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1. Introduction

Let H be a real Hilbert space and let C be a nonempty closed convex subset of H. Let
F:H — H be an operator such that for some constants k,# > 0, F is k-Lipschitzian and
n-strongly monotone on C; that is, F satisfies the following inequalities: ||[Fx — Fy| <
kllx — yll and (Fx — Fy,x — y) > nllx — y||? for all x, y € C, respectively. Recall that T is
nonexpansive if || Tx — Ty|l < [lx — y|l forall x,y € H.

We consider the following variational inequality problem: find a point u* € C such
that

VI(F,C): (F(u*),v—v*) >0, VveC (1.1)

Variational inequalities were introduced and studied by Stampacchia [1] in 1964. It is now
well known that a wide class of problems arising in various branches of pure and applied
sciences can be studied in the general and unified framework of variational inequalities.
Several numerical methods including the projection and its variant forms, Wiener-Hofp
equations, auxiliary principle, and descent type have been developed for solving the vari-
ational inequalities and related optimization problems. The reader is referred to [1-18]
and the references therein.
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It is well known that when F is strongly monotone on C, the VI(F,C) has a unique
solution and VI(F, C) is equivalent to the fixed point problem

u* = Pc(u* — uF(u*)), (1.2)

where p > 0 is an arbitrarily fixed constant and P is the (nearest point) projection from H
onto C. From (1.2), one can suggest a so-called projection method. Using the projection
method, one establishes the equivalence between the variational inequalities and fixed-
point problem. This alternative equivalence has been used to study the existence theory
of the solution and to develop several iterative-type algorithms for solving variational
inequalities. Under certain conditions, projection methods and their variant forms can
be implemented for solving variational inequalities. However, there are some drawbacks
of this method which rule out its problems in applications, for instance, the projection
method involves the projection Pc which may not be easily computed due to the com-
plexity of the convex set C.

In order to reduce the complexity probably caused by the projection P¢, Yamada [11]
introduced the following hybrid steepest descent method for solving the VI(F,C).

AvrcoritaM 1.1. For a given uy € H, calculate the approximate solution u, by the iterative
scheme

une1 = Tuy — Ay yF (Tuy,), n=0, (1.3)

where y € (0,2n/k*) and A, € (0,1) satisfy the following conditions:
(1) im0, =0;
(2) Z:,O:l/\n = 00;
(3) limnaoo(ln - /ln-%—l)/A%ﬁ] =0.

Yamada [11] proved that the approximate solution {u,}, obtained from Algorithm 1.1,
converges strongly to the unique solution of the VI(F, C).

Furthermore, Xu and Kim [12] and Zeng et al. [15] considered and studied the con-
vergence of the hybrid steepest descent Algorithm 1.1 and its variant form. For details,
please see [12, 15].

Let F: H — H be a nonlinear operator and let ¢ : H — H be a continuous mapping.
Now, we consider the following general variational inequality problem: find a point u™* €
H such that g(u*) € C and

GVI(F,g,C): (F(u*),g(v) —g(u*)) =0, VveH, g eC (1.4)

If g is the identity mapping of H, then the GVI(F, g, C) reduces to the VI(F,C).
Although iterative algorithm (1.3) has successfully been applied to finding the unique
solution of the VI(F, C). It is clear that it can not be directly applied to computing solution
of the GVI(F,g,C) due to the presence of g. Therefore, an important problem is how to
apply hybrid steepest descent method to solving GVI(F, g, C). For this purpose, Zeng et al.
[13] introduced a hybrid steepest descent method for solving the GVI(F, g, C) as follows.
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Arcoritam 1.2. Let {A,} C (0,1), {6,} C (0,1], and u € (0,211/k2). For a given uy € H,
calculate the approximate solution u, by the iterative scheme

Up+1 = (1 + 6n+1)Tun - 9n+1g(Tun) - /ln+1,uF(Tun): n= 0) (15)

where F is n-strongly monotone and k-Lipschitzian and g is o-Lipschitzian and §-strongly
monotone on C.

They also proved that the approximate solution {u,} obtained from (1.5) converges
strongly to the solution of the GVI(F, g, C) under some assumptions on parameters. Con-
sequently, Yao and Noor [7] present a modified iterative algorithm for approximating
solution of the GVI(F,g,C). But we note that all of the above work has imposed some
additional assumptions on parameters or the iterative sequence {u,}. There is a natural
question that rises: could we relax it?

Our purpose in this paper is to suggest and analyze a hybrid steepest descent method
with variable parameters for solving general variational inequalities. It is shown that the
convergence of the proposed method can be proved under some mild conditions on pa-
rameters. We also give an application of the proposed method for solving constrained
generalized pseudoinverse problem.

2. Preliminaries

In the sequel, we will make use of the following results.

LemMa 2.1 [12]. Let {s,} be a sequence of nonnegative numbers satisfying the condition
Sni1 < (L—aty)sn+anfBn, n=0, (2.1)

where {a,}, {n} are sequences of real numbers such that
(i) {an} € [0,1] and 3o, = oo,
(i) limsup,,_ ., Bn < 0 or X5 anfBy is convergent.
Then, lim,— s, = 0.

LemMA 2.2 [19]. Let {x,} and {y,} be bounded sequences in a Banach space X and let
{Bu} be a sequence in [0,1] with 0 < liminf,_. B, < limsup,,_ ., B» < 1. Suppose x,41 =
(1 = Bu)yn + Buxy for all integers n = 0 and limsup,,_ (| yns1 = yull = llXpse1 — x4ll) < 0.
Then, lim, . || ¥4 — x4l = 0.

Lemma 2.3 [20] (demiclosedness principle). Assume that T is a nonexpansive self-
mapping of a closed convex subset C of a Hilbert space H. If T has a fixed point, then I — T is
demiclosed. That is, whenever {x,} is a sequence in C weakly converging to some x € C and
the sequence {(I — T)x,} strongly converges to some y, it follows that (I — T')x = y. Here, I
is the identity operator of H.

The following lemma is an immediate consequence of an inner product.

LEMMA 2.4. In a real Hilbert space H, there holds the inequality

||x+y||2s ||x||2+2(y,x+y), Vx,y € H (2.2)
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3. Modified hybrid steepest descent method

Let H be a real Hilbert space and let C be a nonempty closed convex subset of H. Let
F:H — H be k-Lipschitzian and #-strongly monotone mappingon Cand letg: H — H
be o-Lipschitzian and §-strongly monotone mapping on C for some constants ¢ > 0 and
0 > 1. Assume also that the unique solution u* of the VI(F, C) is a fixed point of g.

Denote by P¢ the projection of H onto C. Namely, for each x € H, Pcx is the unique
element in C satisfying

||x = Pcx|| = min {llx— y|l : y € C}. (3.1)
It is known that the projection P¢ is characterized by inequality
(x—=Pcx,y—Pcx) <0, VyeC. (3.2)

Thus, it follows that the GVI(F, g,C) is equivalent to the fixed point problem g(u*) =
Pc(I — uF)g(u*), where p >0 is an arbitrary constant.
In this section, assume that T;: H — H is a nonexpansive mapping for each 1 <i <
N with ﬂﬁlFix(Ti) + . Let 8,1,0u2,...,0,8 € (0,1], n = 1. We define, for each n > 1,
mappings Uy, Upg,..., Unn by
U =8uTi+(1-6m)1,
Un, = 62 ToUn + (1 = 8,0)1,
: (3.3)
UnN-1 =N 1IN 1 Upn 2+ (1 =8 1)],
W, =Un = 8nNTNUn,N—1 + (1 - 8,11\])1.
Such a mapping W, is called the W-mapping generated by T1,..., Ty and §,1,6u2,. ..,0nN.

Nonexpansivity of T; yields the nonexpansivity of W,,. Moreover, [21, Lemma 3.1] shows
that

Fix(W,) = F. (3.4)
Such property of W, will be crucial in the proof on our result.

Now we suggest the following iterative algorithm for solving GVI(F, g, C).
ArgoritHM 3.1. Let {a,} C [a,b] C (0,1), {A,} € (0,1), {6,} C (0,1], and {u,} C (0,24/
k?). For a given ug € H, compute the approximate solution {u,} by the iterative scheme

Upt1 = Wytly _/\nJrl[/lnHF(Wn“n) + Qpt1 (un - Wnun)

3.5
+ 601 (Wyu, —g(Wouy)), n=0. (3:5)

At this point, we state and prove our main result.

THEOREM 3.2. Assume that0<a <a, <b<1, 0<pu, <2n/k* and u* € Fix(g). Let 8,1,
On2s--»Oun be real numbers such that lim,, .« (8p41,i — 64,i) = 0 foralli=1,2,...,N. Assume
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{An} and {0,} satisfy the follwoing conditions:
(i) limy—ww Ay =0, X071 Ay = 00;
(il) 6, € (0,2(1 —a)(6 — 1)/(e? - 1)];
(iii) limy— e 6, = 0,lim,,— A,/6, = 0.
Then the sequence {u,} generated by Algorithm 3.1 converges strongly to u* which is a solu-
tion of the GVI(F, g, C).

Proof. Now we divide our proof into the following steps.

Step 1. First, we prove that {u,} is bounded. From (3.5), we have

[etner = u*[] = [[(1 = @ur + 1) Wity + G tty — Oning (Wnth)
— An1pinst F (W) — u*||
:H(l_‘xnﬂ)(wnun_”*)_6n+1(g(wnun)_U*)
+ i1 (U — u™) + 00y (Wouy, — u™)
= Ansrpinet (F(Withn) = F(u*)) +Api1prnn F ()|
< [[(1 = &) (Wit — %) = Onir (g(Witt) — u*) |
+ {61 (Watty — %) = dpsr i (F(Wiyun) — F(u®)) ||

(3.6)

+ it ||t — ||+ A1 o [|F ()|

Observe that

(1= atnir) (Wit — u*) = By (g(Watay) — u*) ||

= (1= i)Wty — ¥
= 2(1 = 1) O (G (Wath) — (™), Wotay — ) + 02, [|g (Wan) — |’
< [(1= 1)’ = 2(1 = @yi1) 801 + 0202 1| Wity — |
< [(1 = atni1)? = 2(1 = @ps1) 86,41 + 02602, ||t — u*| [,
(811601 (Wt — ™) = A phss (F(Wott) — F(u*)) ||
= 021 [ Winthy — ¥ = 201 ds 1 s (F(Wotay) — F(u*), Wty — u*)
+ At [[F (W) —F(U*)H2
< (0741 = 2uns1OnsrAni + i K2 M) || Wiy — ||2

< (071 = 2ptni1MBnii Anir + pin K A i) |10 — 1 ||

2 j—
= [ (1 ety ) Pt G e

6n+1 0n+1
(3.7)
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From (3.7), we have

s = w*|

< (\/(1 —ocnﬂ)2 —2(1 = @ps1) 80,41 + 02602, +ocn+1)||un —u*||

A 1bnirk 2 21 (k —
T L Ll P e W
0n+1 9n+1

< (\/(1 —ocnﬂ)2 —2(1 = @ps1) 80,41 + 02602, +ocn+1)||un —u*||

1— An+1#n+1k ‘ 1+ (ZAnJrl#nJrl(k - 7]))/(1 _ An+1,‘4n+1k)2
9n+1 0n+1 6n+1

+ 9n+1

X fun = [+ A1 [[F @)

(3.8)
Now we can see that (iii) yields
. An+1ﬂn+1k ﬁ)/( An+1/4n+lk) _ Q
fim (B =) /(1= 2500) = 3

Hence, we infer that there exists an integer Ny = 0 such that for all n = Ny, (1/2)A,41pps11 <
1, and (Aps1 flns1 k/Ope1 — 9/k)/(1 = Ayr inr k/0,41) < —n/2k. Thus we deduce that for all
n > Ny,

o I_Anﬂynﬂk'J1+<2Anﬂym<k—n>) /(s Anﬂynﬂky
n+ -

6n+1 0n+1 9n+1

< 9n+1 (1 _ /ln+1,un+lk) (1 + </1n+1,un+l(k - 7’]))/(1 _ AnJr][anrlk)z)
0n+l 6n+1 6n+1

Ans1pins1 (k — 1)
- An+1,un+lk/9n+l

=0p1 — /anrl//lnHk +
(3.10)

_Anﬂﬂnﬂk + (Anﬂﬂnﬂk)z/enﬂ +/1n+1,”n+1k - /1n+1,”n+17]
1- )Ln+1[4n+lk/9n+1

_ /\n+1[4n+1k . ﬂ)/( - /\n+lﬂn+1k>:|
- 9n+1 +An+l[4n+1k |:( 8n+1 k 1 0n+1

= 9n+l +

1
< Opi1 — E)Lnﬂ,unﬂf?-
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From (ii) and (iii), we can choose sufficient small 0,1 such that

2(1—ap1)(6—1)
02-1

0<6,4, <
= Op1(0” =1) <2(1 = @us1) (6 - 1)
= 020,41 —2(1 = @p41)0 < 01 — 2(1 — &yy1)
= 0%0,1 — 2(1 = @+1) 80,11
<051 — 2001 (1 — apyr)
— (1= 1)’ = 2(1 = ctus1) 86,1 + 0262, (3.11)

2
= (1 _‘xnﬂ) _29n+1(1 - (xnﬂ) +0ﬁ+1

— \/(1 - an+1)2 - 2(]. - (xn+1)89n+] +0~29£+1

<1 —api1— Opnr

= \/(1 —api1)” = 2(1 = cts1) 80,11 +026%,,

+0£n+1 + 9ﬂ+1 < 1.
Consequently it follows from (3.6) and (3.8)—(3.11), for all n = Ny, that
1
ltwss = w1 = (1= Shwsstenn) i =1+ At @) (312)
By induction, it easy to see that
* * 2 *
[T max{ max ||ui — u*||, 2||F(u )||}, "0, (3.13)
0<i<Np n
Hence, {x,} is bounded, so are {W,u,}, {g(u,)}, and {F(W,u,)}. We will use M to

denote the possible different constants appearing in the following reasoning.

Define

Uni1 = Opr1tin + (1 — Ans1) Yo (3.14)
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From the definition of y,, we obtain

Up+2 — Bp+2Un+1 Uptl — Ap+1Up

Iuel = Jn = I—ani2 N I —au1
_ (1 — Op+2 + 9n+2) Wn+1un+1 - 6n+2g(‘/"]n+lun+l)
1- Knt2
. An+2,‘/‘n+2F(‘/anﬂunﬂ) " /\nﬂ,“nﬂF(Wnun)
1— a0 1 —an1
. (1 — Op+1 + 9n+1) Wnun - 6n+1g(wnun)
I —au1
n+2
= Worithpr1 — Wou, + Wosithne — Wauy,
1—a,4 1 —ap1
0n+1 9n+2 (3-15)
+ w, — W,
l_anﬂg( n“n) l_an+2g( n+1un+1)
A A
+ I”L‘“”“F(Wnun) _ L{WF(WnJrlunJrl)
— Oy I -
= Wastthprr — Wapithy + Wyru, — Wy,
0, 0,
+ 1 2 Woithnr — il W,u,
— Qp+2 — Ontl
+ Ag(wnun) — ﬂg(Wn + 1tye1)
1- Xp+1 1- [LOES)
A1 fn Apsalin
+ ﬁp(wﬂun) _ ﬂp(wﬂﬂunﬂ)_
1-— Ap+1 1- Knt2
It follows that
ynet = yull = st — ua|
< ||Wn+lun_wnun||+ HW"HMHHH
0 0, (3.16)
1_”7“”W unll+ = || (Wasn)[[+ 7= — ||g Wit ||
A
+ 1n+l,“n+1 ||F W Uy H + n+2‘un+2 ||F V,+1un+1)||.

From (3.3), since T; and U,,; for all i = 1,2,...,N are nonexpansive,

W1ty — Wiy |
= [8nr 1N TN UnsrN-1tn + (1 = 8p1,N) thy = SN TN Up N1 — (1 = 8N tha|
< 81N = OuN | |ttn] |+ 185118 TN Untr N —16n = Sun TN Unn -1 |
< 81N = Ou | |ttn] |+ 185118 (TN Ui N 100 — T Unn—114n) ||
+ | pe1n = Oun | | TN Unn—114n]|

<2M | 81N — Oun | + Ot N | Unsin—1tn — Unn—11n]|.
(3.17)
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Again, from (3.3),

Ui 1un = Unn—1t4n]|
= |6nr 181 TN 1 Uppi N2ty + (1 = Sppin—1) tn
= 8uN 1 TN 1 UnN-atty — (1 = Gpn—1) |

< | 8ns1n-1 = Oun—1]||unl|

+||8ns 181 Tn-1 UnsiN-2un — Sun—1TN-1UpnN-2Un||

(3.18)

< [8n1N-1 = Oun—1]|[t4n]]

+ 0N 1| TN 1 Uns1,N -2ty — T -1 Un N2 14|

+ | OnriN-1 = Oun-1 | M
<2M|8uiiN-1 = Oun-1| + Onr1.Nn—1]|Uns1n—2uin — Unn—2tts]]

<2M | 6n+1,N—1 - 6n,N—1 | + ||Un+1,N—2”n - Un,N—2un||-

Therefore, we have

||Un+1,Nflun - Un,Nflun”
<2M|8uriN-1—Oun-1| +2M|8ns1,N-2 — Oun-2]

+||Uns1,8-3un — Unn—31n||

N-1
<2M z |8n+1),‘ - 6n,i| + ||Un+1,1u,, - Un,lu,,|| (3.19)
i=2
= |81, Trtdn + (1 = Sns1,1) thn — Sy Ttk — (1 = 81) th|
N-1
+2M D> | Snrri — il
i=2

then

||Un+1,N71un - Un,Nflun”

=< |5n+1,1 — 61 | ||Mn|| + ||5n+1,1T1Mn - 5n,1T1Mn||
(3.20)
N-1 N-1
+2M z | 8n+1),‘ — 5,,,,‘ | <2M z | 8n+1,i - 5n,i | .
i=2 i=1

Substituting (3.20) into (3.17), we have
N-1
||Wn+lun - Wnun” =< 21\/I|6n-*—1,N - 871,N| +28n+1,NM Z |6n+1,i - 6n,i|
o (3.21)

N
< ZMZ | 8n+l,i — 8n,i | .

i=1
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Since {u,}, {F(W,uy,)}, {g(W,u,)} are all bounded, it follows from (3.16), (3.21), (i),

and (iii) that
l?ﬁ@ﬂ%a-%ﬂWwﬂ—wmsﬁ
Hence, by Lemma 2.2, we know
lim [[y, — ]| = 0.
Consequently,
il_r{}o ||“n+1 - “n” = il_nolo (1- 0¢n+1)||)’n - ”n” =0.
On the other hand,
[ttn = Wtk || < N[t = Wit |+ |[ts1 = |
< a1 [ty = Witk [ + O || Wi |
+ 01 llg (Wattn) | + Ansr s |[F (Watan ) ||
+|[uner — uall,
this together with conditions (i), (iii), and (3.24) implies
ildnoloHuﬂ — Wau|| = 0.
We next show that

limsup {( — F(x*),u, —x*) <0.

n—oo

To prove this, we pick a subsequence {u,,} of {u,} such that

limsup ( — F(x™),u, —x™) = lim ( = F(x™*),u,, — x*).

(3.22)

(3.23)

(3.24)

(3.25)

(3.26)

(3.27)

(3.28)

Without loss of generality, we may further assume that u,, — z weakly for some z € H.

By Lemma 2.3 and (3.26), we have
z € Fix(W,),

this imply that
N
z € ()Fix(T;).
i=1

Since x* solves VI(F, C). Then we obtain

limsup ( — F(x*),u, —x*) = ( — F(x*),z—x*) <0.

n— o0

(3.29)

(3.30)

(3.31)
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Finally, we show that u, — u* in norm. From (3.7)—(3.10) and Lemma 2.4, we have

[t = = [ (1= @ner) (Wit = %) = B (g (Wistt) — ™)
+ o1 (thy — t™) + 001 (Whuy, — u™)
— Anstftner (F(Wotty) — F(u™*)) + Aprpine F(u™®)||
< [[(1 = 1) (Wotty = t*) = 01 ((Wytty) — u*)
+ et (U — %) + Ot (Wt — u™)
— Ans1ftn1 (F (W) ~F(u"))|’
+ 21 ( = F(u*), ey — u™)

1
< (1 - Elnﬂymm) ||t — ¥

+ 2A i1 { — F(u™* ),y — u™).

(3.32)

An application of Lemma 2.1 combined with (3.31) yields that ||u, — u*|| — 0. This com-
pletes the proof. O

4. Application to constrained generalized pseudoinverse

Let K be a nonempty closed convex subset of a real Hilbert space H. Let A be a bounded
linear operator on H. Given an element b € H, consider the minimization problem

min ||Ax — b]|>. (4.1)
xeK

Let S; denote the solution set. Then, S, is closed and convex. It is known that S is
nonempty if and only if Py(b) € A(K). In this case, S, has a unique element with
minimum norm; that is, there exists a unique point x € S, satisfying

[1%11* = min {[lx/|*: x € Sp}. (4.2)
Definition 4.1 [22]. The K-constrained pseudoinverse of A (symbol Ax) is defined as
D(Ak) = {b€ H: Pygy(b) € AK)}, Ax(b) =% beD(Ax), (4.3)

where X € S, is the unique solution of (4.2).

Now we recall the K-constrained generalized pseudoinverse of A.

Let 6: H — R be a differentiable convex function such that 8 is a k-Lipschitzian and
n-strongly monotone operator for some k >0 and # > 0. Under these assumptions, there
exists a unique point Xy € Sy, for b € D(KK) such that

0(Xp) = min{6(x): x € Sp}. (4.4)

Definition 4.2. The K-constrained generalized pseudoinverse of A associated with
0 (symbol Ag g) is defined as D(A 9) = D(Ax), Axg(b) = %o, and b € D(Ag g), where
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Xo € Sp is the unique solution to (4.4). Note that if 8(x) = [|x[|2/2, then the K-constrained
generalized pseudoinverse Ak g of A associated with 0 reduces to the K-constrained pseu-
doinverse /TK of A in Definition 4.1.

We now apply the result in Section 3 to construct the K-constrained generalized
pseudoinverse Ag g of A. First observe that ¥ € K satisfies the minimization problem (4.1)
if and only if there holds the following optimality condition: (A*(AX — b),x — X) > 0,
x € K, where A* is the adjoint of A. This for each A > 0, is equivalent to,

([M*b+ (I - AA*A)X] -X,X—x) =0, x€K,
(4.5)
Pr(MA*b + (I - MA*A)R) = %

Define a mapping T : H — H by
Tx =Px(A*b+(I-AA*A)x), x€H. (4.6)

Lemma 4.3 [12]. IfA € (0,2]|Al|72) and if b € D(AK), then T is attracting nonexpansive
and Fix(T) = Sp.

The proofs of the following Theorems 4.4 and 4.5 are obtained easily; we omit them.

THEOREM 4.4. Assume that 0 < p, < 2n/k>. Assume {A,} and {0,} satisfy the following
conditions:
(i) limy—cw Ay =0, X071 Ay = 00;
(i) 6, € (0,2(1 —a)(6 — 1)/(6? - 1)];
(iii) limy e 0, = 0,lim, . A,/6,, = 0.
Given an initial guess uy € H, let {u,} be the sequence generated by the algorithm

Up+1 = T”n - An+1[fin+19, (Tun) + Xpt1 (un - Tun)
(4.7)
— 01 (g(Tun) — Tu,), n=0,

where T is given in (4.6). Suppose that the unique solution ty of (4.4) is also a fixed point of
g. Then {u,} strongly converges to Ak g(b).

THEOREM 4.5. Assume that 0 < u, < 21/k?. Assume that the restrictions (ii) and (iii) hold
for {6,} and also that the control condition (i) holds for {A,}. Given an initial guess uy € H,
suppose that the unique solution tg of (4.4) is also a fixed point of g. Then the sequence {u,}
generated by the algorithm

Up+1 = Wnun - /ln+1[4n+16, (Wnun) + Xyt (un - Wnun)
(4.8)
_9n+1(g(Wnun) - Wnun): 1’120,

converges to A\K,g(b).
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