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1. Introduction

Throughout this paper, we always assume that H is a real Hilbert space with norm and inner
product denoted by ||-|| and (-, ), respectively. 2/ denotes the family of all the nonempty
subsets of H.

Let A: H — H be a single-valued nonlinear mapping and M : H — 2 be a set-
valued mapping. We consider the following variational inclusion, which is to find a point
u € H such that

0 € A(u) + M(u), (1.1)

where 0 is the zero vector in H. The set of solutions of problem (1.1) is denoted by I(A, M). If
H = R™, then problem (1.1) becomes the generalized equation introduced by Robinson [1]. If
A =0, then problem (1.1) becomes the inclusion problem introduced by Rockafellar [2]. It is
known that (1.1) provides a convenient framework for the unified study of optimal solutions
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in many optimization-related areas including mathematical programming, complementarity;,
variational inequalities, optimal control, mathematical economics, equilibria, game theory,
and so forth. Also various types of variational inclusions problems have been extended and
generalized, for more details, please see [3-20] and the references therein.

There are many algorithms for solving variational inclusions (see [3, 5, 7, 8, 10-13,
16-20] and the references therein). We note that recently Zhang et al. [20] introduced the
following new iterative scheme for finding a common element of the set of solutions to the
problem (1.1) and the set of fixed points of nonexpansive mappings in Hilbert spaces. Starting
with an arbitrary point x; = x € H, define sequences {x,} by

X1 = AnX + (1= ) Sy,

(1.2)
Yn = Ima (xn - ~quxn)r Vn >0,
where Jary = (I + AM) ™" is the resolvent operator associated with M and a positive number
A, {a,} is a sequence in the interval [0, 1].
Let F be a bifunction from C x C to R, where R is the set of real numbers. The
equilibrium problem for F : C x C — Ris to find x € C such that

F(x,y) >0, VyeC. (1.3)

The set of solutions of (1.3) is denoted by EP(F). The problem (1.3) is very general in
the sense that it includes, as special cases, optimization problems, variational inequalities,
minimax problems, Nash equilibrium problem in noncooperative games, and others; for
more details (see [21]).

Recall that a mapping S of a closed convex subset C into itself is nonexpansive if there
holds that

[Sx =Syl <llx-yl, vxyeC (1.4)
A mapping f : C — C is called contractive if there exists a constant a € (0,1) such that

Ifx—fyl <alx-yl, ¥xyeC. (15)

We denote the set of fixed points of S by Fix(S). It is known that Fix(S) is closed
convex, but possibly empty. There are some methods for approximation of fixed points of
a nonexpansive mapping. In 2000, Moudafi [22] introduced the viscosity approximation
method for nonexpansive mappings.

Some methods have been proposed to solve the equilibrium problem; see, for instance,
[23-30] and the references therein. Recently, S. Takahashi and W. Takahashi [23] introduced
the following Mann iterative scheme by the viscosity approximation method for finding a
common element of the set of solutions of problem (1.3) and the set of fixed points of a
nonexpansive mapping in a Hilbert space. Starting with an arbitrary point x; € H, define
sequences {x,} and {u,} by

1
F(u,,v)+ —{y—-u,, u, —x,) >0, YyecC,
(un,y) + —{y ) y L6)

Xn+l = anf(xn) + (1 - txn)Sun, Vn € N.
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They proved that under certain appropriate conditions imposed on {a,} and {r,}, the
sequences {x,} and {u,} generated by (1.6) converge strongly to z € F(S) N EP(F), where
z = Prixs)ner(F) f (2)-

The purpose of this paper is twofold. On one hand, it is easy to see that the authors
in [28-32] introduced some algorithms for finding a common element of the set of solutions
of an equilibrium problem, the set of fixed points of a nonexpansive mapping and the set
of solutions of a variational inequality. It is natural to raise and to give an answer to the
following question: can one construct algorithms for finding a common element of the set of
solutions of an equilibrium problem, the set of fixed points of a nonexpansive mapping, and
the set of solutions of a variational inclusion? In other words, can we construct algorithms for
finding a solution of a mathematical model which consists of an equilibrium problem and a
variational inclusion if this mathematical model has a solution? In this paper, we will give a
positive answer to this question. By combining the algorithm (1.2) for a variational inclusion
problem and the algorithm (1.6) for an equilibrium problem, we introduce the following
iterative scheme by the viscosity approximation method for finding a common element of the
set of solutions of the variational inclusion with a set-valued maximal monotone mapping
and an inverse strongly monotone mapping, the set of solutions of equilibrium problem
and the set of fixed points of a nonexpansive mapping in a Hilbert space. Starting with an
arbitrary point x; € H, define sequences {x,}, {v,}, and {u,} by

F(un,y) + %(y—un, Uy —x,) 20, Vyec(C,

Xpsl = (an(xn) + (1 - an)Sym (1.7)

Yn =M (un - )LAun)/ Vn >0,
where {a,} C [0,1] and {r,} C (0, o).
On the other hand, we will show that the sequences {x,}, {v,}, and {u,} generated
by (1.7) converge strongly to z € F(S) N EP(F) N I(A, M) if the parameter sequences {a,}

and {r,} satisfy appropriate conditions. The results in this paper unify, extend, and improve
some corresponding results in [20, 23] and the references therein.

2. Preliminaries
In a real Hilbert space H, it is well known that

[lAx+ (1= Dy [I* = Al + (1= DIy P = 21 = D)l - y]? (2.1)

forall x,y € Hand A € [0,1].
For any x € H, there exists a unique nearest point in C, denoted by Pc(x), such that
llx = Pc(x)|| < ||x — y|| for all y € C. The mapping Pc is called the metric projection of H onto
C. We know that P is a nonexpansive mapping from H onto C. It is also known that Pcx € C
and
(x = Pc(x), Pe(x) —y) >0 (2.2)

forallx e Hand y € C.
It is easy to see that (2.2) is equivalent to

e =y 2 [lx = PeCol*+ ly = Pe(o (23)
forallx e Hand y € C.
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Recall that a mapping A : H — H is called a-inverse strongly monotone, if there
exists an a > 0 such that

(Ax - Ay, x—y) > al|Ax - Ay|]>, Vx,y € H. (2.4)

Let I be the identity mapping on H. It is well known thatif A : H — H is an a-
inverse strongly monotone, then A is (1/a)-Lipschitz continuous and monotone mapping. In
addition, if 0 < A < 2a, then I — A A is a nonexpansive mapping.

Let symbols — and — denote strong and weak convergence, respectively. It is known
that H satisfies the Opial condition [33], that is, for any sequence {x,} C H with x,, — x, the
inequality

liminf ||x, — x|| <liminf||x, - y|| (2.5)

holds for every y € H with x#v. A set-valued mapping M : H — 2H is called monotone
if forall x,y € H, f € Mx, and g € My imply (x -y, f — g) > 0. A monotone mapping
M : H — 2" is maximal if its graph G(M) = {(f,x) € Hx H | f € M(x)} of M is
not properly contained in the graph of any other monotone mapping. It is known that a
monotone mapping M is maximal if and only if for (x, f) € Hx H, (x -y, f - g) > 0 for
every (y,g) € G(M) implies f € Mx.

Let the set-valued mapping M : H — 2 be maximal monotone. We define the
resolvent operator Jj) associated with M and A as follows:

Tava(u) = (I+AM) " (u), ueH, (2.6)

where 1 is a positive number. It is worth mentioning that the resolvent operator Jr, is single-
valued, nonexpansive, and 1-inverse strongly monotone, (see, e.g., [34]), and that a solution
of problem (1.1) is a fixed point of the operator Ja,(I — LA) for all A > 0 (see, e.g., [35]).

For solving the equilibrium problem, let us assume that the bifunction F satisfies the
following conditions:

(Al) F(x,x) =0forallx € C;
(A2) F is monotone, that is, F(x, y) + F(y,x) <0 for any x,y € C;
(A3) foreach x,y,z€ C,

ltigll-"(tz +(1-tx,y) <F(x,y), (2.7)

(A4) for each x € C, y — F(x,y) is convex and lower semicontinuous.
We recall some lemmas which will be needed in the rest of this paper.

Lemma 2.1 (see [21]). Let C be a nonempty closed convex subset of H, let F be a bifunction from
C x C to R satisfying (A1)-(A4). Let r > 0 and x € H. Then, there exists z € C such that

F(z,y)+%(y—z,z—x>20, Vy eC. (2.8)
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Lemma 2.2 (see [23, 24]). Let C be a nonempty closed convex subset of H, let F be a bifunction from
C x C to R satisfying (A1)-(A4). For r > 0 and x € H, define a mapping T, : H — C as follows:

Tr(x):{zeC:F(z,y)+%(y—z,z—x)ZO,VyGC} (2.9)

forall x € H. Then, the following statements hold

(1) T, is single-valued;
(2) T, is firmly nonexpansive, that is, for any x,y € H

1T (x) = T, () | < (T (x) = To(y), x - ), (2.10)

() F(T;) = EP(F);
(4) EP(F) is closed and convex.

Lemma 2.3 (see [34]). Let M : H — 2! be a maximal monotone mapping and A : H — H be
a Lipschitz continuous mapping. Then the mapping S = M + A : H — 2H is a maximal monotone

mapping.
Remark 2.4. Lemma 2.3 implies that I(A, M) is closed and convex if M : H — 2H is a

maximal monotone mapping and A : H — H be an inverse strongly monotone mapping.

Lemma 2.5 (see [36, 37]). Assume that {a,} is a sequence of nonnegative real numbers such that
ani1 < (1= yn)an + 6n, (2.11)

where y, is a sequence in (0,1) and {6,} is a sequence such that

(1) ZYH = OO,

i 2.12)
i\ 1 On B
(ii) limsup Y_ <0 or Z|6n| < oo.

n—oo n=1

Then, lim,, _, xax,, = 0.

3. Strong convergence theorem

In this section, we establish a strong convergence theorem which solves the problem of
finding a common element of the set of solutions of variational inclusion, the set of solutions
of an equilibrium problem and the set of fixed points of a nonexpansive mapping in Hilbert
space.

Theorem 3.1. Let C be a nonempty closed convex subset of H. Let F be a bifunction from C x C to
R satisfying (A1)—(A4) and let S be a nonexpansive mapping of C into H. Let A : H — H be an
a-inverse strongly monotone mapping, M : H — 2H be a maximal monotone mapping such that
Q =Fix(S)NEP(F)NI(A, M) #@,and let f : H — H be a contraction mapping with a constant
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¢ € (0,1). Let x1 be an arbitrary point in H, {x,}, {u,}, and {y,} be sequences generated by
algorithm (1.7). If {a,} C [0,1] and {r,} C (0, o0) satisfy the following conditions:

[e'e] [ee]
lim a,, =0, Zcxn = oo, Z|cxn+1 - ay| < oo,
n=1 n=1

n—oo

(3.1)

0

liﬂi;\frn >0, §|7n+1_rn| < co.

Then, {xn}, {yn}, and {u,} converge strongly to z € Q, where z = Po f (z).
Proof. We show that Pq f is a contraction mapping. In fact, we have

[Paf(x) = Paf ()| < || f(x) = F)| < éllx -yl (3.2)

for any x,y € H. Since H is complete, there exists a unique element z € H such that z =
Pof(z). Let v € Q. Then, from u, = T,,x,, we have

|lwn = o|| = | T, 20 = Tr,0|| < |20 — ||, (3.3)

for all n € N. It is easy to see that v = Jy) (v — AAv). As I — LA is nonexpansive, we have

lyn = oll = 1 Ta02 (un = AAwn) = Jag (v = A AD) |
< || (un — LAwy,) — (v - LAD) ||

(3.4)
< Jlu, -]
< [|xn =],
for all n € N. It follows from (1.7) and (3.4) that
l[xne1 = || = [lanf (xn) + (1= an) Syn - 2|
= [lan(f (xn) = 0) + (1 - an) (Syn - 0) |
< anl| f (xn) = 0[] + (1 - @) [|Syn - o]
< an([lf(xn) = f@I + || f (@) = o]} + (1= an) lyn =]
< and||xn = 0| + @[ f(©) - ]| + (1 - &) [| 20 - 0
(3.5)

[L- 1= O] - ol 4 a1 - D5 £ @) -]

IN

1
max { |xn = 2||; m"f(v) - U”}

1
el -ol]

gmax{”xl -
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forall n > 1. This implies that {x,} is bounded. From which it follows that {u,}, {y.}, { f(xn)},
{Syx}, and {Au,} are also bounded. Next, we show that lim,, _, o ||x+1 — x| = 0. In fact, since
I - LA is nonexpansive, we have

”yn+1 - yn” = ”]M,A (un+l - J\Aun+1) - ]M,)L(un - /\Aun) ”
< ”un+1 - My — (un - )tAun) ” (3.6)
< "un+1 - un”'
It follows from (1.7) and (3.6) that
et — il = o o) + (1= 20) S~ s f ) — (1~ 1)y

= [|etnf (2xn) = anf (xn-1) + tn f (n-1) = @ f (2n1)
+ (1= an)Syn = (1= an)Syn1 + (1= ) Syn1 = (1= atp1) Sy |

(3.7)
< @ = 5t | + Kot = | + (1= ) S = Sy
< and|xn = xna || + Klan = ana| + (1= an) [y = yna |
< anéllxn - xn—l” + Klan - an—ll + (1 - an) ”un — Up-1{|,
where K = sup{||f (xn)[| + |Synll,n = 1}.
On the other hand, from u, = T, x, and 1,1 = T;,,, Xn11, We have
F(un,y)+rl<y—un, Uy —x,) >0 VyecC, (3.8)
n
1
F(uns1,y) + ﬁ(y ~ Uns1, Uns1 = Xns1) 20 Yy €C. (3.9)
n+
Putting v = 1,4 in (3.8) and y = u, in (3.9), we have
1
F(”nl un+1) + r_<un+1 — Un, Un — xn> >0,
1 " (3.10)
F(un+1/ un) + _<un — Un+1, Un+1 — xn+1> > 0.
Tn+l
It follows from the monotonicity of F that
<un+1 —u, Un = Xn  Up+l — xn+1> > 0. (3.11)
n Tn+l
Thus,
’
<un+1 —Up, Uy — Up+1 + Upsl — X — - (un+1 - xn+1)> > 0. (3.12)
Tn+l

Without loss of generality, let us assume that there exists a real number b such that r, > b > 0
for all n € N. Then, we have

||un+1 - un”2 < <un+1 —Un, Xps1 — Xp + <1 -~ I )(urﬁ—l - xn+1)>

Tn+1
s = ]}

(3.13)
1-In

< e =l { s =] +
Tn+l
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It follows that

1
”un+1 - un” < ||xn+1 - xn” + r_|rn+1 - rnlllunﬂ - xn+1"
i (3.14)

L
< ||xn+1 - xn” + Elrn+l —Tnl,
where L = sup{||lu, — x,|| : n € N}. From (3.7) and (3.14), we have

L
||xn+l - xn” < “né”xn - xn—l” + Klan - an—ll + (]— - an)”xn - xn—l” + (1 - an>_|rn - rn—1|
b

L
< (1 - an(l _é))”xn _xn—1|| + Klan - an—ll + E|rn - Tn—ll'

(3.15)
It follows from Lemma 2.5 that
nlim |1 = xu| = 0. (3.16)
From (3.14) and |r,,s1 — 1| — 0, we have
Tim |11 = 14 || = 0. (3.17)
It follows from (3.6) that
Tim [|yne1 = yn| = 0. (3.18)
Since x,, = a1 f (xp-1) + (1 — p—1) Syu-1, we have
Xn — Syul||l < ||xn = Syl + ||SYn-1 — Syn
0= Syl < I = S| + 1531 = S| o)
< || f(n-1) = Sy |l + |y = yal-
It follows from a,, — 0 that ||x, — Sy,|| — 0.
Now we prove that for any given v € Q,
| A, — Av|| — 0. (3.20)
In fact, for v € Q, we have
l[tn = 0| = |T5, %0 = T, 0|
<(Ty,xn =T, 0, X, — V)
(3.21)

= (Up — v, X, — V)
1
= 5 (lun =" + [l = 2" = flaw = wa|*),
and hence,

[ o P (622)
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It follows from (1.7), (3.4), and (3.22) that
%01 = 2| = ||atnf (xn) + (1 = @) Syw — ||
< | f (xa) = 0"+ (1= @) [|Sya - oI
< | f (xa) = 1” + (1~ @) [y~ o] (3.23)
<t £ () = ol + (1= @) [0 = 0l = [|0 = 0]
< | f (en) = 0> + [ = * = (1= ) || 20 — 100 ”
Thus, we have
(1= @) 0 = tall* < L () = 0]+ 16 = 0] = [1001 o] -
< anllf (o) = 0l + [0 = et | ([0 = o] + st = 0]

Since a,, — 0, ||x, — x11]] — 0, and {x,} is bounded, we have ||x, — u,|| — 0. From |ju, —
X |l < [un = xnll + 260 = xXnaall, we get ||ty — xpsa|| — 0.

Equation (3.23), the nonexpansiveness of J1), and the inverse strongly monotonicity
of A imply that

1201 = 0||* < @ull £ (xn) = 0]|* + (1= @) |y = ||
< ay||f (xn) =)+ (1= an) |4 = VAt - (0 - L AD) || 525
3.25
S @l f () = 0l* + (1= @) {1 = 0" + A(4 - 20) || Ant, - Av|}
< @l f (x) = 0l|* + = 0||* + (1 - @) A (A - 20) || Aw, - Av|”.
Thus, we have

(1= @) A(A - 2a) || Au, ~ Ao||* < | f () = 2| + ([l = 2||" = [lawss = 2]

<ay||f (xn) =0l + (1t = xar[]) (1t = 0| + |21 = 2]
(3.26)

Since a;, — 0, ||y — xp1ll — 0, {u,} and {x,} are bounded, we have
|Aw, — Av|| — 0. (3.27)
Next, we show that ||Sy, — y,|| — 0.Indeed, for any v € Q,

v = o117 = Taa (1n = XAwL) = T (v - A AD) ||
< (uy — MAu, - (v - LAv), y, - v)

1
= 5{IIun—iAun—(v—lAv)||2+||yn—v||2—||un—)~Aun—(v—lAv)—(yn—v)||2}
1 2 2 2
< 5 {lwn = 0lI" + llyn = 21" = [[1n = yn = A (Autn = A0) ||}
1 2 2 2 2 2
= =l =01 s~ P +20 (16,3, At A0y~ Ay~ A,

(3.28)
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Thus, we have

Ny = 2|° < Nlttn = 2||* = ||ttn = yu||” + 20 (2t = Y, Atty — AV = 22| Auty — A0|>. (3.29)
As the function ||-||? is convex, by (3.29) and (3.23), we have

2 2
l2n1 = 0| < @l £ (n) = ][> + (1= @) [lyn = ©|
< a | f (2en) ="+ (1 - )

x| ||un — v||2 = ||n - yn”z + 201y — Y, Au, — Av) - A2||Aun - Av||2}.
(3.30)

Thus, we get
(1= an) ||t = yul|” < @ £ () =o1” + ([l = 0] = [|0001 = 0[|")
+2(1 = &) Mty = Y, Atk — AD) = (1 - 2,) 12| Aut,, — Av||®
< an | £ (xn) =0l + (ffn =2t [|) (200 = 0[] = 01 = [])

+2(1 - an) Muy — yn, Auy — Av) — (1 - a,) V|| Aty — Av||2.

(3.31)

Since a, — 0, ||Au, — Av|| — 0, and |lu, — xp41]| — 0, we have |ju, — y,|| — 0. From the

triangle inequality ||x, — yull = llxn — tn|| + ||n — yull, we deduce that ||x, — y,|| — 0. It then

follows from the inequality [|Sy, — yall < [|SYn—Xull + |20 — ttn ||+ |1n — vl that ||Sy, —yall — 0.
Next, we show that

limsup(f(z) -z, x, —z) <0, (3.32)

n— oo

where z = Pg f(z). To show this inequality, we choose a subsequence {x,,} of {x,} such that

nliinoo<f(z) -z, Xp, — z) = limsup(f(z) — z, x, — z). (3.33)

n—oo

Since {uy,} is bounded, there exists a subsequence {uy,} of {u,} which converges
weakly to w. Without loss of generality, we can assume that {u,,} — w. From ||u,, — y,|| — 0,
we also obtain that y,, — w. Since {u,,} C C and C is closed and convex, we obtain w € C.

Let us show w € EP(F). By u, = T;,x,, we have

F(un,y) + rl(y —Up, Uy —Xx,) 20, YyeC. (3.34)
From (A2), we also have
1
r—(y — Un, Uy — Xn) > F(y, ), (3.35)

and hence,

<y — Uy, un,-r— Xn, > > F(y, up,). (3.36)

ni
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Since (Un, — Xp,)/1m, — 0and u,, — w, from (A4), we have
F(y,w)<0, VyeC. (3.37)

FortwithO<t<landy€C, lety; =ty + (1 -t)w. Since, y € C and w € C, we obtain y; € C
and hence, F(y;, w) < 0. So we have

0="F(yr,yt) <tF(yny) + (1-t)F(yr,w) <tF(y1,y). (3.38)
Dividing by t, we get
F(y:,y) 2 0. (3.39)
Letting t — 0 and from (A3), we get
F(w,y) >0 (3.40)
for all y € C and hence w € EP(F).
We next show that w € Fix(S). Assume w ¢ Fix(S). Since y,, — w and w # Sw, from
the Opial theorem [33] we have
limin ||y, - o]| < limin [y, - Seo]
<timinf {[|yn = Syu || + [|Syn - Sw|l} (3:41)
< limin [y, ~ ]|
This is a contradiction. So, we get w € Fix(S).
We now show that w € I(A, M). In fact, since A is an a-inverse strongly monotone,
A is an (1/a)-Lipschitz continuous monotone mapping and D(A) = H. It follows from

Lemma 2.3 that M + A is maximal monotone. Let (p, g) € G(M + A), thatis, g — Ap € M(p).
Again since v, = Jpm (Un, — LAuy,,), we have u,, — NAuy, € (I + AM)(yy,), that is,

%(uni = Yn; — LAuy,) € M(Y,). (3.42)
By virtue of the maximal monotonicity of M + A, we have
1
<P ~Yns & = Ap = 7 (thn; = Y — AAun,»)> 20, (3.43)

and so
1
(P =n, &) 2 (P =Yn, AP+ 5 (i = Y = VAuy,)
= <p = Yni, AP — AYn, + Ay, — Ally, + %(uni - yni)> (3.44)

1
20+ <p = Ynis Ayni _Au"i> + <P = Ynis X(uni - yni)>’
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It follows from |lu, — yu|| — 0, ||[Au, — Ay,|| — 0and y,, — w that

lim (p -y, g) = (p-w, g) 20. (3.45)

n; — oo

It follows from the maximal monotonicity of A+ M that 0 € (M+A)(w), thatis, w € I(A, M).
This implies that w € Q.
Since z = Pof(z), we have

limsup(f(z) — z,x, — z) = lim (f(z) -z, xp, — 2)

n—oo

 lim (£(2) 2, 1 - 2) (346
=(f(z) -z, w-2z)<0.
From x,41 — 2z = a,(f (x4) — 2) + (1 — a,,) (Sy» — 2) and (3.4), we have
v =21 = (@0 (7 Cx0) =) + (1~ ) (S~ 2), 1)
< () F(2) 512+ ()2, =2+ (1= ) | S = 21— ]
< and|xn = zl| | xner = 2[| + @n(f (2) = 2, 21 = 2) + (1= aw) [lyn = 2| | 2001 = 2|
< st {1~ 2l + [ ~ 2} + @ (2) -~ 2,50~ 2)
1
5 (U=an) {[lyn =2l + s — 2]}
< patnd (= 2P+ st~ 2} + @£ (2) 2 51~ 2)

1
45 (=) {fla = 2|+ [loenr - 2]}

< 3 (U= an(1=8) oen = 2P+ 3w = =[P+ @l (2) - 2,000 - 2)
(3.47)

It follows that
[E z||2 <(A-an(1-¢))|xn— z||2 +2a,(f (2) = 2, Xp1 — 2). (3.48)

Lemma 2.5 implies that x, — z = Pof(z). Since ||x, — u,|| — 0and |y, — u,|| — O,
we also obtain that u,, — zand y, — z. The proof is now complete. O

By Theorem 3.1, we can obtain some new and interesting results as follows: let
VI(C, A) denote the solution set of the following variational inequality: finding u € C such
that

(A(u),v-u) >0, YveC, (3.49)

where C is a closed convex subset of H.
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Theorem 3.2. Let C be a nonempty closed convex subset of H. Let F be a bifunction from C x C to
R satisfying (A1)-(A4) and let S be a nonexpansive mapping of C into H. Let A : C — H be an a-
inverse strongly monotone mapping such that I = Fix(S) N EF(F) N VI(C, A) # @, where VI(C, A)
is the set of solutions of problem (3.49). Let f : H — H be a contraction mapping with a constant
¢ €(0,1) and x1 be an arbitrary point in H. Let {x,}, {u,}, and {y,} be sequences generated by

F(un, y) + rl(y —Un, Uy —x,) 20, VyeC,
X1 = Onf (Xn) + (1 — ) Sy, (3.50)

Yn = Pc(uy — LMAuy,)
forallme N.If A € (0,2a], {a,} C [0,1], and {r,} C (0, o) satisfy the following conditions:

o0 [ee]
lima, =0, Zanref = oo, Z|an+1 —ay| < oo,
n— oo
n=1 n=1
(3.51)
[ee]
liminfr, >0, Z'T’”l — 1| < c0.

Then, {xn}, {yn}, and {u,} converge strongly to z € I' where z = Pr f(z).

Proof. In Theorem 3.1 take M = 06¢ : H — 2H where 6c : H — [0, 0] is the indicator
function of C, that is,

0, x€eC,
6c(x) = { (3.52)

+o00, v¢C.

Then, the problem (1.1) is equivalent to problem (3.49). Again, since M = 08¢, then Ja ) = Pc,
so we have

Yn = Pc(uy — AAuy). (3.53)
The conclusion of Theorem 3.2 can be obtained from Theorem 3.1 immediately. O
Theorem 3.3. Let C be a nonempty closed convex subset of H. Let F be a bifunction from C x C to
R satisfying (A1)—(A4) and let S be a nonexpansive mapping of C into H, Let A : H — H be an
a-inverse strongly monotone mapping, M : H — 2H be a maximal monotone mapping such that

Q =Fix(S)NEP(F) NI(A, M) # . Let x1 = x be an arbitrary point in H and let {x,}, {u,}, and
{yn) be sequences generated by

F(un,y) + %(y— U, U —Xn) >0, VyeC,
X1 = 0nX + (1= ay) Sy, (3.54)

Yn = ]M,/\ (un - )‘Aun)
forall n>1, where {a,} C [0,1] and {r,} C (0, 00) satisfy the following conditions:

[e'e] [e/e]
lim a,, =0, Zan = oo, Z|zxn+1 - ay| < oo,
n=e n=1 n=1 3.55
- (3.55)
hﬂg}frn >0, r§|rn+1—rn| < 0.

Then, {x,}, {ya}, and {u,} converge strongly to z € Q where z = Pox.



14 Journal of Inequalities and Applications

Proof. Putting f(y) = x, for all y € H in Theorem 3.1. Then, f(x,) = x for all n > 1. By
Theorem 3.1, we obtained the desired result. O

Remark 3.4. Putting A = 0 in Theorem 3.2, then y,, = u,. By Theorem 3.2, we recover [23,
Theorem 3.1]. Putting C = H and F(x,y) = 0 for all x,y € H in Theorem 3.3, then u, =
Prix, = x,. By Theorem 3.3, we recover [20, Theorem 2.1]. Hence, Theorem 3.1 unifies and
extends the main results in [20, 23] and the references therein.
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