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1. Introduction and preliminaries

Let H be a real Hilbert space with norm ||-|| and inner product (:,-), C a nonempty closed
convex subset of H, and A a monotone operator of C into H. The classical variational
inequality problem is formulated as finding a point x € C such that
(y—x,Ax) >0 (1.1)
for all y € C. Such a point x € C is called a solution of the variational inequality (1.1). Next,
the set of solutions of the variational inequality (1.1) is denoted by VI(C, A). In the case when
C = H, VI(H, A) = A7'0 holds, where
A0={xeH:Ax =0}. (1.2)

Recall that an operator A of C into H is said to be inverse strongly monotone if there
exists a positive real number a such that

(x -y, Ax - Ay) > a| Ax - Ay|]* (1.3)

for all x, y € C (see [1-4]). For such a case, A is said to be a-inverse strongly monotone.
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Recall that T : C — C is nonexpansive if
ITx =Tyl < llx -yl (1.4)

for all x, y € C. Itis known that if T is a nonexpansive mapping of C into itself, then A = (I-T)
is 1/2-inverse strongly monotone and F(T) = VI(C, A), where F(T) denotes the set of fixed
points of T.

Let Pc be the projection of H onto the convex subset C. It is known that projection
operator Pc is nonexpansive. It is also known that Pc satisfies

(x =y, Pex - Pey) > || Pex - Pey||, (1.5)

for x, y € H. Moreover, Pcx is characterized by the properties Pcx € C and (x—Pcx, Pcx-y) >
Oforally € C.

One can see that the variational inequality problem (1.1) is equivalent to some fixed-
point problem. The element x € C is a solution of the variational inequality (1.1) if and only
if x € C satisfies the relation x = Pc(x — LAx), where A > 0 is a constant.

To find a solution of the variational inequality for an inverse strongly monotone
operator, liduka et al. [2] proved the following weak convergence theorem.

Theorem ITT. Let C be a nonempty closed convex subset of a real Hilbert space H and let A be an
a-inverse strongly monotone operator of C into H with VI(C, A) # @. Let {x,} be a sequence defined
as follows:

x1=x€C,
(1.6)
Xns1 = Pc [‘xnxn + (1 - an)PC (xn - .)LnAxn)]

foralln =1,2,..., where Pc is the metric projection from H onto C, {a,} is a sequence in [-1,1],
and {1} is a sequence in [0,2a]. If {a,} and {A,,} are chosen so that a,, € [a,b] for some a, b with
-l<a<b<land X, € [c,d] for some c,d with 0 < ¢ < d < 2(1 + a)a, then the sequence {x,}
defined by (1.6) converges weakly to some element of VI(C, A).

Next, we assume that C is a nonempty closed and convex subset of a Banach space E.
Let E* be the dual space of E and let -, -) denote the pairing between E and E*. For q > 1, the
generalized duality mapping J, : E — 2E" is defined by

Jo@x) = {f € E*: {x, f) = IxI|%, I 1| = lIx]|"""} (1.7)

for all x € E. In particular, | = J, is called the normalized duality mapping. It is known that
Ja(x) = llglli2] (x) for all x € E. If E is a Hilbert space, then J = I. Further, we have the
following properties of the generalized duality mapping J,:

(1) J4(x) = lx||972 ]2 (x) for all x € E with x #0;

(2) J4(tx) = 971 ] (x) forall x € Eand t € [0, o0);

(3) J4(=x) = —J4(x) forall x € E.

LetU = {x € X : ||x|| = 1}. A Banach space E is said to be uniformly convex if, for any
€ € (0,2], there exists 6 > 0 such that, for any x,y € U,

lx -yl > e implies

%“ <1-6. (1.8)
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It is known that a uniformly convex Banach space is reflexive and strictly convex. A Banach
space E is said to be smooth if the limit
x +tyl| - ||x
oo eyl = x|

t—0 t

(1.9)

exists for all x,y € U. It is also said to be uniformly smooth if the limit (1.9) is attained
uniformly for x, y € U. The norm of E is said to be Fréchet differentiable if, for any x € U, the
limit (1.9) is attained uniformly for all y € U. The modulus of smoothness of E is defined by

1
p() =sup {5 (I +yll + Ix =yl -1 xy e X, Il =1 Iyl =7}, (110)

where p : [0,00) — [0, o) is a function. It is known that E is uniformly smooth if and only if
lim,_o(p(7)/T) = 0. Let g be a fixed real number with 1 < g < 2. A Banach space E is said to
be g-uniformly smooth if there exists a constant ¢ > 0 such that p(7) < ¢77 for all 7 > 0.

Note that

(1) E is a uniformly smooth Banach space if and only if J; is single-valued and
uniformly continuous on any bounded subset of E;

(2) all Hilbert spaces, L, (or I,) spaces (p > 2), and the Sobolev spaces, wh, (p>2),are
2-uniformly smooth, while L, (or [,) and wh, spaces (1 < p < 2) are p-uniformly smooth.

Recall that an operator A of C into E is said to be accretive if there exists j(x —y) €
J(x —y) such that

(Ax - Ay, j(x-y)) >0 (1.11)

forall x,y € C.
For a > 0, recall that an operator A of C into E is said to be a-inverse strongly accretive
if

(Ax - Ay, J(x - y)) > al Ax - Ay|? (1.12)

for all x, y € C. Evidently, the definition of the inverse strongly accretive operator is based on
that of the inverse strongly monotone operator.

Let D be a subset of C and let Q be a mapping of C into D. Then Q is said to be sunny
if

Q(Qx +t(x - Qx)) = Qx, (1.13)

whenever Qx + t(x — Qx) € C for x € C and t > 0. A mapping Q of C into itself is called a
retraction if Q% = Q. If a mapping Q of C into itself is a retraction, then Qz = z forall z € R(Q),
where R(Q) is the range of Q. A subset D of C is called a sunny nonexpansive retract of C if
there exists a sunny nonexpansive retraction from C onto D. We know the following lemma
concerning sunny nonexpansive retraction.

Lemma 1.1 (see [5]). Let C be a closed convex subset of a smooth Banach space E, let D be a
nonempty subset of C, and let Q be a retraction from C onto D. Then Q is sunny and nonexpansive if
and only if

(u—Pu, J(y - Pu)) <0 (1.14)

forallue Candy € D.
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Recently, Aoyama et al. [6] first considered the following generalized variational
inequality problem in a smooth Banach space. Let A be an accretive operator of C into E.
Find a point x € C such that

(Ax, J(y—x)) >0 (1.15)

for all y € C.In order to find a solution of the variational inequality (1.15), the authors proved
the following theorem in the framework of Banach spaces.

Theorem AIT. Let E be a uniformly convex and 2-uniformly smooth Banach space and C a nonempty
closed convex subset of E. Let Q¢ be a sunny nonexpansive retraction from E onto C, a > 0, and A
an a-inverse strongly accretive operator of C into E with S(C, A) # &, where

S(C,A)={x"eC:(Ax", J(x-x")) >0, x e C}. (1.16)

If {\,} and {ay} are chosen such that \,, € [a,a/K?] for some a > 0 and a,, € [b, c] for some b, c
with 0 < b < ¢ <1, then the sequence {x,} defined by the following manners:

x1=x€C,
(1.17)
Xn+1 = ApXy + (1 - an)QC (xn - A‘nAle)l

converges weakly to some element z of S(C, A), where K is the 2-uniformly smoothness constant of E.

In this paper, motivated by Aoyama et al. [6], liduka et al. [2], Takahahsi and
Toyoda [4], we introduce an iterative method to approximate a solution of variational
inequality (1.15) for an a-inverse strongly accretive operators. Strong convergence theorems
are obtained in the framework of Banach spaces under appropriate conditions on parameters.

We also need the following lemmas for proof of our main results.

Lemma 1.2 (see [7]). Let g be a given real number with 1 < q < 2 and let E be a g-uniformly smooth
Banach space. Then

[l + yll7 < llxll¥ + q(y, Jq(x)) + 2/ Ky || (1.18)
forall x,y € X, where K is the g-uniformly smoothness constant of E.

The following lemma is characterized by the set of solutions of variational inequality
(1.15) by using sunny nonexpansive retractions.

Lemma 1.3 (see [6]). Let C be a nonempty closed convex subset of a smooth Banach space E. Let
Qc be a sunny nonexpansive retraction from E onto C and let A be an accretive operator of C into E.
Then, for all A > 0,

S(C,A) = F(Q(I - \A)). (1.19)
Lemma 1.4 (see [8]). Let C be a nonempty bounded closed convex subset of a uniformly convex

Banach space E and let T be nonexpansive mapping of C into itself. If {x,} is a sequence of C such
that x,, — x weakly and x, — Tx,, — O, then x is a fixed point of T



Yan Hao 5

Lemma 1.5 (see [9]). Let {x,}, {I,} be bounded sequences in a Banach space E and let {a,} be a
sequence in [0, 1] which satisfies the following condition:

0 <liminfa, <limsupa, < 1. (1.20)
Suppose that
X1 = UnXn + (1= ay)ly (1.21)
foralln=0,1,3,...and
lim sup (||lns1 = In|| = ||%ne1 = 2xn||) < 0. (1.22)

Then lim,, ||, — x,|| = 0.

Lemma 1.6 (see[10]). Assume that {a,} is a sequence of nonnegative real numbers such that
an1 < (1= yn)an + 64 (1.23)
foralln=0,1,3,..., where {y,} is a sequence in (0,1) and {6,} is a sequence in R such that

(i) X0l ¥n =
(ii) imsup, . (6n/yn) <001 3520|6n| < o0.

Then lim,,_a, = 0.

2. Main results

Theorem 2.1. Let E be a uniformly convex and 2-uniformly smooth Banach space and C a nonempty
closed convex subset of E. Let Qc be a sunny nonexpansive retraction from E onto C, u € C
an arbitrarily fixed point, and A an a-inverse strongly accretive operator of C into E such that
S(C,A) # @. Let {a,,} and {p,} be two sequences in (0,1) and let {1,,} a real number sequence
in [a, a/K?] for some a > 0 satisfying the following conditions:
(i) Umy—goay =0and 37 ay = o0,
(ii) 0 < liminf, . f, < limsup, ,  fn <1;
(iii) limy o |Ans1 = An| = 0.

Then the sequence {x,} defined by

xg €C,

Yn = Puxn+ (1= Bn)Qc (I - 1nA)xy, (2.1)

Xp1 = @t + (1= an)yn, n20,

converges strongly to Q'u, where Q' is a sunny nonexpansive retraction of C onto S(C, A).
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Proof. First, we show that I — 1, A is nonexpansive for all n > 0. Indeed, for all x,y € C and

A, € [a,a/K?], from Lemma 1.2, one has

(I = 1uA)x = (I - A, A)y|* = || (x - y) - du(Ax - Ay) ||
<l =yl - 24 (Ax - Ay, J(x - y))

+2K?A% || Ax - Ay|?

< llx = ylI? = 2Anal Ax - Ayl

+2K?A2|| Ax - Ay|?

= |lx - y|I* + 2\, (KZAn -a)||Ax - Ay|?

2
<llx -yl

(2.2)

Therefore, one obtains that I-1, A is a nonexpansive mapping foralln > 0. Forallp € 5(C, A),
it follows from Lemma 1.3 that p = Qc(I — A, A)p. Put p, = Qc(I — A, A)x,. Noticing that

lon = pll = [|Qc (I = 4nA)xn = Qc (I - X, A)p||
<[ (T =20 A)xn = (1= L A)p|

7

<|lxn-p
one has
lyn =PIl = 180 Gen = p) + (1= Bu) (pn = P) |
< Bullxn = pll + (1= Bu) o= - Pl
< Pullxc = pll + (1= Bu) |0 = p|
= [|lxn - pll,
from which it follows that
[[xne1 = pll = llan( = p) + (1 - an) (yu = p)||
< aullu—pll+ (1-an)|[yn - pll
< ayllu—p|| + (1 - an)||xn = p|
< max {|lu-pll, [|x: - p|}-

Now, an induction yields

|xn = p|| < max {llu-pll, ||xo-p||}, n=>o0.

Hence, {x,} is bounded, and so is {y,}. On the other hand, one has

||Pn+1 - Pn” = ”QC (xn+1 - )ln+1Axn+l) -Qc (xn - /\nAxn) ”
< ” (xn+l - )Ln+1Axn+l) - (xn - -)tnAxn) ”

= ” (xn+1 - )ln+1Axn+l) - (xn - )Ln+1Axn) + ()Ln - /\n+1)Axn”

< Ntwer = all + s = 2o [ A

(2.3)

(2.4)

(2.5)

(2.6)

(2.7)



Yan Hao 7
Put I, = (xns1 = Puxn) /(1 = ), that is,

Xne1 = (1= Bu)ly + Puxn, n>0. (2.8)
Next, we compute l,,,1 — I,. Observing that

_ OpaUt (1 - an+l)yn+1 - ﬂn+1xn+1 B XU + (1 - “n)]/n - ﬂnxn

ln+1 - ln =
1-p, 1-p,
P p 2.9)
_ Fnn (u=yn1)  an(u=yn) + ot pr
1- ﬂn+1 1- ﬁn
we have
I = all € 25—l 1225 o=l + o =pull. (210
Combining (2.7) with (2.10), one obtains
(LS Oy
||ln+1 - ln” - ||xn+1 - xn” < ﬁ”u _y"+1l| + m”y" - u” + |)Ln+1 _)LnlnAxn”-
(2.11)
It follows that
limsup (||ln1 = In|| = ||xns1 = xa]|) <O0. (2.12)

n—aoo

Hence, from Lemma 1.5, we obtain lim,,_||l,, — x,,|| = 0. From (2.7) and the condition (ii), one
arrives at

&Erolo||xn+1 - x| =0. (2.13)
On the other hand, from (2.1), one has
X1 — X = 0y (U= 2xn) + (1= ) (1= Bn) (Pn — Xn), (2.14)
which combines with (2.13), and from the conditions (i), (ii), one sees that
r{ijgo||pn - x| =0. (2.15)

Next, we show that

limsup(u - Q'u, J (x, —Q'u)) <0. (2.16)

n—oo

To show (2.16), we choose a sequence {x,,} of {x,} that converges weakly to x such that

limsup(u - Q'u, J (x, - Q'u)) = 1Lm<u - Q'u, J(xi — Q'u)). (2.17)

n—oo
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Next, we prove that x € S(C, A). Since \, € [a,a/K?] for some a > 0, it follows that {\,,} is

bounded and so there exists a subsequence {/\n,-]. } of {4y, } which converges to \g € [a,a/K?].
We may assume, without loss of generality, that 1,, — 1¢. Since Q¢ is nonexpansive, it

follows from y,,, = Qc(xy, — Ay, Axy,) that

”Qc(xn,- - )‘OAx"i) - x"i” < ”Qc(xn,- - /\OAxni) _Pni” + ||Pn,~ - x"i”
< || (e = Mo Axy,) = (2n, = Ay Ax)) || + || o5 = 2 || (2.18)
< o= Aol [ A%l + o - 5]

It follows from (2.15) that
lim ||Qc (I — AoA)xy, — Xy, || = 0. (2.19)
1—00

From Lemma 1.4, we have x € F(Qc(I — ApA)). It follows from Lemma 1.3 that x € S(C, A).
Now, from (2.17) and Lemma 1.1, we have

limsup(u - Q'u, J (x, - Q'u)) = llim(u -Qu, J(xp, —Qu)) =(u—Q'u, J(x—Q'u)) <0.
(2.20)

From (2.1), we have

s = Qull” = (e = Q'tt, J (e = Qut)) + (1= ) (Y = Q'tt J (sr = Q')

1-a, , ,
5 (ly--Q ul]> + |xna - Qul®) (221

1_
2 (= @l + [ - Q).

< an<u - Qlu/](x’”l - Qlu)) +

<an(u—-Q'u, J (xp1 —Q'u)) +
It follows that
”xn+1 - Qlull2 < (1 - an) ”xn - Q,uHZ + 2an<u - Qlul ](xn+l - Q’u)>~ (222)

Applying Lemma 1.6 to (2.22), we can conclude the desired conclusion. This completes the
proof. O

As an application of Theorem 2.1, we have the following results in the framework of
Hilbert spaces.

Corollary 2.2. Let H be a Hilbert space and C a nonempty closed convex subset of H. Let Pc be
a metric projection from H onto C, u € C an arbitrarily fixed point, and A an a-inverse strongly
monotone operator of C into H such that VI(C, A) # @. Let {a,,} and { B, }be two sequences in (0,1)
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and let {X,} be a real number sequence in [a,2a] for some a > 0 satisfying the following conditions:

(i) imy—goay =0and 37 ay = 0,
(ii) 0 < liminf, .,,f, < limsup, . f, <1;

(iii) limy—eo|dns1 — Au| = 0.
Then the sequence {x,} defined by

X € C,
Yn = ﬂﬂxn + (1 - ﬂ‘rl)PC (I - )LnA)xm (2.23)

Xpi1 = gt + (1= an)yn, n20,

converges strongly to Pu.
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