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1. Introduction

The theory of time scales was introduced by Hilger [1] in his Ph.D. thesis in 1988 in order
to unify continuous and discrete analysis. Recently, many authors have extended some
fundamental integral inequalities used in the theory of differential and integral equations
on time scales. For example, we refer the reader to the literatures [2-8] and the references
cited therein.

In this paper, we investigate some nonlinear integral inequalities on time scales, which
unify and extend some inequalities established by Pachpatte in [9]. The obtained inequal-
ities can be used as important tools in the study of certain properties of dynamic equa-
tions on time scales.

2. Preliminaries on time scales

We first briefly introduce the time scales calculus, which can be found in [4, 5].

In what follows, R denotes the set of real numbers, Z denotes the set of integers, N, de-
notes the set of nonnegative integers, C denotes the set of complex numbers, and C(M,S)
denotes the class of all continuous functions defined on set M with range in the set S.
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We use the usual conventions that empty sums and products are taken to be 0 and 1
respectively.

A time scale T is an arbitrary nonempty closed subset of R. The forward jump operator
o on T is defined by

o(t):=inf{seT:s>t}eT VteT. (2.1)

In this definition we put inf @ = sup T, where @ is the empty set. If o (¢) > ¢, then we say
that t is right-scattered. If o(t) =t and t < supT, then we say that ¢ is right-dense. The
backward jump operator, left-scattered and left-dense points are defined in a similar way.
The graininess y: T—[0, o) is defined by p(t) := o(t) — t. The set T* is derived from T as
follows: If T has a left—scattered maximum 1, then T* = T — {m}; otherwise, T* = T.

Remark 2.1. Clearly, we see that o(t) = tif T=Rand o(t) =t+1if T = Z.
For f : T—R and t > £, t € T*, we define f*(t) to be the number (provided it exists)
such that given any & > 0, there is a neighborhood U of t with

[[f(a(®) = f(s)] = foD)[o(t)—s]| <e|lo(t)—s| VseU. (2.2)
We call f2(t) the delta derivative of f at t.
Remark 2.2. f* is the usual derivative f’ if T = R and the usual forward difference A f
(defined by Af(t) = f(t+1)— f(1) if T = Z.
We say that f : T—R is rd—continuous provided f is continuous at each right—dense
point of T and has a finite left—sided limit at each left—dense point of T. As usual, the set of
rd—continuous functions is denoted by Cyq. A function F : T—R is called an antiderivative

of f: T—R provided F(t) = f(t) holds for all t € T*. In this case we define the Cauchy
integral of f by

b
J F(O)AL=F(b) - F(a) fora,beT. (2.3)

We say that p : T—R is regressive provided 1+ u(t) p(¢)#0 for all t € T. We denote by
R the set of all regressive and rd—continuous functions. We define the set of all positively
regressive functionsby R* = {p e R: 1+u(t)p(t) >0 forallte T }.

For h > 0, we define the cylinder transformation &, : C;,—Zj, by

&nlz) = %Log(l +zh), (2.4)
where Log is the principal logarithm function, and

4

(Ch={z€(::2=ﬁ—;l}, Zh{ze(C —E<Im(z) h} (2.5)

For h = 0, we define &,(z) = z for all z € C.
If p € R, then we define the exponential function by

ep(t,s) = exp(J € o (p )AT) fors,t € T. (2.6)
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TuEOREM 2.3. If p € R and fix ty € T, then the exponential function e,(-,ty) is for the
unique solution of the initial value problem

X =pt)x, x(to)=1 onT. (2.7)

THEOREM 2.4. If p € R, then
(i) ep(t,t) =1 and eo(t,s) = 1;
(i) ep(a(t),s) = (L+u()p(t))ep(t;s);
(iii) if p € R7, then e,(t,ty) >0 forall t € T.

Remark 2.5. Clearly, the exponential function is given by

ep(t,s) = e POIT ey(ts) =Y, ey(1,0) = (2.8)
for s,t € R, where a € R is a constant and p : R—R is a continuous function if T = R, and
the exponential function is given by

t—1

ep(t,s) = [[1+p()], ea(t,s) = (1+a) %, ea(t,0) = (1+a)’ (2.9)

T=S$

for s,t € Z with s < t, where a# — 1 is a constant and p : Z—R is a sequence satisfying
p(t)#—1forallte Zif T =Z.

TaeoreM 2.6. If p € R and a,b,c € T, then

pr(t)ep(c,o(t))At — ep(ca) — ep(c,b). (2.10)

THEOREM 2.7. Letty € TF and w: T X T*—R be continuous at (t,t), t € T* witht > t;. As-
sume that wi(t, - )t is rd-continuous on [ty,a(t)]. If for any & > 0, there exists a neighborhood
Uof t, independent of T € [ty,0(t)], such that

‘w(o(t),r) —w(s,7) —w(t,7)(o(t) —s) ‘ <elo(t)—s| VseU, (2.11)

where w? denotes the derivative of w with respect to the first variable, then
t
o(0):= | wit,ar (2.12)
)
implies

VA (E) = thf(t,T)AT+w(0(t),t). (2.13)
t

0

The following theorem, which can be found in [4, Theorem 6.1, p.253], is a founda-
tional result in dynamic inequalities.

TueoreM 2.8 (Comparison theorem). Suppose u,b € Cyg, a € R*. Then

ud () <a(Ou(t) +b(t), t=ty, teT" (2.14)
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implies
u(t) <u(ty)eqs(t,to) + Jtea(t,o(r))h(T)AT, t=ty, te T~ (2.15)

to

3. Main results

In this section, we deal with integral inequalities on time scales. Throughout this section,
we always assume that p > g >0, p and g are real constants, and t > t,, ty € T*.
The following lemma is useful in our main results.

LemMma 3.1. Leta > 0. Then
a?? < <;1)K(‘1_P)/Pa+ TKq/P> forany K > 0. (3.1)

Proof. 1f a = 0, then we easily see that the inequality (3.1) holds. Thus we only prove that
the inequality (3.1) holds in the case of a > 0.
Letting

f(K) = %K(qu)/Pa_F %KW?) K >0, (3.2)

we have
f(K) = q(Pp; D k-2 (K — g), (3.3)

It is easy to see that
f(K)=0, K>a,
f'(K)=0, K-=a, (3.4)
f(K)<0, 0<K<a.
Therefore,
f(K) = f(a) = a??, (3.5)
The proof of Lemma 3.1 is complete. O
THEOREM 3.2. Assume that u,a,b,g,h € Cyq, u(t), a(t), b(t), g(t), and h(t) are nonnegative.
Then
uf(t) < a(t) + b(t)J: [g(D)uP () +h(T)ui(r)]AT, tETF, (3.6)
implies

K(p —q)+qa(r))]
pK(p*q)/P

u(t) < {a(t) N b(t)J: [a(r)g(r) " h(r)(

11

v (3.7)
X eF(t,G(T))AT} foranyK >0, t € T,
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where
Hn:bu(go+p£$%@) (3.8)
Proof. Define a function z(t) by
zu):LIgunwuo+mrw%TﬂAu te T~ (3.9)
Then z(ty) = 0 and (3.6) can be restated as
uP(t) < a(t) +b(z(t), teT* (3.10)

Using Lemma 3.1, from (3.10), for any K > 0, we easily obtain

ui(t)< (a(t) +b(t)z(t))¥?

K(p—q)+qa(t) qb(t)z(t) (3.11)
< + .
pK(P*IZ)/P pK(P—q)/p

Combining (3.9)—(3.11), we get

Z8(t) = g(H)ub () + h(t)ul(t)

< g0 att +binato] + o KL D140, 22020 )

pK(P*q)/p pK(p*q)/P (3.12)

(p—q) +qalt)

= [a(t)g(t)+ K L h(t)] +F(H)z(t), teTr

where F(t) is defined as in (3.8).

It is easy to see that F(t) € R*. Therefore, using Theorem 2.8 and noting z(#,) = 0,
from (3.12) we obtain

K(p—q)+qa(r)

t
z(t) < J [Q(T)g(f) + pKp-a/p

)

h(‘r)] er(t,o(t))AT, teT" (3.13)

Clearly, the desired inequality (3.7) follows from (3.10) and (3.13). This completes the
proof of Theorem 3.2. U

CoroLLARY 3.3. Let T = R and assume that u(t),a(t),b(t),g(t),h(t) € C(Ry,R,). Then the
inequality

uP(t) < a(t) +h(t)Jt[g(s)uP(s) +h(s)ul(s)]ds, te€R,, (3.14)
0
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implies

t —
u(t) < {a(t) +b(0)| [atrig(o) +h<1)(W>]
(3.15)

¢ 1/p
X exp(J F(s)ds) dr} foranyK >0, t € Ry,

where F(t) is defined as in Theorem 3.2.

CoROLLARY 3.4. Let T = Z and assume that u(t), a(t), b(t), g(t), and h(t) are nonnegative
functions defined for t € Ny. Then the inequality

t—1
uf(t) < a(t) + b(t)z [g(s)uP(s)+h(s)ul(s)], tE N, (3.16)

s=0
implies

t—1

u(t) < {a(t) +b(0)> [a(f)g(f) +h(7) (W)}

= K(p=a)/p
(3.17)

-1 p
X 1_[ (1+F(s))} foranyK >0, t € Ny,

s=1+1

where F(t) is defined as in Theorem 3.2.

Remark 3.5. Letting p > 1, K = g = 1 in Corollaries 3.3 and 3.4, we easily obtain Theorem
1(a;) and Theorem 3(c;) established by Pachpatte [9], respectively.

COROLLARY 3.6. Assume that u,h € Cyq4, u(t) and h(t) are nonnegative. If f = 0 is a real
constant, then

W (1) < B+ fh(r)uq(r)m, re T, (3.18)

implies

1/p
u(t) < {;[(K(p—q)+qﬁ)eﬁ(t,to)—K(p—q)]} foranyK >0, t€T*,  (3.19)

_ h
F(t) = M. (3.20)
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Proof. Using Theorem 3.2, it follows from (3.18) that

1/p
{ﬁ‘F M (t,O'(‘[))AT}

pK(p-a/p
_{g (K- = v
- b+ (2= 1) | Foerttatonar
K(p—q) 1/p
= 1B+ (T ) et t) —ents )] (.21

B B 1/p
={[3+(K(pq q)+[3>ef(t,to)—K(pq q)—ﬁ}
1/p
{q[(K(P q) +qPB)ex(t,to) K(p—q)]} foranyK >0, t € T%,

where the second equation holds because of Theorem 2.6, and the third equation holds
because of Theorem 2.4(i). This completes the proof. O

THEOREM 3.7. Assume that u,a,b,g,h; € Cyq, u(t), a(t), b(t), g(t), and h;(t) are nonnega-
tive, and i = 1,2,...,n. If there exists a sequence of positive real numbers q1,qa,...,qn such
that p = q; >0,i=1,2,...,n, then

Wb (t) < alt) + b(t)J [g(T)uP(T)Zh (‘r)uq'('r)]AT, fe T, (3.22)
i=1
implies
! . K(p - qi) + qia(1)
u(t) < {a(t) +b(t)L0 |aog(r) +i§h,~(r)< p )|
(3.23)
1/p
X ep (t,O'(T))AT} forany K >0, t € TX,
where

F*(t) = ( Z pK P o ) (3.24)

Proof. Define z(t) by

z(t) = Jt [g(r)up(‘r) + Zn:h,-(f)uq"(r)] At, teT" (3.25)

i=1



8 Journal of Inequalities and Applications
Then z(ty) = 0, and as in the proof of Theorem 3.2, we have (3.10) and

K(p—ai)+qia(t)  q:ib®)z(1)

qi
ut(t) < pK(p—ql)/p pK<p—qx-)/p

foranyK >0, i=1,2,...,n. (3.26)

Therefore,

n

22(t) = g(uP (£) + D> hi(t)u%(t)

i=1

K(p—qi) +qia(t) qib(t)z(t) )

= g(0la(0)+b(0200)] + 3. i) (F L ETEREE - S

i=1 (3.27)

- [a(t)g(t) X o= (PP;(‘Z;‘,);?;““) )] FEA(02(0), te T

i=1

where F*(t) is defined as in (3.24).
The remainder of the proof is similar to that of Theorem 3.2 and we omit it here. [

TaEOREM 3.8. Assume that u,a,b,g,h € Cyq, u(t), a(t), b(t), g(t), and h(t) are nonnegative,
and w(t,s) is defined as in Theorem 2.7 such that w(t,s) = 0 and wlA(t,s) > 0 fort,s € Twith
s < t. If for any € > 0, there exists a neighborhood Uof t, independent of T € [to,0(t)], such
that for all s € U,

[[w(a(0),7) = w(s,7) = wi(t,7)(a(1) = 9)][g(D)uf (1) + h(D)ul(D)] | < ela(t) —s],

(3.28)
then
uP(t) < a(t) + b(t)rw(t,r)[g(r)up(‘r) +h(t)ul(r)]AT, teTK (3.29)
to
implies
t /p
() < {a(t) n b(t)f eA(t,U(T))B(T)AT} foranyK >0, t € T%, (3.30)
where

A() = wlo(0),1)b() (g(t) " qh(t)) ¥ rwlA(t,‘r)b(T) (g(‘r) ¥ pqh(”@) AT,

pKp=aVp o =)
B(t) = w(a(1),1) |:a(t)g(t) +h(t) (Wﬂ

(3.31)
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Proof. Define a function z(t) by
t
z(t) = | k(t,7)AT, teTF, (3.32)
to

where
k(t,t) =w(t,7)[g(r)uf (z) + h(7)ul(7)], teT~ (3.33)

Then z(#) = 0. As in the proof of Theorem 3.2, we easily obtain (3.10) and (3.11).
It follows from (3.33) that

k(o(t),t) = w(a(t),t)[g(t)uP (t) +h(t)ul(t)], (3.34)
k2 (t,7) = wh(t,7)[g(r)uf (1) + h(r)ud(1)]. (3.35)

Therefore, noting the condition (3.28), using Theorem 2.7, and combining (3.32)—(3.35),
(3.10), and (3.11), we have

22 (1) = k(o (), 1) + tklA(t,T)AT
to

=w(o(t),t)[g(t)uf (t) +h(t)ul(t)] + J wi(t,7)[g(r)ul (1) + h(t)ul ()| AT

to

< w(a(t),1) [a(t)g(t) +h(t) (W) +b(1) (g0 + plg(}z’(fq))/l’ )z(t)]

t K(p—q)+qa(r)

+b(1) (g(r) + m})z(ﬂ] At

h f h
< [w(a(t),t)b(t) (st + M) ¥ Lowf(t,r)h(r) s+ M)AT] (1)

+w(a(0),1) [a(t)g(t) +h(t) (K(P_q)“i“(t))}

pK(P—q)/p
‘ K(p —q) +qa(r)
+f wien [a(r)g(f) +h(r) (Wﬂm
=A(t)z(t)+B(t), teT"
(3.36)
Therefore, using Theorem 2.8 and noting z(fy) = 0, we get

t
2(t) < J er(t,o()B(D)AT, teT". (3.37)

to

It is easy to see that the desired inequality (3.30) follows from (3.10) and (3.37). The
proof of Theorem 3.8 is complete. O
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CorOLLARY 3.9. Let T = R and assume that u(t),a(t),b(t),g(t),h(t) € C(R4,R). If w(t,s)
and its partial derivative (0/0t) w(t,s) are real-valued nonnegative continuous functions for
t,s € Ry with s < t, then the inequality

uf(t) <a(t) + b(t)rw(t,‘r)[g(r)up(r) +h(t)ul(r)]dr, teR,, (3.38)
0

implies

ut) < {a(t) ; b(t)J;exp (J:A(s)ds)B(r)dr}l/p foranyK>0,t€ Ry, (3.39)

where
At) = w(t, t)b(t) (g(t) + p[gﬁ(—tq))/p) + Lt awéi,r) b(7) (g(r) - Imo)dr,
B(t) = wit,t) [a(t)g(t) +h(r) (W)] (3.40)
[ 2D g+ h(,)(W)]dT, rER..

CorOLLARY 3.10. Let T = Z and assume that u(t), a(t), b(t), g(t), and h(t) are nonnegative
functions defined for t € Ng. If w(t,s)and A;w(t,s) are real-valued nonnegative functions for
t,s € No with s < t, then the inequality

t—1

ub(t) < a(t) + b(t)z w(t,7)[g(T)uf (1) + h(t)ul(1)], € Ny, (3.41)
7=0
implies
=1 t—1 N 1/p
) < {a(t) 1503 Bo) [] (1+4() } foranyK >0, t€ Ny, (3.42)
7=0 s=1+1

where Ayw(t,s) = w(t+1,s) —w(t,s) fort,s € Ng withs < t,

N h t—1 h
Aty = wie+ 1,060 (g(0) + qu‘P(‘t‘f))“’) + 3 A6 D) s+ M)
5 K(p—q)+qalt)
B(t) = w(t+1,1) [a(t)g(t) +h(t)(W>] (3.43)
< K(p—q)+qa(r)
+§OA1W(t,T) [a(‘r)g(r)+h(‘r)(W>], t € Ny.

Remark 3.11. Let p > 1, K = q = 1. Then the inequality established in Corollary 3.9 re-
duces to the inequality established by Pachpatte in [9, Theorem 1(a3)], and the inequality
established in Corollary 3.10 reduces to the inequality in [9, Theorem 3(c3)].
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CoROLLARY 3.12. Suppose that a = 0 is a constant, u(t) and w(t,s) are defined as in
Theorem 3.8. If for any € > 0, there exists a neighborhood U of t, independent of T € [ty,0(t)],

such that for all s € U,
[ul(1)[w(o(t),1) — w(s,T) —w(t,7)(a(t) —s)]| <elo(t)—s],

then

t

uf(t) < oc+J w(t,)ul(t)Ar, teT",
to

implies

1/p
u(t) < ji;[(K(p—q)+qoc)elg(t,t0) —K(p—q)]} foranyK >0, t € T*,

where

t

~

A(t) (w(a(t),t)+f

to

I \ )
B pK(P—q)/p w1 (t)T)AT>, teT "

Proof. Letting b(t) = 1, g(t) = 0 and h(t) = 1 in Theorem 3.8, we obtain

t

At) = W(w(a(t),t) +J wf(t,r)m—) — A1), teT,

to

K(p—-q)+qu
B(t) = W{W(G(t),t) + Jto

_Kp=arga g, o
q

Therefore, by Theorem 3.8, noting (3.48), we easily obtain

t

WlA(l‘,T)AT}

1/p

u(t) < SL(x+ L: eA(t,O(T))B(T)AT}

- {(x+ Jt e;(t,0(1)) W‘a(f)m}

to

K(p— t ~
= {(X‘f‘ (pqq)+qoc LO eg(t,a(r))A(T)AT}

- Up
= {a+ Kip~a)+ga lex(t,t0) — e/g(t,t)]}

q
_ {K(p—q)waeg(t’to)_ K(p—q)}

q q
The proof of Corollary 3.12 is complete.

1/p

1/p

1/p
foranyK >0, t € T*.

(3.44)

(3.45)

(3.46)

(3.47)

(3.48)

(3.49)

O

By investigating the proof procedure of Theorem 3.8 carefully, we easily obtain the

following result.
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THEOREM 3.13. Assume that u,a,b,g,h; € Cq, u(t), a(t), b(t), g(t), and h;(t) are nonneg-
ative, i = 1,2,...,n, and there exists a sequence of positive real numbers qi1,qa2,...,qn Such
that p > q; >0, i=1,2,...,n. Let w(t,s) be defined as in Theorem 2.7 such that w(t,s) = 0
and wi(t,s) = 0 for t,s € T with s < t. If for any € > 0, there exists a neighborhood U of t,
independent of T € [ty,0(t)], such that for all s € U,

[w(o(£),7) — w(s,r) — wh(t,7) (0(8) — 5)] [g(‘r)up(‘r) + Zhi(‘r)uqf(r)] ’ <elo(t)=s|,
i=1

(3.50)
then
uf(t) < a(t)+b(t) tw(t,T) [g(‘r)up(‘r)+zn:hi(T)uqi(T)]AT, teTx, (3.51)
to i=1
implies
, /p
u(t) < jLa(t) +b(t)I epr (t,O(T))B*(T)AT} foranyK >0, t € T*, (3.52)
where
A*(t) =w(o(t),t (g(t szp q)/P>
t q: i(1)
+L)WA( ( T)+Z pK (P~ WP) o
(3.53)

B*(t) = w(o(t), )[a(t t)+Zh t)(K(Pp;(‘(Z;)_;)?;a(t)”

t P~ 4)+qa(7) .
+JtOWA( |: T)+Zh <pI<(pq)/p>:|AT, te T "

THEOREM 3.14. Assume that u,a,b € Cyq, u(t), a(t), and b(t) are nonnegative. Let f : T* X
R—R be a continuous function such that

0= f(t,x)— f(t,y) < p(t,y)(x—y), (3.54)

fort € T* and x = y = 0, where ¢ : T X R— R is a continuous function. Then

(@t <a)+b@) [ Flruw(0)dr, teT, (3.55)
implies

t o 1p
u(t) < {a(t) +b(t) . eM(t,U(T))f(T,IW)AT} forany K >0, t € T,

(3.56)
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where
_ o, K(p—q)+qa(t)\ qb(t)
M(t) = ‘/’(t’ PK-p ) PK -7 (3.57)
Proof. Define a function z(t) by
f(T ul(t))Ar, teT~ (3.58)

to

Then z(#)) = 0 and (3.55) can be written as (3.10). As in the proof of Theorem 3.2, from
(3.10), we easily obtain (3.11). Obviously, it follows from (3.58), (3.11), and (3.54) that

22(t) = f(t,ul(t))
< (KO0 a0 ) (Ko aat)

pKe-ae " pKl-a/p” PK P70
+f<t’IW> (3.59)
A ) 55
(s %) te T,

where M(t) is defined as in (3.57). Using Theorem 2.8 and noting z(#,) = 0, from (3.59),
we get

t —
2(t) < L en(t,0(2) f(r,W)Ar, reTr, (3.60)

It is easy to see that the desired inequality (3.56) follows from (3.10) and (3.60). The
proof of Theorem 3.14 is complete. O

Remark 3.15. Let p > 1, K = q = 1. We easily see that Theorem 3.14 reduces to in
[9, Theorem 2(by)] if T = R, and in [9, Theorem 4(d;)] if T = Z.
By Theorem 3.14, we can establish the following more general result.

THEOREM 3.16. Assume that u,a,b € Cyg, u(t), a(t), and b(t) are nonnegative, and f; :
T* x R—R, is a continuous function such that

Oﬁfi(tax)_fi(t»)’)ﬁ‘/)i(t»)’)(x—)/)» (361)
fort € T and x = y = 0, where ¢, : T* X R—R is a continuous function, i = 1,2,...,n

If there exists a sequence of positive real numbers qi,qa,...,qn such that p > g; > 0,i =
1,2,...,n, then

(t)<at)+bt)zj filnut(m)Ar, teT, (3.62)
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implies
- (! K(p —qi) +gia(7) v
u(t)< {a(t)+b(t)izl L) ew (102 fi(% - Jar} e
forany K >0, t € T,
where
A = o

Remark 3.17. Using our main results in this paper, we can obtain many dynamic inequal-
ities on some peculiar time scales. Due to limited space, their statements are omitted here.
At the end of this paper, we present an application of Corollary 3.6 to obtain the ex-
plicit estimates on the solutions of a dynamic equation on time scales.
Consider the following initial value problem on time scales

WP ()2 = H(Lul(t)), ulty)=C, teT", (3.65)

where C, p, and g are constants, p > g >0, and H : T* X R—R is a continuous function.
Assume that

|H(t,ud(H)| < h(t)|ud(t)], teT~ (3.66)

If u(t) is a solution of IVP (3.65), then

1/p
lu(t)| < {;[(K(p—q)+q|C|P)ef(t,to) —K(p—q)]} forany K >0, t € T*,
(3.67)

where h(t) is a nonnegative function, and F(t) is defined by (3.20).
In fact, the solution u(t) of IVP (3.65) satisfies the following equivalent equation:

uP(t) = CP + tH(T,uq(T))AT, teTx. (3.68)

to

Noting the assumption (3.66), we easily obtain
t
lu()|” < |C|P+J o) |u(r)| AT, te T~ (3.69)
to
Now a suitable application of Corollary 3.6 to (3.69) yields (3.67).
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