:l

Then {x,} and {y,} converge strongly to z € F(S) N EP(F), where z = Pr(synep(r) f (2)-

Very recently, S. Takahashi and W. Takahashi [22] further considered the problem
(1.10). Strong convergence theorems of common elements are established. More precisely,
they obtained the following result.

Theorem TT 2. Let C be a closed convex subset of a real Hilbert space H, and let F : C x C — R be
a bifunction satisfying (A1), (A2), (A3) and (A4). Let A be an a-inverse-strongly monotone mapping
of C into H and let S be a nonexpansive mapping of C into itself such that F(S) N EP(F, A) # (. Let
u € Cand x; € Cand let {z,} C Cand {x,} C C be sequences generated by

F(zn,y) + (Axp,y — zn) + %(y —Zn,Zn—Xn) 20, VyeC,

(1.16)
X1 = Pnxn + (1= ) S[au+ (1 — a)z,], Yn>1,
where {a,} C [0,1], {B.} C [0,1], and {A,} C [0,2a] satisfy
O<c<p,<d<l, O<a<i,<b<2a,
(1.17)

lim (A, = A,11) =0, lima, =0, D a,=oo.
n— oo n— oo 11:1

Then, {x,} converges strongly to z = Pr(s)nep(F,A)U-

In this paper, motivated by Theorem IT, Theorem TT1, and Theorem TT2, we introduce
a general iterative method for the problem of finding a common element of a solution set of a
generalized equilibrium problem (1.10), of a solution set of a variational inequality problem
(1.4), and of a fixed point set of a strict pseudocontraction. Strong convergence theorems are
established in the framework of Hilbert spaces. The results presented in this paper improve
and extend the corresponding results announced by many others.
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In order to prove our main results, we need the following lemmas.
The following lemmas can be found in [11, 24].

Lemma 1.1. Let C be a nonempty closed convex subset of H and let F : C x C — R be a bifunction
satisfying (A1)—(A4). Then, for any r > 0 and x € H, there exists z € C such that

F(Z,y)+%<y—z,z—x>20, Yy e C. (1.18)

Further, define a mapping T, by

T,x:{zeC:F(Z,y)+%(y—2,2—x>201 VyeC} (1.19)

forall r > 0 and x € H. Then, the following hold.
(1) T, is single-valued;
(2) T, is firmly nonexpansive, that is, for any x,y € H,

ITox - Toy|)> < (T,x - Ty, x - y); (1.20)
(3) E(T;) = EP(F);

(4) EP(F) is closed and convex.

Lemma 1.2 (see [25]). Let C be a nonempty closed convex subset of a real Hilbert space H and
S : C — C a k-strict pseudocontraction. Define Sp : C — C by Spx = ax + (1 — a)Sx for each
x € C. Then, as a € [k, 1), S, is nonexpansive and F(S,) = F(S).

Lemma 1.3 (see [26]). Let {x,} and {y,} be bounded sequences in a Banach space X and let {f,}
be a sequence in [0,1] with

0 <liminfp, <limsupf, < 1. (1.21)

—
n— oo n— o0

Suppose that xn+1 = (1 = Bn)Yn + PuXxn for all integers n > 0 and

limsup(||yn+1 - yn" - ”xn+1 - an) <0. (1-22)

Then limy, —, o || yn — xn|| = 0.
The following lemma can be deduced from Bruck [8].

Lemma 1.4. Let C be a closed convex subset of a strictly convex Banach space E. Let S1, Sy, and S
be three nonexpansive mappings on C. Suppose (., F(S,) is nonempty. Let ay, ay, and as be three
constant in (0,1). Then the mapping S on C defined by

Sx =a151x + a,Sox + azSzx (1.23)

for x € C is well defined, nonexpansive, and F(S) = (V_; F(S,) holds.



6 Journal of Inequalities and Applications

Lemma 1.5 (see [6]). Let H be a real Hilbert space, C a nonempty closed and convex subset of E,
and S : C — C a nonexpansive mapping. Then I — S is demiclosed at zero.

Lemma 1.6 (see [14]). Let H be a real Hilbert space, C a nonempty closed and convex subset of E
and S : C — C a k-strict pseudocontraction. Then F(S) is closed and convex.

Lemma 1.7 (see [27]). Assume that {a,} is a sequence of nonnegative real numbers such that

Aps1 < (1 - Yn)lxn + 6n/ (124)

where {y,} is a sequence in (0,1) and {6,} is a sequence such that
(@) i1 ¥n = o0;
(b) limsup,, | 6,/yn <007 372 |64 < o0.

Then lim,, _, ,a,, = 0.

2. Main Results

Theorem 2.1. Let C be a nonempty closed and convex subset of a real Hilbert space H and F a
bifunction from C x C to R satisfying (A1)—(A4). Let A be an a-inverse-strongly monotone mapping
of C into H and B a p-inverse-strongly monotone mapping of C into H. Let S : C — C be a k-strict
pseudocontraction with a fixed point. Assume that Q := EP(F, A) N F(S) N VI(C, B) #0. Let {x,} be
a sequence in C generated by

x1 € C, chosen arbitrarily,

F(un,y) + (Axn, y — un) + %(y—un,un—xn> >0, VyeC,

Up = PC(xn - )‘an)r (21)

Yn = 6nxn + (1 - 6n)sxnr
X1 = Ol + PuXn + Yu (K Yn + Bumln + BemOn), Yn21,
where w is a fixed element in C, {a,}, {Bn}, {yn}, {an ), (Hen ) and {pEny ) are sequences in (0,1),

{6, } is sequencein [k, 1), r € (0,2a] and A € (0,2p]. Assume that the above control sequences satisfy
the following restrictions

(R1) ap + P+ Yo = Ham) + Hom) + HEm = 1, forall n > 1;

(R2) limy ooty =0, >0y aty = 00;

(R3) 0 < liminf, , f, <limsup, . B, <1;

(R4) limy, , .6, = 6 € [k, 1) and lim,, —, o ph(iny = pi € (0,1) forall 1 <i < 3.

Then the sequence {x,} defined by the iterative process (2.1) converges strongly to x = Pqu.
Proof. The proof is divided into six steps.

Step 1. Show that Pou is well defined.
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From Lemma 1.6, we see that F(S) is closed and convex. On the other hand, we see
that the mapping I — rA, where r € (0,2a], is nonexpansive. Indeed, for any x,y € C, we
have that

||[(I-rA)x-(I- rA)y”2 =||lx-y-r(Ax - Ay)”2
= |lx - y||* - 2r(x - y, Ax - Ay) +7*| Ax - Ay|]®
<Nyl -2ralax- Ayl Allax- Ay @2)
= [lx = yl* - r2a = )| Ax - Ay

<llx-yll*

This shows that I — r A is nonexpansive mapping. Similarly, we can prove that I — 1B, where
A € (0,2p] is nonexpansive. It follows that VI(C, B) = F(Pc(I — AB)), forall A > 0 is closed
and convex. From Lemma 1.1, we see that EP(F, A) = F(T,(I — rA)). Since T,(I — rA) is
nonexpansive, we obtain that EP(F, A) is closed and convex. This shows that Pou is well
defined.

Step 2. Show that {x,} is bounded.
PutT, = 6,1 + (1-6,)S for each n > 1. In view of Lemma 1.2 and (R4), we obtain that
T, is nonexpansive and F(T},) = F(S). Letting x* € Q, we obtain that

x*=T,(I-rA)x* =T,x* =Sx* = Pc(I - AB)x*, VYn>1. (2.3)
Note that y,, = T),x,, for each n > 1. It follows that ||y, — x*|| < ||x, — x*||. Putting
en = Ui mYn + Hemln + HEmUn, Y21, (24)
we have that
llew =21 < ey lym = X" [ + e llttn = X7 + g llow — X7l
= pam||yn = x*|| + e ITr I = rA)x, - T,(I - rA)x*||

+uEmlPe(l = AA)x, — Pc(I - AB)x"|| (2.5)

< pamllxn = x|+ pemllxn — x| + pEm llxn — x|

= [l2en = x7|.
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It follows that

lltns1 = x| = [|atnte + B + Ynen = x°||
< apllu = x| + Bullxn — x| + yullen — X7
< apllu = x| + Pullxn = X7 + yullan — 7] (2.6)
= apllu = x| + (1 = an)flxn — 7|

< max({lu = x|, [l = x|}

This shows that the sequence {x,} is bounded. Note that

llun = x*|| = |IT, (I = rA)xp — x*|| < [lxn — x*|| ,
(2.7)
llon = ™[I = | Pc(xtn = ABxp) = X™[| < [0 — x7]|.
This proves that the sequences {u,} and {v,} are bounded, too.
Step 3. Show that x,.1 —x, — Oasn — oo.
Note that
||yn+1 - yn” = |Ts1xn41 — Tnn|
< ||Tn+1xn+l - Tn+1xn“ + ||Tn+1xn - Tnxn” (28)

< ||xn+l - xn” + |6n+1 - 6n|M1/

where M; is an appropriate constant such that My = sup,.; {l|, = Sxul|}. On the other hand,
we have

||Un+1 - Un” = ||PC(xn+1 - )‘an+1) - PC(xn - )Lan)” < ||xn+1 - xn” s (2 9)
luni1 — unll = |T,(I = 1 A)xps1 = Tr (I = 7 A) x| < || X041 = Xn]|-

It follows from (2.1) and (2.9) that

llens1 — enll = || 1A, (1) Ynet + P2, (ne1)) Une1 + K, (n41)) Vnsl
= (HamYn + Hemtn + HemOn) ||
< e [yner = yall + [yl |1y = am|
+ p (1) [t = tnll + |tnll | 2,1y — B2 |
+ 3 ) [one1 = Oall + [onll [ s, 0ne0)) = Py | < omer =

+ Ma(|pa,meny) = Ham| + [H@me) = pew |+ |#E,m) = #em | + 16n = 64l),
(2.10)
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where M, is an appropriate constant such that

M; > maX{supllanI,SUPlluMI,SupllvnllfMl}-
n>1 n>1 n>1

Putl, = (xp11 — Puxn)/ (1 = Bn), for each n > 1, that is,

Xne1 = (L= )y + Puxn, Y > 1

Now, we compute ||I,+1 — I,||. Notice that

_ Xp1U + Yn+1€n+1 apu + Yn€n

lpv1 =1, = -
n+1l n 1 _ﬂn+1 1- ﬂn
_ Aptl u+1_,ﬁn+1_an+1en+1_ Ay u_l_,ﬁn_an
1_ﬂn+l 1_pn+1 1_ﬂn 1_pn
o (24
=" U epn) + —L(en — ) + Ens1 — En.
1- ,ﬁn+1 1- pn
It follows that
o 24
et = La]| < 1_n—[;i+1”u —epsll + j”en —ull + [lens1 = enll-

Substituting (2.10) into (2.14), we arrive at

||ln+1 - ln” - ||xn+1 - xn”

Xptl

S ———llu—-enall +
1_ﬂm—l "

a
= llen — ull
n

1=py

+ Mo (|, = Ham | + |Eeme) = Ben | + |#E,m) = Bew | + 180 = 64l)-

It follows from the restrictions (R2)-(R4) that

lim sup(|[lp+1 = Inl| = %741 = Xna1]]) <O.

n—oo
From Lemma 1.3, we obtain that
lim ||I, — x| = 0.
n— o0
From (2.12), we see that

Xp+1 — Xp = (1 - ﬁn)(ln - xn)-

€n

(2.11)

(2.12)

(2.13)

(2.14)

(2.15)

(2.16)

(2.17)

(2.18)
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In view of (2.17), we get that

Jim [lxps1 = x| = 0. (2.19)

Step 4. Show that x, —e, — Oasn — oo.
From the iterative process (2.1), we have

Yn(€n — Xn) = Xpe1 — X + Ay (X — U). (2.20)

This implies that

Yallen = Xull < 12041 — Xl + ]|y — ul|. (2.21)
It follows from the restrictions (R2) and (R3) that we arrive at

lim [le, — x| = 0. (2.22)

Step 5. Show that limsup, , _(u—-X,x, —x) <0, where X = Pqu.
To show that, we can choose a sequence {x,} of {x,} such that

limsup(u - x,x, —x) = lim (u — x, x,, — X). (2.23)

n— oo

Since {x,, } is bounded, we see that there exists a subsequence {xni]_ } of {xy,,} which converges

weakly to ¢. Without loss of generality, we may assume that x,, — ¢.
Next, we show that ¢ € Q = F(S) n VI(C, B) N EP(F, A). In fact, define a mapping
Q:C — Cby

Qx =mTx+ pT,(I -rA)x + uysPc(I - AB), VxeC, (2.24)

where T = 61 + (1 - 6)S. Note that T is nonexpansive and F(T) = F(S). From Lemma 1.4, we
see that Q is a nonexpansive mapping such that

F(Q)=F(T)NnF(T,(I-rA))NF(Pc(I - AB)) = F(S) nEP(F, A) nVI(C, B). (2.25)
On the other hand, we have

”671 - an” = ” (I"(l,n)]/n + #(Z,n)Tr(I - 1A)X, + ﬂ(a,n)PC I- )‘B)xn)

— (i Txy + poT, (I = 7 A)xty + psPc(I = AB)xy,) ||
(2.26)
< pam6n = pab|l1xnll + [pam (1 = 60) = pa (1 = 8) | 1Sxll

+||To(I = rA)xull | am — p2| + | — P3| Pc(I = AB)xy||.
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It follows from the condition (R4) that e,, — Qx,, — 0. Note that
Qx, —x, =Qx, — e, + e, — Xy (2.27)
From (2.22), we arrive at
Tim [|Qxy = x| = 0. (2.28)
It follows from Lemma 1.5 that
§eF(Q) =Q. (2.29)
Thanks to (2.23), we arrive at

limsup(u—x,x, -x) =(u-x,&—x) <0. (2.30)

n—oo

Step 6. Show that x, — xasn — oo.
Notice that
%51 — X||* = lanse + Buxn + ynen — E”z
= (@ (U = %) + Pu(xn = X) + Yulen = X), Xps1 = X)
= (U =X, Xps1 = X) + Pr(Xn =X, Xpy1 = X) + Ynl€n — X, Xp11 — X)
< (U =X, Xpa1 = X) + PallXn = X[[1xns1 = X[ + yullen = *lMxn =Xl (237)
S an(u =X, Xp1 = X) + PullxXn = Xl 201 = X[ + yull2tn = X[[[| 2001 = ]|
= (1 = an)||xn = X[[[xn1 = X|| + an (1 = X, X1 = X)

< (1-ay)
- 2

(llt = %I+ ensr = %) + a1t = %, 2001 — %),

which yields that

| %1 — y”2 S (1 =ap)llxn - illz + 20, (U — X, Xpy1 — X).
(2.32)

In view of the restrictions (R2) and (2.30), we from Lemma 1.7 can conclude the desired
conclusion easily. This completes the proof. 0

As corollaries of Theorem 2.1, we have the following results.
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Corollary 2.2. Let C be a nonempty closed and convex subset of a real Hilbert space H and F a
bifunction from C x C to R satisfying (A1)—(A4). Let B be a p-inverse-strongly monotone mapping
of Cinto H. Let S : C — C be a k-strict pseudocontraction with a fixed point. Assume that Q :=
EP(F) N F(S) N VI(C, B) #0. Let {x,} be a sequence in C generated by

x1 € C, chosen arbitrarily,

F(un,y) +%<y—un,un—xn> >0, VyeC,

Un = PC(xn - )‘an)r (233)

Yn = 6nxn + (1 - 6n)sxnr

Xpe1 = Al + PuXn + Yu (B Yn + HomUn + HEmTn), YR 21,

where wis a fixed element in C, {an}, {Bn}, {vn}, Apam} {ken}, and {pan } are sequencesin (0,1),
{6, ) is sequencein [k, 1), r € (0,00), and A € (0,2p]. Assume that the above control sequences satisfy
the following restrictions:

(R1) ay + P+ yn = Pmy + Honw) + HEn =1, forall n>1;

(R2) limy, 000, =0, X074 a4y = 00,

(R3) 0 < liminf, ., o f, < limsup,_, fBn <1;

(R4) limy, .6, = 6 € [k, 1) and lim, , o ph(iny = pi € (0,1) forall 1 <i < 3.

Then the sequence {x,} defined by the iterative process (2.1) converges strongly to x = Pqu.

Proof. In Theorem 2.1, put A = 0, the zero mapping. Then for any a > 0, we see that the the
following inequality holds.

(x -y, Ax - Ay) > a|| Ax - Ay||". (2.34)

Then, we can obtain the desired conclusion easily from Theorem 2.1. This completes the
proof. O

Corollary 2.3. Let C be a nonempty closed and convex subset of a real Hilbert space H and F a
bifunction from C x C to R satisfying (A1)—(A4). Let S 4 be a ky-strict pseudocontraction of C into
H and Kp a kg-strict pseudocontraction of C into H. Let S : C — C be a k-strict pseudocontraction
with a fixed point. Assume that Q := EP(F,I1 -Sa) NF(S)NF(Sp)) #0. Let {x,} be a sequence in C
generated by

x1 € C, chosen arbitrarily,
1
F(un,y) + (X — SaXn, y — y) + ;(y — Uy, Uy —Xn) 20, VyeC,
vy = (1 - A)x, + ASpx,, (2.35)
Yn = 6nxn + (1 - 6n)5xn/

Xnil = Al + PuXy + Y (KA Yn + Hen)in + HEmTn), Y21,
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where u is a fixed element in C, {an}, {Bn), {¥n}, {Han} {Hen), and {pan ) are sequences in
(0,1), {6n} is sequence in [k,1), r € (0,1~ kg], and X € (0,1 - kg]. Assume that the above control
sequences satisfy the following restrictions:

(RY) ap + P+ ¥n = pan) + Hom + Hen =1, forall n > 1;

(R2) limy o0, =0, 374ty = 00;

(R3) 0 < liminf, , f, < limsup, . B, <1;

(R4) limy, , .6, = 6 € [k, 1) and limy,, , o p(iny = i € (0,1)forall 1 <i < 3.

Then the sequence {x,} defined by the above iterative process converges strongly to x = Pqu.

Proof. Put A = I -S4 and B = I — Sg. Then, we see that A is ((1 - k,)/2)-inverse-strongly
monotone and B is ((1-kg)/2)-inverse-strongly monotone; see [7]. We have F(Sg) = VI(C, B)
and

Pc(xy, — AyBxy) = (1 = Ay)xy + A, Spxy. (2.36)

It is easy to obtain the desired conclusion from Theorem 2.1. O

Remark 2.4. If f : C — C is a contractive mapping and we replace u by f(x,) in the
recursion formula (2.1), we can obtain the so-called viscosity iteration method. We note that
all theorems and corollaries of this paper carry over trivially to the so-called viscosity iteration
method; see [28] for more details.
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