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1. Introduction

Let Q ¢ RN, N > 1, be a bounded domain with Lipschitz boundary Q. By W'#(Q) and

Wg’p(Q), 1 < p < oo, we denote the usual Sobolev spaces with their dual spaces (W7 (Q))”
and W™14(Q), respectively, where q is the Holder conjugate satisfying 1/p + 1/g = 1. We
consider the following elliptic variational-hemivariational inequality. Find u € K such that

(Au+F(u),v—u)+I j?(-,u;v—u)dx+’[ jg(-,yu;yv—yu)dozo, Vv € K, (1.1)
Q 00

where j,g(x, s;r), k = 1,2 denotes the generalized directional derivative of the locally
Lipschitz functions s — jk(x, s) at s in the direction r given by

je(x,y +tr) = ji (X, y)

t k=12 (1.2)

jl(x, s;r) = limsup
y—s,t0
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(cf. [1, Chapter 2]). We denote by K a closed convex subset of W'#(Q), and A is a second-
order quasilinear differential operator in divergence form of Leray-Lions type given by

N
Au(x) = —Z%ai(x,u(x), Vu(x)). (1.3)
i=1 !

The operator F stands for the Nemytskij operator associated with some Carathéodory
function f : Q x R x RN — R defined by

E(u)(x) = f(x, u(x), Vu(x)). (1.4)

Furthermore, we denote the trace operator by y : W?(Q) — LP(0Q) which is known to be
linear, bounded, and even compact.

The aim of this paper is to establish the method of sub- and supersolutions for problem
(1.1). We prove the existence of solutions between a given pair of sub-supersolution assuming
only a local growth condition of Clarke’s generalized gradient, which extends results recently
obtained by Carl in [2]. To complete our findings, we also give the proof for the existence of
extremal solutions of problem (1.1) for a fixed ordered pair of sub- and supersolutions in case
A has the form

)
Au(x) = - E aa,-(x, Vu(x)). (1.5)
i=1 O

In the second part we consider (1.1) with a discontinuous Nemytskij operator F involved,
which extends results in [3] and partly of [4]. Let us consider next some special cases of
problem (1.1), where we suppose A = —A,.

(1) If K = WP(Q) and ji are smooth, problem (1.1) reduces to

(=Apu+F(u),v) + f ji G u)vdx + ’[ i, yu)yvdo =0, Yve W (Q), (1.6)
Q 00

which is equivalent to the weak formulation of the nonlinear boundary value
problem

—Apu+ F(u) +jij(u) =0 in Q,
(1.7)

ou
5 jp(yu) =0 on 0Q,

where 0u/0v denotes the conormal derivative of u. The method of sub- and
supersolution for this kind of problems is a special case of [5].
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(2)For f € V§, K C Wé’p (Q) and j» = 0, (1.1) corresponds to the variational-
hemivariational inequality given by

(—Apu+f,o-u) +f i, wv-u)dx >0, YoeKk, (1.8)
Q
which has been discussed in detail in [6].
(3)IfK C Wg’p (Q) and ji = 0, then (1.1) is a classical variational inequality of the form

u€eK:(-Apu+F(u),v-u)>0, Yvek, (1.9)

whose method of sub- and supersolution has been developed in [7, Chapter 5].

(4) LetK = W;’p(Q) or K = W7 (Q) and ji not necessarily smooth. Then problem (1.1)

is a hemivariational inequality, which contains for K = Wg'p(Q) as a special case the
following Dirichlet problem for the elliptic inclusion:

—Apu+ F(u) +0j1(,u) 30 in Q,

(1.10)
u=0 ono0Q,
and for K = W1?(Q) the elliptic inclusion
=Apu+ F(u) +0j1(,u) 20 inQ,
1.11)
ou . (
e +0j2(,u) 20 on 0L,
where the multivalued functions s +— 0ji(x,s), k = 1,2 stand for Clarke’s
generalized gradient of the locally Lipschitz function s — ji(x,s), k = 1,2 given
by
Ojk(x,s) = {éeR:j,?(x,s;r) >¢r, Vre]R}. (1.12)

Problems of the form (1.10) and (1.11) have been studied in [5, 8], respectively.

Existence results for variational-hemivariational inequalities with or without the method
of sub- and supersolutions have been obtained under different structure and regularity
conditions on the nonlinear functions by various authors. For example, we refer to [9-16].
In case that K is the whole space Wg’p (Q) or WIP(Q), respectively, problem (1.1) reduces to
a hemivariational inequality which has been treated in [17-25].

Comparison principles for general elliptic operators A, including the negative p-
Laplacian —A,, Clarke’s generalized gradient s — 0j(x,s), satisfying a one-sided growth
condition in the form

G<b+a(sa—s) ! (1.13)
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forall ¢; € 0j(x,s;), i =1,2, for a.a. x € Q, and for all s1, s, with s; < s, can be found in [7].
Inspired by results recently obtained in [8, 26], we prove the existence of (extremal) solutions
for the variational-hemivariational inequality (1.1) within a sector of an ordered pair of sub-
and supersolutions u, u without assuming a one-sided growth condition on Clarke’s gradient
of the form (1.13).

2. Notation of Sub- and Supersolution

For functions u,v : Q — R we use the notation u A v = min(¢, v), uVv = max(u,v), KAK =
funv:uveK},KVK={uvv:uveK},anduAK = {u} ANK,uv K = {u} v K and
introduce the following definitions.

Definition 2.1. A function u € W'P(Q) is said to be a subsolution of (1.1) if the following
holds:

(1) F(w) € L(Q);

(2) (Au+F(u),w-u) + (o), w,w —w)dx + [, j5 (-, yw; yw — yu)do >0, Yw € u A K.

Definition 2.2. A function u € WP (Q) is said to be a supersolution of (1.1) if the following
holds:

(1) F(w) € L1(Q);

(2) (Au+F@),w-u)+ o), w-u)dx + [, js (., yi; yw — yu)do >0, Yw € u v K.

In order to prove our main results, we additionally suppose the following assump-
tions:

uvKcK, uAKcK. (2.1)

3. Preliminaries and Hypotheses

Letl <p < oo, 1/p+1/g =1, and assume for the coefficients a; : QxRxRN - R, i=1,...,N
the following conditions.

(A1) Each a;(x, s, ¢) satisfies Carathéodory conditions, that is, is measurable in x € Q for

all (s,¢) € R x RN and continuous in (s, ¢) for a.e. x € Q. Furthermore, a constant
¢o > 0 and a function ko € L9(L2) exist so that

jai(x,5,8)] < ko(x) +co(JsP + 1) (3.1)

for a.e. x € Q and for all (s,¢) € R x RN, where |¢| denotes the Euclidian norm of
the vector ¢.
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(A2) The coefficients a; satisfy a monotonicity condition with respect to ¢ in the form

N

Z (ai(x,s,¢) —ai(x,s,¢))(&—-¢) >0 (3.2)

i=1

fora.e. x € Q, forall s € R, and for all ¢,¢' € RN with ¢ #¢'.
(A3) A constant c; > 0 and a function k; € L!(Q) exist such that

N
> ai(x,s,8)& > c1lélf - ki (x) (3.3)
p

fora.e. x € Q, forall s € R, and for all ¢ € RN,

Condition (A1) implies that A : W'P(Q) — (W'P(Q))" is bounded continuous and along
with (A2); it holds that A is pseudomonotone. Due to (Al) the operator A generates a
mapping from W'?(Q) into its dual space defined by

(A >—j Saeu, v 22 d (3.4)
u, @) = Qi:la, x,u,Vu ox, X, .

where (-, -) stands for the duality pairing between W'#(Q) and (W'?(Q))*, and assumption
(A3) is a coercivity type condition.

Let [u, u] be an ordered pair of sub- and supersolutions of problem (1.1). We impose
the following hypotheses on ji and the nonlinearity f in problem (1.1).

(1) x — ji(x,s) and x — ja(x, s) are measurable in Q and 0, respectively, for all s € R.

(j2) s — ji(x,s) and s — ja(x, s) are locally Lipschitz continuous in R for a.a. x € Q and
for a.a. x € 0Q, respectively.

(j3) There are functions L; € L1(Q) and L, € L1(3Q) such that for all s € [u(x),%(x)]
the following local growth conditions hold:

n €0ji(x,s) : || < Li(x), foraa xeQ,

(3.5)
¢ €0ja(x,s) 1 |¢] < La(x), for a.a. x € 0Q.
(F1) (i) x+— f(x,s,¢) is measurable in Q for all (s, ¢) € R x RV,
(ii) (s,¢) — f(x,s,¢) is continuous in R x RN for a.a. x € Q.
(iii) There exist a constant ¢, > 0 and a function k3 € L7 (Q) such that
|f(x,5,8)] < ka(x) + cald™ (3.6)

fora.e. x € Q, forall ¢ € RN, and for all s € [u(x),u(x)].
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Note that the associated Nemytskij operator F defined by F(u)(x) = f(x,u(x), Vu(x)) is
continuous and bounded from [u, 1] ¢ W7 (Q) to L1(Q) (cf. [27]). We recall that the normed
space LP(Q) is equipped with the natural partial ordering of functions defined by u < v if
andonlyifv—-u € L7 (Q), where L? (Q) is the set of all nonnegative functions of L7 (£2).

Based on an approach in [8], the main idea in our considerations is to modify the
functions ji. First we set for k = 1,2

ak(x) :=min{¢ : & € Oji (x, u(x))}, Bi(x) := max{¢ : ¢ € Oji(x, u(x))}. (3.7)

By means of (3.7) we introduce the mappings j; : @ x R — Rand j, : 9Q x R — R defined
by
Jie (20, w(x)) + ar(x) (s —u(x)), if s <u(x),
Ji(x,8) = 4 ji(x,9), if u(x) <'s <u(x), (38)

Ji(oe,u(x)) + Pr(x) (s —u(x)),  if s >u(x).

The following lemma provides some properties of the functions ; and J,.

Lemma 3.1. Let the assumptions in (j1)—(j3) be satisfied. Then the modified functions 71:QxR — R
and j, : 0Q x R — R have the following qualities.

(71) X — 21(x, s) and x — Zz(x, s) are measurable in Q and 0L, respectively, for all s € R, and
s+ ji(x,s) and s — ja(x, s) are locally Lipschitz continuous in R for a.a. x € Q and for
a.a. x € 0Q, respectively.

(j2) Let 9jx(x,s) be Clarke’s generalized gradient of s — Ji(x,s). Then for all s € R the
following estimates hold true:

neon(x,s): |y <Li(x), foraa xeQ,

~ (3.9)
¢ €0ja(x,s) 1 |¢| < La(x), fora.a. x € 0Q.
(j3) Clarke’s generalized gradients of s +— ji(x, s) and s +— Jo(x, s) are given by

rak(x)/ lfS <E(X),
Ojc (x,u(x)), if s =u(x),

Ojk(x,8) = 1 Bji(x,s), if u(x) < s <u(x), (3.10)
B (x,u(x)), if s =u(x),
Br(x), if s > u(x),

and the inclusions djx (x, u(x)) C dji (x, u(x)) and 0 (x,u(x)) C dji(x,(x)) are valid
fork=1,2.
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Proof. With a view to the assumptions (j1)-(j3) and the definition of 7k in (3.8), one verifies
the lemma in few steps. O

With the aid of Lemma 3.1, we introduce the integral functionals J; and J, defined on
LP(Q) and LP(0Q2), respectively, given by

Ji(u) = le (x,u(x))dx, uelP(Q), J(v)= Lgfz(x,v(x))do, v e LP(3Q). (3.11)

Due to the properties (71)—(72) and Lebourg’s mean value theorem (see [1, Chapter 2]), the
functionals J; : LP(Q) — Rand J, : LP(0Q) — R are well defined and Lipschitz continuous
on bounded sets of L7 (Q) and L?(0L2), respectively. This implies among others that Clarke’s
generalized gradients 0]; : LP(Q) — 21" and 0], : LP(0Q) — 2LV are well defined, too.
Furthermore, by means of Aubin-Clarke’s theorem (see [1]), for u € LP(Q2) and v € LP(0Q)
we get

nedji(u) = nel1(Q) withn(x) e a;l(x,u(x)) for a.a. x € Q,
(3.12)
(€0)h(v) = ¢ e L1(0Q) with é(x) € 8;2 (x,v(x)) for a.a. x € 0Q.

An important tool in our considerations is the following surjectivity result for
multivalued pseudomonotone mappings perturbed by maximal monotone operators in
reflexive Banach spaces.

Theorem 3.2. Let X be a real reflexive Banach space with the dual space X*, ® : X — 2X" a maximal
monotone operator, and uy € dom(®). Let A : X — 2X" be a pseudomonotone operator, and assume
that either A, is quasibounded or @, is strongly quasibounded. Assume further that A : X — 2%
is ug-coercive, that is, there exists a real-valued function ¢ : R, — R with ¢(r) — +o0asr — +oo
such that for all (u, u*) € graph(A) one has (u*,u —ug) > c(||ullx)||u|lx. Then A + @ is surjective,
that is, range(A + ®) = X*.

The proof of the theorem can be found, for example, in [28, Theorem 2.12]. The
notation A,, and @, stand for A, (1) := A(up+u) and @y, (1) := D(ug +u), respectively. Note
that any bounded operator is, in particular, also quasibounded and strongly quasibounded.
For more details we refer to [28]. The next proposition provides a sufficient condition to
prove the pseudomonotonicity of multivalued operators and plays an important part in our
argumentations. The proof is presented, for example, in [28, Chapter 2].

Proposition 3.3. Let X be a reflexive Banach space, and assume that A : X — 2% satisfies the
following conditions:

(i) for each u € X one has that A(u) is a nonempty, closed, and convex subset of X*;
(i) A: X — 2% is bounded;
(iii) if uy, — uin X and w;, — u* in X* with u; € A(u,) and if lim sup(u},, u, —u) <0, then

u* € A(u) and (u}, u,) — (u*,u).

Then the operator A : X — 2% is pseudomonotone.
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We denote by i* : L1(Q) — (W(Q))" and y* : L1(0Q) — (WP(Q))" the adjoint
operators of the imbedding i : W'(Q) — LP(Q) and the trace operator y : W#(Q) —
LP(0Q), respectively, given by

(i1, ) = fgw dx, YoeW"(Q), (yé¢)= Lgéw do, YoeW'(Q). (3.13)

Next, we introduce the following multivalued operators:
D1 (u) := (i*00J1 0i)(u), Dy (u) := (y*0droy)(u), (3.14)

where i, i*, y, y* are defined as mentioned above. The operators @y, k = 1,2, have the
following properties (see, e.g., [5, Lemmas 3.1 and 3.2]).

Lemma 3.4. The multivalued operators ®; : WW(Q) — 20W7Q) gud @, : WP(Q) —
2WQ)" gre bounded and pseudomonotone.

Letb: QxR — R be the cutoff function related to the given ordered pair u, u of sub-
and supersolutions defined by

(s—u(x)Pt, if s>ulx),
b(x,s) =40, if u(x) <s <u(x), (3.15)

—(u(x) - s)p_l, if s <u(x).
Clearly, the mapping b is a Carathéodory function satisfying the growth condition
Ib(x, s)| < ka(x) + c3|sP! (3.16)

for a.e. x € Q, for all s € R, where ky € LZ(Q) and c3 > 0. Furthermore, elementary
calculations show the following estimate:

| b ueuedx > culfy g, -, vue U@, (317)
Q

where ¢4 and c¢s5 are some positive constants. Due to (3.16) the associated Nemytskij operator
B:LP(Q) — L9(Q) defined by

Bu(x) = b(x, u(x)) (3.18)

is bounded and continuous. Since the embedding i : WP(Q) — LP(Q) is compact, the
composed operator B:=i*oBoi: W (Q) —» (WP(Q))"is completely continuous.
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For u € WP(Q), we define the truncation operator T with respect to the functions u
and u given by
u(x), if u(x)>u(x),
Tu(x) =  u(x), if u(x) <u(x) <u(x), (3.19)

u(x), if u(x) <u(x).

The mapping T is continuous and bounded from W' (Q) into W'#(Q) which follows from
the fact that the functions min(:, -) and max(:, -) are continuous from W (Q) to itself and that
T can be represented as Tu = max(u, u) + min(u, u) —u (cf. [29]). Let F o T be the composition
of the Nemytskij operator F and T given by

(FoT)(u)(x) = f(x,Tu(x), VTu(x)). (3.20)

Due to hypothesis (F1)(iii), the mapping F o T : W'?(Q) — L(Q) is bounded and

continuous. We set F : i* o (Fo T) : W'?(Q) — (W'(Q))*, and consider the multivalued
operator

A=Aru+E+AB+®; + @, : WP(Q) —s 2V Q) (3.21)

where \ is a constant specified later, and the operator Ar is given by
(A )——if ai (e, Tu, Vi) 22 dx (3.22)
TU, Q) = 2, i, T, Vi) 5 - dx. .

We are going to prove the following properties for the operator A.

Lemma 3.5. The operator A : WP (Q) — 2W"" )" is bounded, pseudomonotone, and coercive for
A sufficiently large.

Proof. The boundedness of A follows directly from the boundedness of the specific operators
Ar, l?, B, @;, and @,. As seen above, the operator B is completely continuous and thus
pseudomonotone. The elliptic operator Ar + F is pseudomonotone because of hypotheses
(Al), (A2), and (F1), and in view of Lemma 3.4 the operators ®; and @, are bounded
and pseudomonotone as well. Since pseudomonotonicity is invariant under addition, we
conclude that A : W'P(Q) — 20W"@)" is bounded and pseudomonotone. To prove the
coercivity of A, we have to find the existence of a real-valued function ¢ : R, — R satisfying

lim ¢(s) = +oo, (3.23)

S—+oo

such that for all u € W'?(Q) and u* € A(u) the following holds

(=) 2 c(llullwroay ) el @) (3.24)



10 Journal of Inequalities and Applications

for some uy € K. Let u* € A(u) ; that is, u* is of the form

u = <AT +F+ AB) (u) +i'n +1"E, (3.25)

where 7 € L9(Q) with 7(x) € afl(x,u(x)) for aa. x € Qand ¢ € L9(0Q) with §(x) €
0j2(x,u(x)) for a.a. x € 0Q. Applying (A1), (A3), (F1)(iii), (3.17), and (j2), the trace operator
y: WP(Q) — LP(dQ) and Young’s inequality yield

<u*/u - u0>

= <<AT+13+)J§>(u) +i*q+y*§,u—uo>

J. Za,(x,Tu,Vu)Md +J. (f(, Tu, VTu)(u — ug) + Ab(x, u) (u — up) )dx
Q

i=1
+I (q(u—uo))dx+f &y (u—up)do
Q 0Q

>C1||Vu||LP(Q ”kl“Ll(Q) dlllu”Lp(Q d2||vu||LP(Q) €||Vu||Lp(Q) C(S)”uHLp(Q)

~ dslullyp ey — dslIVully iy — dy + Aeallull} ) — Aes — s — dollullyig,

LP(Q)
- d10||u||m<gz) —dn - dlZ”“”U’(aQ) —di3

-1
= (a1 - g)”vu”LP(Q) + (Leg - C(E))”u”LP(Q) d14”vu||LP(Q) dlS”””iﬂ(Q)

= daellull () — dr7,
(3.26)

where d; are some positive constants. Choosing € < c¢; and A such that A > c(g)/cy yields the
estimate

(' u—uo) > dislull’,., o — drollulll 1p = doollullwrrq) — da1- (3.27)
Wir(Q) WP (Q)

Setting c(s) = digsP~ —d19sP~2~dpy—dy1 /s for s > 0and c¢(0) = 0 provides the estimate in (3.24)
satisfying (3.23). This proves the coercivity of A and completes the proof of the lemma. [
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4, Main Results

Theorem 4.1. Let hypotheses (A1)—(A3), (j1)-(j3), and (F1) be satisfied, and assume the existence of
sub- and supersolutions u and u, respectively, satisfying u < u and (2.1). Then, there exists a solution
of (1.1) in the order interval [u, u].

Proof. Let Ix : W#(Q) — R U {+00o} be the indicator function corresponding to the closed
convex set K # () given by

0, ifuek,
Ix(u) = (4.1)
+oo, ifu¢gk,

which is known to be proper, convex, and lower semicontinuous. The variational-
hemivariational inequality (1.1) can be rewritten as follows. Find u € K such that

(Au+F(u),v—u) + Ix(v) — Ix(u) + J‘ij(',u;v —u)dx + Iagjg(',yu;yv —yu)do >0 (4.2)

for all v € WP(Q). By using the operators Ar, F, B and the functions ]N’l, ]N’Z introduced in
Section 3, we consider the following auxiliary problem. Find u € K such that

<ATu +F(u) + \B(w),v - u> + Ix(0) - Ix(u) + j P, u30 - u)dx
Q

(4.3)
+ f J3 Coyw;yo —yu)do >0
oQ
for all v € W7 (Q). Consider now the multivalued operator
A+olg : WP (Q) —s 2V @) (4.4)

where A is as in (321), and dlx : WP(Q) — 2W7Q) s the subdifferential of the
indicator function Ix which is known to be a maximal monotone operator (cf. [28, page
20]). Lemma 3.5 provides that A is bounded, pseudomonotone, and coercive. Applying
Theorem 3.2 proves the surjectivity of A +0lk meaning that range(A +0Ix) = (WP(Q))*.
Since 0 € (W'?(Q))*, there exists a solution u € K of the inclusion

A(u) + 0Ix(u) 3 0. (4.5)

This implies the existence of 7" € ®;(u), ¢&* € @, (u), and 0* € 0k (1) such that

Aru+F(u) + AB(u) +* + & +0° =0, in (wlfr’(gz)>*, (4.6)
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where it holds in view of (3.12) and (3.14) that
n=in &=y (4.7)
with
neLIQ), n(x)€dj(x,u(x)) aswellas ¢eLi0Q), &x)€dp(xyulx)). (48)

Due to the Definition of Clarke’s generalized gradient 6]~'k(-, u), k =1,2, one gets

(7', p) = fgn(x)q)(x)dx < f@?i’(x,wx)np(x))dx, Vo € WIP(Q),

(4.9)
(&%, 9) = fagg(x)y¢(x)do < f697§ (x, yu(x); yp(x))do, Vo€ W'"P(Q).
Moreover, we have the following estimate:
(0%, v-u) <Ix(v)-Ix(u), YveW(Q). (4.10)
From (4.6) we conclude
<ATu + F(u) + AB(u) + 1" + & + 9*,(p> =0, VoW (Q). (4.11)

Using the estimates in (4.9) and (4.10) to the equation above where ¢ is replaced by v — u,
yields for all v € WP (Q)

0= <AT+ﬁ(u) +AB(u) + 1" + & +9*,v—u>

< (Aru+ F(u) + \B(w),0 - u) + I (v) - I (w) 4.12)

+ j ;?('/ w0 —u)dx + f }Tg(',}’u; Yo —yu)do.
Q oQ

Hence, we obtain a solution u of the auxiliary problem (4.3) which is equivalent to the
problem. Find u € K such that

<ATu +F(u) + \B(u),v - u> + J PCwo—u)dx + f 2, yu;yv - yu)do >0, VYveK.
Q o)
(4.13)
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In the next step we have to show that any solution u of (4.13) belongs to [u,u]. By
Definition 2.2 and by choosingw = uVu=u+ (u-u)" € uVv K, we obtain

(Au+F@), (u-u))+ f PG, (u—-u)")dx + f i Gy y(u—-u)*)do >0, (4.14)
Q 0Q
and selectingv =uAu=u- (u-u)" € Kin (4.13) provides

<ATu + F(u) + AB(u),—(u - ﬁ)+> + Lj?(, w;—(u—-u)")dx + Jagjg(-, yu; —y(u—u)")do > 0.
(4.15)

Adding these inequalities yields

a(u u)’*

i

f (ai(x,u,Vu) —a;(x, Tu, Vu)) dx +f (Fu) - (FoT)(u)(u-u)"dx

+ f REmY R 1)) =)+ f (BOAmD) + ROy =1)r(u-m"do

> .)LJ‘ B(u)(u —u)"dx.
? (4.16)

Let us analyze the specific integrals in (4.16). By using (A2) and the definition of the
truncation operator, we obtain

o(u-u)"

x <
axld 0,

I (ai(x,u,Vu) — a;(x, Tu, Vu))
¢ (4.17)
L}(P(ﬁ) ~(FoT)(u)(u-u)"dx =0.

Furthermore, we consider the third integral of (4.16) in case u > u; otherwise it would be
zero. Applying (1.12) and (3.8) proves

70, u(x);-1)

hie,s—1) = filx,s)

= limsup
s—u(x),tl0 t
i sup 2O (6 T (@) @D g
- s—u(x), th t ’
= limsup At

s—u(x),tl0

= —p1(x).
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Proposition 2.1.2 in [1] along with (3.7) shows
2 (x, u(x); 1) = max{¢ : & € 9j1 (x,u(x))} = fr(x). (4.19)

In view of (4.18) and (4.19) we obtain
[ (e Rem-n)w-m'ax= [ Gio-pe)w-n'dr=0, @)
and analog to this calculation

f (jg(-, Y1) + 35 oy —1)>y(u ~u)*do = 0. (4.21)
0Q

Due to (4.17), (4.20), and (4.21), we immediately realize that the left-hand side in (4.16) is
nonpositive. Thus, we have

0> .)LJ‘ B(u)(u—u)"dx
Q
= )tj b(-,u)(u—-u)"dx
Q
| j (u =) dx (4.22)
{xcu(x)>u(x)}

- Afg((u -u)")dx

>0,

which implies (z —%)" = 0 and hence, u < u. The proof for u < u is done in a similar way. So
far we have shown that any solution of the inclusion (4.5) (which is a solution of (4.3) as well)
belongs to the interval [u, u]. The latter implies Aru = Au, B(u) = 0 and (F o T)(u) = F(u),
and thus from (4.5) it follows

(Au+F(u) +i*'n+y*¢,v-u) >0, Yoek, (4.23)

where 7(x) € afl(x,u(x)) C 0ji(x,u(x)) and ¢(x) € afz(x,yu(x)) C 0j2(x,yu(x)), which
proves that u € [u,u] is also a solution of our original problem (1.1). This completes the
proof of the theorem. O

Let .S denote the set of all solutions of (1.1) within the order interval [u, u]. In addition,
we will assume that K has lattice structure, that is, K fulfills

KVKcK, KAKCK. (4.24)
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We are going to show that S possesses the smallest and the greatest element with respect to
the given partial ordering.

Theorem 4.2. Let the hypothesis of Theorem 4.1 be satisfied. Then the solution set S is compact.

Proof. First, we are going to show that S is bounded in W!?(Q). Let u € S be a solution of
(4.2), and notice that S is L”(Q)-bounded because of u < u < u. This implies yu < yu < yu,
and thus, u is also bounded in L?(092). Choosing a fixed v = up € K in (4.2) delivers

(Au+ F(u),ug —u) + J VG, uup — u)dx + J. S (-, yu; yuo — yu)do > 0. (4.25)
Q 00

Using (A1), (j3), (F1)(iii), Proposition 2.1.2 in [1], and Young's inequality yields

(Au,u) < f Z|al(x,u,Vu)|

d +f | f (xc, u, V) |[uo — uldx
+’[ max{n(ug —u) : 17 € 0j1(x, u) dx +I max{¢(up —u) : ¢ € 9jo(x, u) Jdo
Q 0Q
f Z ko + colulP ™! + co| VulP 1)|VuO|aZx + f <k3 + cz|Vu|p’1>|uo — uldx
Q

+f Lilug — uldx + f Ly |yuo - yu|do
Q 00

-1
<er+eallullylg, + sl Vullyig, +es + eslullu + el Vullig, + el Vull, g
+c(@)ullly gy + e7 + esllullpy + e+ exllulli o

< Ellvu”LP(Q) + ell||vu“Lp(Q) + ellevu”LP(Q) +e13,

(4.26)
where the left-hand side fulfills the estimate
(Au,uy > c1||Vu||’£P(Q) — k. (4.27)
Thus, one has
(c1 = &)IVull], gy < enl|Vulll, g +e1s, (4.28)

where the choice € < ¢; proves that || Vu||1r (@) is bounded. Hence, we obtain the boundedness
of u in W(Q). Let (u,) C 3. Since W'?(Q), 1 < p < oo, is reflexive, there exists a weak
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convergent subsequence, not relabelled, which yields along with the compact imbedding i :
WP (Q) — LP(Q) and the compactness of the trace operator y : WP (Q) — LP(0Q)

u, = u in W(Q),
u, — u in LP(Q) and a.e. pointwise in Q, (4.29)

yYu, — yu in LP(0Q) and a.e. pointwise in 0Q.

As uy, solves (4.2), in particular, for v = u € K, we obtain
(Auy, uy —u) < (F(uy),u—uy,) + I V(s U = Uy )dx + J iy (Yt yu — yun)do.  (4.30)
Q 80

Since (s,7) — jg(x, s;1), k =1,2,is upper semicontinuous and due to Fatou’s Lemma, we get
from (4.30)

lim sup(Auy, u, —u) < limsup(F(u,), u —u,) + j lim sup j?(‘,un;u —uy)dx

n— oo n—oo Q n—oo
N

Vv Vv
-0 <ji (. u,0)=0

(4.31)
+ J lim sup jO(-, yun; yu — yun)do < 0.

0Q n—ow
. v

i

<fo (yuy0)=0
The elliptic operator A satisfies the (S, )-property, which due to (4.31) and (4.29) implies

u, — u in W(Q). (4.32)
Replacing u by u, in (1.1) yields the following inequality:

(Auy + F(uy), v —uy,) + I (i v — up)dx + I iy (-, yun; Yo — yun)do >0, Vo€ K.
Q 00
(4.33)

Passing to the limes superior in (4.33) and using Fatou’s Lemma, the strong convergence of
(1) in WP(Q), and the upper semicontinuity of (s,r) — jg(x, s;r), k =1,2, we have

(Au+F(u),v—u) + f iV, u; v —u)dx + f v (,yw; yo—yu)do >0, Yoe K. (4.34)
Q o0

Hence, u € S. This shows the compactness of the solution set S. O
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In order to prove the existence of extremal elements of the solution set .S, we drop the
u-dependence of the operator A. Then, our assumptions read as follows.

(A1') Each a;(x,¢) satisfies Carathéodory conditions, that is, is measurable in x € Q for
all ¢ € RN and continuous in ¢ for a.e. x € Q. Furthermore, a constant ¢y > 0 and a
function kg € L7(Q) exist so that

|a;(x, &)| < ko(x) + (27" (4.35)

for a.e. x € Q and for all ¢ € RN, where |¢| denotes the Euclidian norm of the vector

3

(A2') The coefficients a; satisfy a monotonicity condition with respect to ¢ in the form
N
> (ai(x,8) —ai(x,8)) (& - &) >0 (4.36)
i=1

fora.e. x € Q, and for all ¢, ¢’ € RN with ¢#¢'.

(A3') A constant ¢; > 0 and a function k; € L'(Q) exist such that
N
> ai(x,8)é > cigff - ka(x) (4.37)
i=1

for a.e. x € Q, and for all £ € RN.

Then the operator A : W7 (Q) — (W'P(Q))" acts in the following way:

(Au, ) = Lz i a;(x, Vu)%dx. (4.38)

i=1

Let us recall the definition of a directed set.

Definition 4.3. Let (p,<) be a partially ordered set. A subset C of [ is said to be upward
directed if for each pair x,y € C there is a z € C such that x < z and y < z. Similarly, C is
downward directed if for each pair x,y € C thereisaw € Csuch thatw < xand w < y. If C
is both upward and downward directed, it is called directed.

Theorem 4.4. Let hypotheses (A1')—(A3') and (j1)—(j3) be fulfilled, and assume that (F1) and (4.24)
are valid. Then the solution set S of problem (1.1) is a directed set.

Proof. By Theorem 4.1, we have S#0. Let u3, u, € S be given solutions of (1.1), and let ug =
max{uy, uy }. We have to show that there is a u € S such that 1y < u. Our proof is mainly based
on an approach developed recently in [26] which relies on a properly constructed auxiliary
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problem. Let the operator B be given basically as in (3.15)-(3.18) with the following slight
change:
(s—u(x)Pt, if s>ux),
b(x,s) =10, if u(x) <s<u(x), (4.39)
—(up(x) = s)P1, if s < up(x).
We introduce truncation operators T; related to u; and modify the truncation operator T as
follows. For j = 1,2, we define
u(x), if u(x) >u(x),
Tju(x) = § u(x), if uj(x) <u(x) <u(x),
uj(x), if u(x) <wu;(x),
(4.40)
u(x), if u(x) >u(x),
Tu(x) = qu(x), if up(x) < u(x) <u(x),

up(x), if u(x) <up(x),
and we set

Gu(x) = f(x, Tu(x), VTu(x)) - 22: | f(x, Tu(x), VTu(x)) - f (x, Tju(x), VTu(x))|  (4.41)
=1

as well as

F:i*oG: WP(Q) — <W1"’(Q)>*. (4.42)

Moreover, we define

@i () = min(3: 2 € O (x4 (x)},  frx) = max (g 1§ € Dji(x, 7)) ),
{ak,l(x), if x € {u1 > un), (4.43)
app(x) =
ara(x), if x € {up > uy}

for k,j = 1,2, and introduce the functions ]~'1 QxR — Rand 72 :0Q xR — R defined by

Jr(x, up(x)) + aro(x) (s —up(x)), if s <up(x),

jk(x,8) = 4 ji(x,8), if uo(x) < s <7(x), (4.44)

Jie(x, u(x)) + Pre(x) (s —u(x)), if s> u(x).
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Furthermore, we define the functions h1; : Q xR — Rand hyj: 0Q xR — Rforj=0,1,2as
follows:

ako(x), if s <up(x),
hico(x,8) = 4 aro(x) + %(s —up(x)), if up(x) < s < u(x), (4.45)
—Ug
Pr(x), if s > u(x),
and forj=1,2
ak,;(x,) if s <u;(x),
hij(x,s) = ar,j(x) + %(s —uj(x)), ifuj(x)<s<up(x), (4.46)
o(x) — u;
hio(x,s), ] if s> up(x),

where k = 1,2. (Note that for k = 2 we understand the functions above being defined on 0Q.)
Apparently, the mappings (x, s) — hy j(x, s) are Carathéodory functions which are piecewise
linear with respect to s. Let us introduce the Nemytskij operators H; : LP(Q2) — L9(Q2) and
H, : LP(0Q) — L(02) defined by

2

Hiu(x) = Z|h1,j(x,u(x)) - hio(x, u(x))|,
~ (4.47)
2

Hau(x) = Y |haj (%, y (u(x))) = hao (x, y (u(x)))].

=1

Due to the compact imbedding W1#(Q) — LP(Q) and the compactness of the trace operator
y 1 WW(Q) — LP(3Q), the operators H; = i* o Hyoi : WP(Q) — (WY(Q))* and
H, = Y*oHyoy : WP(Q) — (W'P(Q))" are bounded and completely continuous and
thus pseudomonotone. Now, we consider the following auxiliary variational-hemivariational
inequality. Find u# € K such that

(Aws B + 2B, 0 =)+ | 750 widx - (o -u)
? (4.48)
+ f ;g(/ Yu; yo —yu)do — <ﬁzyu, YU - yu> >0
0Q

for all v € K. The construction of the auxiliary problem (4.48) including the functions Hj
and G is inspired by a very recent approach introduced by Carl and Motreanu in [26]. The
first part of the proof of Theorem 4.1 delivers the existence of a solution u of (4.48), since
all calculations in Section 3 are still valid. In order to show that the solution set S of (1.1) is



20 Journal of Inequalities and Applications

upward directed, we have to verify that a solution u of (4.48) satisfies u; <u <u, 1 =1,2. By
assumption u; € S, that is, 1 solves

u € K: (Aup+ F(u), v —uy) +J ¢, u; v —ul)dx+J‘ S ( yu; yo —yw)do >0 (4.49)
Q a0

forallv € K. Selecting v = u Ay = u; — (4 —u)" € K in the inequality above yields

(Au + F(u), —(u; —u)™) + fgjf(-,ul; —(u —u)")dx + fag]'g(-,yul; —y(u;—u)")do > 0.
(4.50)

Taking the special test functionv = u VvV = u+ (u; —u)* € K in (4.48), we get

(Au+Fu) + ABu), (u —u)") + IQ;?(, w; (u—u)")dx - <ﬁ1, (u; - u)+>
(4.51)

! I j2 Coyws y(u - w)*)do ~ <EzYu,Y(uz - u)+> >0
0Q
Adding (4.50) and (4.51) yields

ai(x,Vu) — a;(x, Vu, 6(u1 u)’ ———dx
qu (x, V) 241

Q=1 Xi

+J‘ <f(x, Tu, VTu)- f (x,u;, Vuy) —i | f(x, Tu, VTu)—-f (x, Tju, VTju) |> (up—u)*dx
Q

j=1

+I <]1( ;1) + 70, u;-1) - Z|h1](x,u) hlo(x,u)|>(u1 u) dx

j=1

+fa <]2( Y1) +jy (- yus; =1) - Zlhz;(x yu) = hoo(x, Yu)|>Y(uz—u)+d0

j=1

> —AJ B(u)(u; — u)"dx.
¢ (4.52)

The condition (A2') implies directly

J' Z(al(x,Vu —a,(x,Vul))a(ué—x)d <0, (4.53)
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and the second integral can be estimated to obtain

I <f(x, Tu, VTu) — f(x,u, Vi) — i | f(x, Tu, VTu) - f(x, Tju, VTju) |> (u; —u)tdx
Q

j=1

< I (f (x, Tu, VTu) - f(x,u, Vy) = | f(x, Tu, VTu) = f (x, Ty, VTu) |) (u; — w) *dx
Q

f (f (x, Tu, VTu) - f(x,u, Vg) — | f(x, Tu, VTu) - f (x,u;, Vi) | ) (wy — u)dx
{xeQiuy (x)>u(x)}

<0.
(4.54)

In order to investigate the third integral, we make use of some auxiliary calculation. In view
of (4.44) we have for u;(x) > u(x)

7 (x,s+1) —N'(x,s)
p]l 1

}?(x,u(x);l) = limsu
s—u(x),tl0 t
1 J1(x, ug(x)) + an,0(x) (s + £ —up(x)) = ja(x, uo(x)) — a1,0(x) (s — up(x))
= limsup
s—u(x),tl0 t
= limsu mo(x)t
s—u(x),tl0
= ay,0(x).
(4.55)
Applying Proposition 2.1.2 in [1] and (3.7) results in
(e, wi(x); =1) = max{—¢ : & € 0ji1 (x, wi(x)) )
=-min{¢ : ¢ € 071 (x, us(x))} (4.56)
= —a1,(x).
Furthermore, we have in case u;(x) > u(x)
hl,l(x/ u(x)) =ai (x)/
(4.57)

hio(x, u(x)) = a10(x).
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Thus, we get

2
fg <]~'§(-, w; 1) + L u;=1) = D] [, 1) — o (x, 1) |> (u —u)*dx

=1
: f R+ =0 = ) = o) -w'dx s

f (@10 (%) =, (x) = lany (x) = a0 (X)) (o — )" dx
{xeQuuy (x)>u(x)}

<0.

The same result can be proven for the boundary integral meaning

2
Ja <]'g(., yu; 1) + 33 (- yus; =1) = D | i (x, yu) — hoo(x, yu) |> y(u —u)*do <0. (4.59)
Q

=1
Applying (4.53)—(4.59) to (4.52) yields

0> —/\j B(u)(u; —u)"dx
Q

__ AI — (g — )P (g - w)dx
[x€Qiu (x)>u(x)) (4.60)

> /\J ((w —u)*)Pdx
Q

20,

and hence, (1; — u)" = 0 meaning that u; < u for I = 1,2. This proves uy = max{uy, up} < u.
The proof for u < u can be shown in a similar way. More precisely, we obtain a solution
u € K of (4.48) satisfying u < uy < u < u which implies f(u) = f(,u,Vu), ﬁ(u) = 0 and
Hi(u) = Hy(yu) = 0. The same arguments as at the end of the proof of Theorem 4.1 apply,
which shows that u is in fact a solution of problem (1.1) belonging to the interval [ug, u].
Thus, the solution set S is upward directed. Analogously, one proves that S is downward
directed. O

Theorems 4.2 and 4.4 allow us to formulate the next theorem about the existence of
extremal solutions.

Theorem 4.5. Let the hypotheses of Theorem 4.4 be satisfied. Then the solution set S possesses
extremal elements.



Journal of Inequalities and Applications 23

Proof. Since .S ¢ W7 (Q) and W' (Q) are separable, .S is also separable; that is, there exists a
countable, dense subset Z = {z, : n € N} of S. We construct an increasing sequence (u,) C S
as follows. Let u; = z1 and select u,,.1 € S such that

max(zy,, Uy) < Upy1 < U (4.61)

By Theorem 4.4, the element u,.1 exists because .S is upward directed. Moreover, we can
choose by Theorem 4.2 a convergent subsequence (denoted again by u,) with u, — uin
WP(Q) and u,(x) — u(x) a.e.in Q. Since (u,) is increasing, the entire sequence converges
in Wl#(Q) and further, u = sup u,. One sees at once that Z C [u, u] which follows from

max(zy,...,2n) <Upyp <u, Vm, (4.62)

and the fact that [u, u] is closed in W1 (Q) implies
SCcZc[uu] = [wu]. (4.63)
Therefore, as u € S, we conclude that u is the greatest element in S. The existence of the

smallest solution of (1.1) in [u, u] can be proven in a similar way. O

Remark 4.6. If A depends on s, we have to require additional assumptions. For example, if A
satisfies in s a monotonicity condition, the existence of extremal solutions can be shown, too.
In case K = W?(Q), a Lipschitz condition with respect to s is sufficient for proving extremal
solutions. For more details we refer to [7].

5. Generalization to Discontinuous Nemytskij Operators

In this section, we will extend our problem in (1.1) to include discontinuous nonlinearities f
of the form f : QxRxRxRN — R. We consider again the elliptic variational-hemivariational
inequality

(Au+F(u),v—u)+I jg(-,u;v—u)dx+J‘ B ywyv-yu)do >0, YoeK, (5.1)
Q 00

where all denotations of Section 1 are valid. Here, F denotes the Nemytskij operator given by
F(u)(x) = f(x, u(x),u(x), Vu(x)), (5.2)

where we will allow f to depend discontinuously on its third argument. The aim of this
section is to deal with discontinuous Nemytskij operators F : [u,u] ¢ W?(Q) — LI(Q)
by combining the results of Section 4 with an abstract fixed point result for not necessarily
continuous operators, cf. [30, Theorem 1.1.1]. This will extend recent results obtained in [3].
Let us recall the Definitions of sub- and supersolutions.
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Definition 5.1. A function u € W'P(Q) is called a subsolution of (5.1) if the following holds:

(1) F(u) € L1(Q);
(2) (Au+Fw),w-u)+ [oj) ¢, w;w-wdx + [, j5(,yuw;yw - ywydo > 0, Vw € u A K.

Definition 5.2. A function u € W17(Q) is called a supersolution of (5.1) if the following holds:

(1) F(u) € L1(Q);
(2) (Au+Fu),w-u) + (o) ¢, ;w —u)dx + [, j5 (-, yil; yw — yu)do >0, Yw € u v K.

The conditions for Clarke’s generalized gradient s +— O0jk(x,s) and the functions
jk, k =1,2, are the same as in (j1)—(j3). We only change the property (F1) to the following.

(F2) (i) x — f(x,r,u(x),¢) is measurable for all r € R, for all ¢ € RY, and for all
measurable functions u : Q — R.

(ii) (r,¢) — f(x,1,s,¢) is continuous in R x RN for all s € R and for a.a. x € Q.
(iii) s — f(x,71,s,¢) is decreasing for all (r,¢) € R x RN and for a.a. x € Q.
(iv) There exist a constant ¢, > 0 and a function k, € LI (Q) such that

|f(x,7,5,8)] < ka(x) + colgP™! (5.3)

fora.e. x € Q, forall ¢ € RN, and for all r, s € [u(x),u(x)].

By [31] the mapping x — f(x, u(x), u(x), Vu(x)) is measurable for u € W'#(Q); however, the
associated Nemytskij operator F : WP(Q) c LP(Q) — L7(Q) is not necessarily continuous.
An important tool in extending the previous result to discontinuous Nemytskij operators is
the next fixed point result. The proof of this lemma can be found in [30, Theorem 1.1.1].

Lemma 5.3. Let P be a subset of an ordered normed space, G : P — P an increasing mapping, and
G[P] = {Gx | x € P}.

(1) If G[P] has a lower bound in P and the increasing sequences of G[P] converge weakly in
P, then G has the least fixed point x,, and x, = min{x | Gx < x}.

(2) If G[P] has an upper bound in P and the decreasing sequences of G[P] converge weakly in
P, then G has the greatest fixed point x*, and x* = max{x | x < Gx}.

Our main result of this section is the following theorem.

Theorem 5.4. Assume that hypotheses (A1')-(A3'), (j1)-(j3), (F2), and (4.24) are valid, and let u and
U be sub- and supersolutions of (5.1) satisfying u < u and (2.1). Then there exist extremal solutions
u* and u, of (5.1) withu <u, <u* <u.

Proof. We consider the following auxiliary problem:

u€eK:{Au+F,(u),v—u) +f Pewo —u)dx+J‘ iv(,yw;yv-yu)do >0, VYveKk,
Q o0
(5.4)
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where F,(u)(x) = f(x,u(x),z(x), Vu(x)), and we define the set H := {z € WP(Q) : z €
[u,u], and z is a supersolution of (5.1) satisfying z A K ¢ K}. On H we introduce the fixed
point operator L : H — K by z — u* =: Lz, that is, for a given supersolution z € H, the
element Lz is the greatest solution of (5.4) in [u,z], and thus, it holds u < Lz < z for all

z € H. This implies L : H — [u,u] N K. Because of (4.24), Lz is also a supersolution of (5.4)
satisfying

(ALz+ F,(Lz),w - Lz) + f il(,Lz;w - Lz)dx + I iS(,yLz;yw - yLz)do >0 (5.5)
Q o)

for all w € Lz v K. By the monotonicity of f with respect to its third argument, Lz < z, and
using the representation w = Lz + (v — Lz)" for any v € K we obtain

0<(ALz+F.(Lz), (v-Lz)") + I (-, Lz; (v - Lz)")dx + f iv(,yLz;y(v - Lz)")do
Q o)

<(ALz+Fi.(Lz),(v-Lz)") + f i, Lz; (v - Lz)*)dx + J‘ S (,yLzy(v - Lz)")do
Q B

(5.6)
for all v € K. Consequently, Lz is a supersolution of (5.1). This shows L : H — H.
Let v1,v; € H, and assume that v; < v,. Then we have the following.
Lo, € [u,v1] is the greatest solution of
(5.7)
(Au+ Fy (u),v—u) + f jlo(-,u;v —u)dx + f v (,yw;yv -yu)do >0, Vo eK.
Q aQ
Lv; € [u,vy] is the greatest solution of
(5.8)

(Au+sz(u),v—u)+f j?(-,u;v—u)dx+f is(,yw;yv —yu)do >0, Vv eK.
Q 00

Since v < vy, it follows that Lv; < v,, and due to (4.24), Lo is also a subsolution of (5.7),
that is, (5.7) holds, in particular, for v € Lv; A K, that is,

0> (AL, + Fy, (Lvy), (Loy - 0)*) _f (., Loy; ~(Loy - v)*)dx
¢ (5.9)
- J‘ iv(-,yLoy; =y (Lvy —v)*)do
0Q
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for all v € K. Using the monotonicity of f with respect to its third argument s yields
0> (ALvy + Fy, (Lvy), (Lvy —0)") - f ji (-, Loy, —(Loy — v)")dx
Q

[ BrLos-yo - o))do
o0
(5.10)
> (ALvy + Fy,(Lvy), (Lvy —0)") —f j?(-,Lvl;—(Lvl -v)")dx
Q

- Bertoi-rto o) )do
0Q

for all v € K. Hence, Lo, is a subsolution of (5.8). By Theorem 4.5, we know that there exists
the greatest solution of (5.8) in [Lvy,v,]. But Lo, is the greatest solution of (5.8) in [u, v2] 2
[Lv1,v5] and therefore, Lvy < Lv,. This shows that L is increasing.

In the last step we have to prove that any decreasing sequence of L(H) converges
weakly in H. Let (u,) = (Lz,) C L(H) C H be a decreasing sequence. Then u, (x) \, u(x) a.e.
x € Q for some u € [u,u]. The boundedness of u, in W'?(Q) can be shown similarly as in
Section 4. Thus the compact imbedding i : W'#(Q) — LF(Q) along with the monotony of u,
as well as the compactness of the trace operator y : W#(Q) — LP(0Q) implies

u, = u in W(Q),
u, — u in LP(Q) and a.e. pointwise in €, (5.11)

yu, — yu in LP(0Q) and a.e. pointwise in 0Q.

Since u, € K, it follows u € K. From (5.4) with u replaced by u, and v by u, and using the
fact that (s,7) — jP(x,s;7), k = 1,2, is upper semicontinuous, we obtain by applying Fatou’s
Lemma

lim sup(Auy,, u, —u) < limsup(F;, (u,), u — u,) + limsup j?(‘,un;u —uy)dx
Q

n—oo n— oo n—oo

+limsup | j5C, yun; yu - yu,)do
o0

n— oo

<limsup(F;, (un), u —uy) + f lim sup j?(-, Uy U — Uy)dx

-~
-0 <50 (1;0)=0

n—oo
(-

+ J limsup j3(-, yun; yu — yun)do

0Q n—ow

<3 (-, yu;y0)=0
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The S.-property of A provides the strong convergence of (u,) in W'?(Q). As Lz, = u, is also
a supersolution of (5.4) Definition 5.2 yields

(Auy + Fz, (1), (0 —un)") + JQ]'?(., Un; (U= 1y)")dx + fagjg(.,yun;y(v —up) )do >0
(5.13)

for all v € K. Due to z, > u, > u and the monotonicity of f we get
0 < (Auy + F., (un), (v—un)") + f i s (0 —uy) ) dx + J iy yun Y (v = up)*)do
Q oQ

< (At + Fu(utn), (0 - un)") + f Rt (0= )+ Ibgjg(',run;y(v ~u)*)do
(5.14)

for all v € K, and since the mapping u — u* = max(u, 0) is continuous from W'#(Q) to itself
(cf. [29]), we can pass to the upper limit on the right-hand side for n — oo. This yields

(Au+F,(uw),(v-u)*) + fgj?(', w; (v —u))dx + fagjg(-, yu;y(v-u)")dx >0, Voek,
(5.15)

which shows that u is a supersolution of (5.1), that is, u € H. As u is an upper bound of
L(H), we can apply Lemma 5.3, which yields the existence of the greatest fixed point u* of
L in H. This implies that u* must be the the greatest solution of (5.1) in [u, u]. By analogous
reasoning, one shows the existence of the smallest solution u, of (5.1). This completes the
proof of the theorem. O

Remark 5.5. Sub- and supersolutions of problem (5.1) have been constructed in [32] under
the conditions (A1')-(A3'), (j1)-(j2) and (F2)(i)—-(F2)(iii), where the gradient dependence of
f has been dropped, meaning that f (x, r,s) := f(x,7,s,¢). Further, itis assumed that A = A,
which is the negative p-Laplacian defined by

ou ou
—di p-2 = ( == —_
Apu d1v<|Vu| Vu) where Vu <ax1’”" 6xN>‘ (5.16)
The coefficients a;, i = 1,..., N are given by
ai(x,5,8) = {2 (5.17)

Thus, hypothesis (A1) is satisfied with ko = 0 and ¢y = 1. Hypothesis (A2’) is a consequence
of the inequalities from the vector-valued function ¢ — [¢[P72¢ (see [7, page 37]), and (A3')
is satisfied with ¢; = 1 and k; = 0. The construction is done by using solutions of simple
auxiliary elliptic boundary value problems and the eigenfunction of the p-Laplacian which
belongs to its first eigenvalue.
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