Hindawi Publishing Corporation
Journal of Inequalities and Applications
Volume 2007, Article ID 78175, 10 pages
doi:10.1155/2007/78175

Research Article
Schur-Convexity of Two Types of One-Parameter
Mean Values in n Variables

Ning-Guo Zheng, Zhi-Hua Zhang, and Xiao-Ming Zhang
Received 10 July 2007; Revised 9 October 2007; Accepted 9 November 2007

Recommended by Simeon Reich

We establish Schur-convexities of two types of one-parameter mean values in # variables.
As applications, Schur-convexities of some well-known functions involving the complete
elementary symmetric functions are obtained.

Copyright © 2007 Ning-Guo Zheng et al. This is an open access article distributed under
the Creative Commons Attribution License, which permits unrestricted use, distribution,
and reproduction in any medium, provided the original work is properly cited.

1. Introduction

Throughout the paper, R denotes the set of real numbers and R, denotes the set of strictly
positive real numbers. Let n > 2, n € N, x = (x1,%2,...,%,) € R?, and x'/" = (x{",%)",...,

x/7), where r € R, r#0; let E,_; C R""! be the simplex

n—1
E,_.1 = {(ul,...,un_l) tu;>0(l<i<n-— 1),Zu,» < 1}, (1.1)

i=1

and let du = du,,...,du,_ be the differential of the volume in E,,_;.

The weighted arithmetic mean A(x,u) and the power mean M, (x,u) of order r with
respect to the numbers x1,x,,...,x, and the positive weights uy,us,...,u, with > :':lui =1
are defined, respectively, as A(x,u) = > I uix;, M,(x,u) = (Z?:luixf)l/r for r#0, and
Mo(x,u) =17 ,x". Foru=(1/n,1/n,...,1/n), we denote A(x,u) éA(x),M,(x,u) éM,(x).

The well-known logarithmic mean L(x,x,) of two positive numbers x; and x; is

X1 — X2
#) xl‘li‘ny
L(x1,x;) =1 Inx1 —Inx; (1.2)
X1 X1 = X3.
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As further generalization of L(x;,x;), Stolarsky [1] studied the one-parameter mean, that

is,
C 1/r
X{-H _x£+1
R E— T?é -1,0, x #x
<(r+1)(xl_x2) 5 y Uy A1 2>
X1 — X2
T 1. r=—1, x1#x,
Ly (x1,%) = { Inx —Inx (1.3)
1 (50 1/(x1—x2)
1 —
g F > r=0, x1#x,
2
LX15 X1 = X3.

Alzer [2, 3] obtained another form of one-parameter mean, that is,

- r+1 r+1
r xl — X
T rqé—l,O, xlzléxb
r+1 xj—x;
Inx; —Inx,
XXy ———————, =1, x1#x,
F, (x1,%2) = - X1 — X2 (1.4)
X1 — X2
lnx lnx > r= 03 -xlséx23
1— 2
L X1> X1 = X).

These two means can be written also as

Ly (x1,x2) =

Fr(x1,x) =

'(Ll (xru+2x(1 —u))rdu> 1/’, r+0,

P,

exp(flln(x1u+x2(l — u))du), r=0,
L 0 (15)

el
I (x§u+x§(l—u))l/rdu, r#0,
0

<

1
J xixd " du, r=0.
Lo

Correspondingly, Pittenger [4] and Pearce et al. [5] investigated the means above in n

variables, respectively,

L, (X) =

1/r

((n—mL (Axw)'dy) , o,

n—1

exp((n - 1)!JEnillnA(x,u)d‘u), r=20, (1.6)

Fr(x) = (T’l - 1)' M?’(X)u)d[*“

-1
where u, =1—- 3" u;.

Eny
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Expressions (1.3) and (1.4) can be also written by using 2-order determinants, that is,

( 1 1 x5t 1 x v
2 2
" > - 1>0) >
<r+1 L / D ox ) r# X1#%)
1 x 1 Inx,
5 r= _1) X :,éx 5
Li(x,x) =111 x / 1 Inx 1
1 xlnx 1 «x
exp 2 1 =1 , r=0, x;1#x,
1 x1lnx; 1 x
X15 X1 = X2,
) (1.7)
1 x5t x5
r r+1 , r#—1,0, x1#x2,
( 1 Xfrl ( ) X'{ 1 2
1 Inx 1 x
X1X2 , r=—1, x1#x,
F(x1,%) = 4 1 Inx 1 x
1 x 1 Inx
: : N r = 0, X1 %Xz,
1 x 1 Inx
X15 X1 = X3.

Utilizing higher-order generalized Vandermonde determinants, Xiao et al. [8, 7, 6, 9] gave
the analogous definitions of L,(x) and F,(x).

Obviously, L,(x) and F,(x) are symmetric with respect to x1,X2,...,%,, r — L.(x) and
r — F,(x) are continuous for any x € R”.

In [4, 5, 10, 11], the authors studied the Schur-convexities of L,(x,x,) and F,(x1,x2).
In this paper, we establish the Schur-convexities of two types of one-parameter mean
values L,(x) and F,(x) for several positive numbers. As applications, Schur-convexities of
some well-known functions involving the complete elementary symmetric functions are
obtained.

2. Some definitions and lemmas

The Schur-convex function was introduced by Schur [12] in 1923, and has many impor-
tant applications in analytic inequalities. The following definitions can be found in many
references such as [12-17].

Definition 2.1. For u = (u1,u,...,uUpn), V= (V1,2,...,v,) € R", without loss of general-
ity, it is assumed that u; > uy > - -+ >y, and v; = v, = - - - = v,,. Then u is said to be
majorized by v (in symbols u < v) % <>k vifork=1,2,...,n—land X" u; =

Z?:ﬂ’i-

Definition 2.2. Let Q C R". A function ¢ : Q — R is said to be a Schur-convex (Schur-
concave) function if u < v implies g(u) < (= )p(v).
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Every Schur-convex function is a symmetric function [18]. But it is not hard to see that
not every symmetric function can be a Schur-convex function [15, page 258]. However,
we have the following so-called Schur condition.

LemMA 2.3 [12, page 57]. Suppose that QO C R" is symmetric with respect to permutations
and convexset, and has a nonempty interior set Q°. Let ¢ : Q — R be continuous on Q and
continuously differentiable in Q°. Then, ¢ is a Schur-convex (Schur-concave) function if and
only if it is symmetric and if

0 0
(m—m%i}gz>asm (2.1)

holds for any u = (uy,ua,...,u,) € Q°.

LemMMA 24. Letm=1,n=2,mneN, ACR", QCR", ¢: AXQ— R, ¢(v,x) be con-
tinuous with respect tov € A for any x € Q. Let A be a set of all v € A such that the function
X — ¢(v,x) is a Schur-convex (Schur-concave) function. Then A is a closed set of A.

Proof. Let [ > 1,1 e N, vie A, vo € A, vi—vy if |- + co. According to Definition 2.2,
¢(v,y) = (<)¢(vi,z) holds for any y,z € Q andy > z. Let [ + oo, then we have ¢(vy,y) =
(<)¢(vo,z). Hence vy € A, so A is a closed set of A. O
3. Main results

TaEOREM 3.1. Given r € R, L,(x) is Schur-convex ifr = 1 and Schur-concave if r < 1.

Proof. Denote U = (up,uy,Us,...,Up).
If #0, owing to the symmetry of L,(x) with respect to x1,x2,...,X,, we have

g0 | (Aw)du= | (AE) d (3.
Therefore,
ggr . j u (AGow) du=r j (A1) du,
X1 E, En
. (3.2)
B[ (Ao du=r [ (AGow)
X2 E, En
It follows that
9 _ 98 -l )"
aIaM_J;ulmmw)-4wa>]w,
; ; n-1 (3.3)
B %[ (@) - (Aw)

By combining (3.3) with (3.2), we have

og, 0g r . L
ox,  ox, 2 JEM (uy — ua) [(A(x,u)) - (A(x1)) l]dy. (3.4)
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By Lagrange’s mean value theorem, we find that

n r—2
(Axw) ™ = (AE)) ™ = (r = D) (xu + X — xou; — x1u2) (f+ Zuixi)
i=3

o (3.5)
= (r—1)(u —uz) (x1 — x2) (f+zuixi> ,
i=3
where & is between x,u; + x2u; and xou; + X us.
From (3.4) and (3.5), we have
B Bg,_agr _r(r—1) 2
(x1 —x2) (ax1 ax2> = (x1 = x2)"8,(x), (3.6)
where
n r—2
S (x) = J (ug — uz)z <E+ zuix,) du > 0. (3.7)
En-a i=3

Hence, for r#0, we get

(x1 —XZ) (aL, aLr) =(n- l)!'%'(Lr)lir'(M —X2) (agr - agr)
(3.8)

ox a 0x; ox;  0xy

= (=D (L) (- ) S0

From Lemma 2.3, it is clear that L, is Schur-convex for r > 1 and Schur-concave for r < 1
and r+#0.

According to Lemma 2.4 and the continuity of r — L.(x), let r¥—0,1—, or 1+ in L,(x),
we know that Ly(x) is a Schur-concave function, and L;(x) is both a Schur-concave func-
tion and a Schur-convex function. O

THEOREM 3.2. Given r € R, F,(x) is Schur-convex if r = 1 and Schur-concave if r < 1.

Proof. Denote U = (ua,u1,Us3,...,Uy,). For r#0,

Fr(X) - (1’1 N 1)!JE Mr(X,u)d/,t = (Tl - 1)!JE Mr(X,lNl)d‘M, (3.9)
1-r
oF, i - .
o (n— 1)!LH Xy (M (xw) ' dp = (n— l)lL}H M1|: E: u) iy
(3.10)
1-r
oF, B 1y M, (x, 1
ox, (n— 1)!‘[&171 XV (M (x,8)) ' dp = (n - 1)!JEH?1 ul[ 5;( u)] dp.
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Combination of (3.10) with (3.11) yields

1-r 1-r
oF, OF, _ M, (x,u) M, (x,1)
S S |l B B I U

By using the mean value theorem, we find

Mxw] " [MEH)]
X1 a X

(1-r)/r (1-r)/r
r n r r n r

Urx, + i—3 UiX; Uux; + i—3 UiX;
< . 2 Zl 3% z) < . 1 Zz 3 Ui 1)

T r
X x5
n n
L—r (uxh+ Y swx)  uax]+ 275 ux! (1=20)/r (3.13)
= - — - (u1 + 61)
r X} x5
2 n 2 n
_lor Xy A3 s wiX] — Xy — XD s UiX] (uy +0,) 02"

r x1x5
1-2
=1 -r)(xy—x1)(uy +01)( r)/rT(x,u;Gz),
where 0, is between (uyx} + > 15 uix])/x} and (upx] + .15 uix!)/x5, 0, is between x; and

x,and T(x,u;0,) = 2uz05 '+ 05 S5 ] )/x} x5 = 0.
From (3.12) and (3.13), we have

oF, 0F,
8x1 aX2

(xl —xz)(
(3.14)
=(r—1)(x —xz)z(n - 1)!J u1 (uy +91)(172r)/rT(x,u;92)d‘u.

En

It follows that F, is Schur-convex for r > 1 and Schur-concave for r < 1 and r#0 by
Lemma 2.3.

According to Lemma 2.4 and the continuity of r — F,(x), let r—0,1—, or 1+ in F,(x).
We know that Fy(x) is a Schur-concave function, and F; (x) is both a Schur-concave func-
tion and a Schur-convex function. O

THEOREM 3.3. L, (x") and F,(x"") are Schur-concave functions if r > 1, and Schur-convex
functions if r < 1 and r+0.
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Proof. We can easily obtain that

1/r
L (x7) = [(n -1 Ml/r(x,u)d,u] = F}/l (%),
En—l

(3.15)
1/r
F) = -1t [AGow)] di =1, ()
oL, (x'") oL, (x")\ 1 OF,(x)  OFir(X)\ _a-ryr
("1_"2)< x| on >_r(x1_X2)( o )'FW (x),
oF, (xV")  OF,(x' oLy, oLy, -
o (P2 - D) == (2 - 240 o
(3.16)

From Theorems 3.1 and 3.2, we know that both L/,(x) and Fy/,(x) are Schur-concave
functions if r = 1 and Schur-convex functions if 0 <7 <1 or < 0. According to Lemma 2.3
and (3.16), the required result of Theorem 3.3 is proved. O
4. Applications

As applications of the theorems above, we have the following corollaries.

CoROLLARY 4.1 (See [19, Theorem 3.1] and [12, page 82]). Forr =1, r € N, the complete
elementary symmetric function

_ i, 0 i
Cr(x) = z X1 Xy 5o X (4.1)
ij iyt tip=r,
i15...,in =0 areintegers

is Schur-convex.
Proof. Ifr = 1, r € N, then (see [20, page 164])

C(x) = (” B 1”) L (). (4.2)

,
By Theorem 3.1 and Lemma 2.3, it is easy to see that L’ (x) is a Schur-convex function.
Therefore, C,(x) is a Schur-convex function. O

CoROLLARY 4.2. The complete symmetric function of the first degree:

D= Y (sakx)” (4.3)

iy +ipt+e - +iy=r,
i15...,in =0 areintegers

(see [6, Theorem 5] and [9]), is Schur-concave for r = 1, r € N.
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Proof. Ifr = 1, r € N, then we have (see [6, Theorem 5])

n—1+r
D/(x) = ( k ) Fuyr (). (4.4)
By considering Theorem 3.2, we prove the required result. O

CoROLLARY 4.3. Let r#0, x,y € R?, X" > y". Then L,(x) < L,(y) and F,(x) < F,(y) if
r > 1. They are reversed if r < 1 and r#0.

Proof. Suppose r > 1(r < 1,r#0). L,(x"") is a Schur-concave (Schur-convex) function by
Theorem 3.3. Then

L(x)") =L (6)"), L&) < (=)L) (4.5)

For F,(x!/"), the proof is similar; we omit the details. O

COROLLARY 4.4. Ifr =1, then

A(x) < Ly (x) < M, (x),
A() = Fy(x) = M, () o
Inequalities (4.6) are reversed if r < 1.
Proof. If r > 1, owing to Theorem 3.1 and
(X1,%2,. .05 %n) > (A(X),A(X),...,A(x)) & A(x), (4.7)
we have
n r 1/r
Ly(x) = L, (A(x)) = ((n— 1)'L (2 A(X)ui> d#)
. (4.8)

Obviously, if r < 1, r#0, inequality (4.8) is reversed by Theorem 3.1. For r = 0, because
of the continuity of r — L,(x), we have Ly(x) < A(x).

By the same way, we find that F,(x) > A(x) if r > 1, and F,(x) < A(x) if r < 1. In addi-
tion,

X = (o5 ox) > (ME (%), M!(X),..., M!(x))
(4.9)

2 (M, (x),M,(x),...,M,(x))" 2 (M,(x))".

r
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If r = 1, according to Corollary 4.3, we get

1/r

L/(x) <L, (M,(x)) = ((n - 1)!J (i M,(x)u,-) dy) = M,(x). (4.10)
i1

n—1

If r < 1, inequality (4.10) is obviously reversed by Corollary 4.3 again.
Similarly, we have F,(x) < M,(x) if r > 1, and F,(x) > M,(x) if r < 1. O
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