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The boundedness and the compactness of the two integral operators J,f(z) =
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disk in the complex plane, on the Zygmund space are studied.
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1. Introduction

Let D denote the unit disk in the complex plane C and 0D its boundary. Denote by H(D)
the class of all analytic functions on D.
Let % denote the space of all f € H(D) N C(D) such that

”f”% = aup |f(ei(9+h)) +f(e:9*h)) _zf(eie) { ‘oo, (L1)

where the supremum is taken over all e € 9D and h > 0. By a Zygmund theorem (see [1,
Theorem 5.3]) and the closed graph theorem, we have that f € % if and only if

sup (1= 1z1%) | f"(2)| < oo, (1.2)

zeD

moreover the following asymptotic relation holds:

HfllgASUP L=12*) | f"(2)]. (1.3)

Therefore, % is called Zygmund class. Since the quantities in (1.3) are semi norms (they
do not distinguish between functions differing by a linear polynomial), it is natural to add
them to the quantity | f(0)| + | f"(0)| to obtain two equivalent norms on the Zygmund
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class of functions. Zygmund class with such defined norm will be called Zygmud space.
This norm will be again denoted by || - [|2.
By (1.3), we have

/ / 1
f'@ = f©O] <Cliflzln— . (1.4)
Also, we have
| f(2) = f(0)—2f"(0)]
z rl z rl
o {1dt
- )dedc| < fla] [ |
J, ], £reocacac] < g ] {24 s
|zl 1 p | 1
<Iflls| [, tngds| = 171 (121 + (121 = ) n =),
for every z € D. From this and since the quantity
1
su x+(x71)ln7) (1.6)
xe[OI,)l) ( 1—x
is bounded, it follows that
I flleo < Cll fll2, (1.7)
for every f € %, and for some positive constant C independent of f.
We introduce the little Zygmund space % in the following natural way:
feﬁf()(:)‘£i‘rill(lf|zl)|f"(z)| =0. (1.8)

It is easy to see that %, is a closed subspace of %.
Suppose that g : D — Cis a holomorphic map, f € H(D). The integral operator, called
Volterra-type operator,

z 1 z
Jf@) = | fdg=| f2zg (2= | f@g@d zep,  (19)

was introduced by Pommerenke in [2].
Another natural integral operator is defined as follows:

Lf@ = | f©g®)d (1.10)
The importance of the operators ], and I, comes from the fact that

Jof +1Igf = Mg f — £(0)g(0), (1.11)

where the multiplication operator M, is defined by

(Mgf)(z) =g(2)f(2), feH(D),zeD. (1.12)



S.LiandS. Stevi¢ 3

In [2] Pommerenke showed that J, is a bounded operator on the Hardy space H? if
and only if g € BMOA. The boundedness and compactness of J, and I, between some
spaces of analytic functions, as well as their n-dimensional extensions, were investigated
in [3—16] (see also the related references therein).

The purpose of this paper is to study the boundedness and compactness of integral
operators J; and I, on the Zygmund space and the little Zygmund space.

Throughout the paper, constants are denoted by C, they are positive and may differ
from one occurrence to an other. The notation a < b means that there is a positive con-
stant C such that a < Cb. If both a < b and b < a hold, then one says that a < b.

2. The boundedness and compactness of J;, I, : & — %

In this section, we consider the boundedness and compactness of the operators ], and
I, on the Zygmund space. To this end, we need two lemmas. Before formulating these
lemmas, we quote the following result from [17].

THEOREM 2.1. Assume that f is a holomorphic function on D and continuous on D. Then
the modulus of continuity on the closed disk is bounded by a constant times the modulus of
continuity on the circle.

By Theorem 2.1 and standard arguments (see, e.g., [18, Proposition 3.11]), the follow-
ing lemma follows.

LEMMA 2.2. Assume that g is an analytic function on D. Then J, (or I,) : & — & is compact
if and only if Jg (or Ig) : & — & is bounded, and for any bounded sequence (fi)ren in &
which converges to zero uniformly on D as k — oo, ||Jg fclla — 0 (or ||y ficllz — 0) as k — oo,

LeMMA 2.3. Suppose that f € %, then

|f'(2)]

i i/ 1=y ey

Proof. Since f € %, it follows that for every & > 0 thereis a § € (1/2,1) such that

(1-1lz) [ f"(2)] <&, (2.2)

whenever § < |z| < 1.
From (2.2), when § < |z| < 1, we have that

1
"(tz)]| |z|dt
a/\z\|f (t2)] 121

| f'(2) = £(0)] = ’Llf”(tz)zdt' < L‘W | f(12) | \z\dt+J

ozl |z dt Jl |z|dt

1
< + < 1 +e¢l
Ifls | o e o Tt = 1 fllin 5 +eln

1
5 11—zl

(2.3)
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Dividing (2.3) by In(1/(1 — |z])) and letting |z| — 1, we obtain

, | f'@)]
lim ————————~ <¢, 2.4
EEs In(1/(1 - Izl)) 24
from which the lemma follows. O
Now, we are in a position to formulate and prove the main results of this section.

THEOREM 2.4. Assume that g is an analytic function on D. Then J, : % — % is bounded if
and only if g € %.

Proof. Assume that ], : & — & is bounded. Taking the function given by f(z) = 1, we see
that g € %.
Conversely, assume that g € %. Employing (1.4) and (1.7), we have

(1-1z) | U f) @) = (1= 1212 | f (2)¢' (2) + f(2)g" (2) |

<Clifllz(1-1zl?) Ig(Z|1n S+Clflle(1-1217) [g7 () |

1
—lzl?

< C||f||£{||g||5¥i<(1 —lz|?) (hl 1 _1|Z|2>2+ 1)'

(2.5)

On the other hand, we have that
J(HO) =0, [N O] =10 0] <Ifllz]g (0)]. (2.6)
From (2.6), by taking the supremum in (2.5) over D and using the fact that the quantity

1\ 2
sup x(ln —) (2.7)
x€(0,1] x

is finite, the boundedness of the operator J, : & — % follows. O

THEOREM 2.5. Assume that g is an analytic function on D. Then I, : % — % is bounded if
and only if g € H* N Bog, where

IIgII%k,ﬁigg(l—IZI g @ |InT—— P (2.8)
Proof. Assume that g € H* N %Bjog. Then by (1.4), we have
(1= 12P) [ () (@) = (1= 121) | f"(2)g(2) + f ()¢ (2)|
<Cllifllx|gx) | +Clifllz(1-1zI*) |g'(2) | In (2.9)

1—|z]?

< Clifllzliglle +Cll fllollglg,-
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On the other hand, we have that

L(f)(0) =0, [N O] = | £ ©gO)] <l fllx|g(0)]. (2.10)

From this, by taking the supremum in (2.9) over D and using the conditions of the theo-
rem, the boundedness of the operator I, : & — % follows.

Conversely, assume that I, : & — & is bounded. Then there is a positive constant C
such that

I fllse < CIIf lla, (2.11)
for every f € %. Set
2
hz) = (z - 1)[(1+1ni) +1], (2.12)
 h(az) 1oy
ha(z) = =22 (10— (2.13)

for a € D such that |a] > /1 — 1/e. Then, we have

1 \2 1 -1
b = (in=;) (=)

1 (2.14)
rr _ 2a 1 1 B
h“(z)_1—az(ln1—az>(ln1—|a\2) '
Thus for /1 —1/e < |a] < 1, we have
., 2 1 1\ C
@) = (o) (s ) = @19
and consequently
My= sup ||hally < oo. (2.16)
VI=1/e<|al<1
Therefore, we have that
o0 > [|I||[Pally = [[ghall
> sup (1 |z]%) | K (2)g(2) + h,y(2)g' (2) ]
zeD
_ 2 144 4 7
> (1-lal*) |k, (a)g(a)+h,(a)g (a)| (2.17)

> (1= o) | = 1sg(@) +g (@)l

~2lal|g@)| + (1~ la)|g'(@)|In 1.
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Next, let

fule) = M8 (10 ||2) [ng

for a € D such that |a|] > /1 — 1/e. Then, we have

f’(z)—(ln ! )z(m ! )_1—111#
ares 1-az 1-lal? 1-az’

2a 1 1 \! a
o o))
a (2) l—ﬁz(nl—az n1—|a|2 1-az

Similar to the previous case, we have

My= sup ||fally < co.
JV1-1/e<|al<1

From this and by using the facts that

fa(a) =0, fa (a) = 1_7“”2,
we have that

00 > || Ig ||| fal e = |l foll

>sup (1—z|%) | £, (2)g(2) + f1(2)g' (2) |

zeD

(1-1al?) | f)" (a)g(a)+ f(a)g (a)|
(1—lal®) | /' (a)g(a)| = |al|g(a)],

(2.18)

(2.19)

(2.20)

(2.21)

(2.22)

for /1 —1/e<|al < 1. From (2.22), we see that sup ;7. 18(2)| < co. From this and

by the maximum modulus theorem, it follows that g € H®, as desired.
From (2.17) and (2.22), it follows that

(1-lal? )Ig(a)lln | |

for every /1 — 1/e< |a| < 1.
On the other hand, we have that

1
su 1—1al?)]¢'(a)]In < - max "(a
\als\/lp—il/e( g@! 1= lal? e|a\:F—1/e|g( )|

< sup (1-1al*)|g'(@)|In

PR
ST T/e<lal<1 1—lal

From (2.23) and (2.24), we obtain g € By, finishing the proof of the theorem.

) = ||Ih ||§’+2”g”00 <M1||I ||£'fa§’+2”g”oo<°°

(2.23)

(2.24)
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THEOREM 2.6. Assume that g is an analytic function on D. Then, J; : % — % is compact if
and only ifg € %.

Proof. 1f J; : & — % is compact, then it is bounded, and by Theorem 2.4 it follows that
ge%.

Now assume that g € & and that (f,;)sen is a sequence in & such that sup, Il fullz <
L and that f, — 0 uniformly on D as n — . Now note that for every ¢ >0, there is a
6 € (0,1), such that

1 2
(1- \z\z)(lnl_—w) <e, (2.25)

whenever § < |z] < 1. Let K = {z € D : |z] < §}. Note that K is a compact subset of D. In
view of (1.4), (1.7), and (2.25), we have that

Ve full = SuP (1= 1z1*) | fi(2)g' (&) + fu(2)g" (2) | + | fu(0)g' (0) |

<sup(1—1z1*)| fi(2)g' (z)| + sup (1-1z|*)| f,(2)g (2)]

zekK zeD\K

+sup (1-1z1%) | fu(2)g" (2) | + | £2(0)g’(0) |

zeD

1
<C su "(z)| sup (1 = |z]*)In
||g||%zel}<)|fn( )|ze}3( |2 (2.26)

+CllAlls gl sup (1-127) (1n )

zeD\K

+ IIgIngsug [ fu@)| + | fu(0)]lIglle

<= IIgIIg sup | f,(2) | + CeLligllz +2llgllxsup | fu(2)].
zeK zeD
Since f, — 0 uniformly on D, by the Cauchy estimate, it follows that f,, — 0 uniformly on
compacts of D, in particular on K. Using this, the fact that the quantity sup, o ;; xIn(1/x)
is bounded, that ¢ is an arbitrary positive number, by letting n — o in the last inequality,
we obtain that lim, .« [|J; fu |l = 0. Therefore, by Lemma 2.2, it follows that J; : & — & is
compact. ]

THEOREM 2.7. Assume that g is an analytic function on D. Then, I, : % — % is compact if
and only if g = 0.

Proof. Assume that g = 0. Then, it is clear that I, : & — & is compact.
Conversely, suppose that I, : & — & is compact. Let (z,)sen be a sequence in D such
that |z,| — 1 as n — o0, and let ( f,),en be defined by

fn(z):h(znz)<ln ! )_l—rhf ! dw(ln ! )_2. (2.27)
Zn 1- |z, o 1-zww 1 |z|?
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Similar to the proof of Theorem 2.5, we see that sup, .y Il full# < C and f,, converges to 0
uniformly on D as n — co. Since I, : & — % is compact, we have

g fully — 0 asn— oo. (2.28)
Thus

|20l [g(zn) | <sup (1~ 121"} £ (2)g(2) + £ (2)g )|

(2.29)
=Sup(1—|Z|2)|(gfn 2)| <[y fully — 0

zeD

asn — co. Hence, we obtain lim|,| 1 [g(z)| = 0, which by the maximum modulus theorem
implies that ¢ = 0, as desired. (I

3. The boundedness and compactness of J,, I, : £, — %,

In this section, we study the boundedness and compactness of the operator J; (or I;) :
%o — %,. Before formulating the main results of this section, we need an auxiliary result
which is incorporated in the lemma which follows.

LemMA 3.1. A closed set K in % is compact if and only if it is bounded and satisfies

11m sup (1-1z*)| f"(z)| =0. (3.1)
2]~ lrek

The proof is similar to the proof of [19, Lemma 1]. We omit the details.

THEOREM 3.2. Assume that g is an analytic function on D. Then
(@) Jg : %o — %y is bounded;
(b) Jo : o — Zo is compact;
(c) g €%o.

Proof. (b)=(a) is obvious.

(a)=(c). Assume that J; : &¢ — %, is bounded. Then, by taking f(z) = 1, we see that
ge go.

(c)=(b). Assume g € %,. Then, for any f € %, by (1.4) and (1.7), we have

(1-1z1) | (Jgf)”(z)l
(1-1z1*) [ f'(z +f(2)g" (2) |

<Clfllz(1-1z1*)|¢'(z) | In +Cll flla(1-121%) |g" (2)]

1
1-|z]?

|g,(z)| 2 1 : 2 rr
< Clf by gy (- 1 ) (1= +CIfIa(1=12P) g (@),
(3.2)
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Taking the supremum in the last inequality over the set {f € H(D) | || fll# < 1}, em-
ploying Lemmas 2.3 and 3.1, and (2.7), the compactness of the operator Jo : %o — %o
follows. O

THEOREM 3.3. Assume that g is an analytic function on D. Then, I, : %o — %, is bounded
ifand only if g € H* N Bjog.

Proof. Assume that g € H* N Bjog. Then from Theorem 2.5, I, : & — & is bounded, and
hence I, : %, — % is bounded. To prove that I, : % — %, is bounded, it is enough to show
that for any f € &, I f € %,. Now, for any f € %, we have

(1—|z|2)|(1gf)”(z)|
(1-1z) | f (2)g )+ f"(2)g(2) |
S((lf\Z\ |g'(2)[1n 4 e |2)If()l/ln +|g(Z)| 1=1z*) | f"(2)]

gl | f(2)| )
(/0 -1z2) lgllee (1= 121%) | £ (2)].

(3.3)

From (3.3) and by employing Lemma 2.3, we obtain the desired result.

Conversely, assume that I, : &y — %, is bounded. Then it is clear that I, : %, — & is
bounded. Since the functions defined in (2.13) and (2.18) belong to %, we obtain g €
H*nN %1Og. O

THEOREM 3.4. Assume that g is an analytic function on D. Then, I, : %o — &, is compact if
and only if g = 0.

Proof. The sufficiency is obvious. Now we prove the necessity. From the assumption that
I : %y — % is compact, we see that I, : %, — % is compact. Since the functions in (2.27)
belong to %,, similar to the proof of Theorem 2.7, we obtain the desired result. O
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