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1 Introduction and main results
It is common knowledge that the Bernoulli polynomials B, (x) and the Euler polynomials

E,(x) for n> 0 can be generated by

o0 t”
S B
1m0 n.

and

o0 t"
= ZEn(x)_',
=0 n.

respectively (see [1-23]).
With the viewpoint of deformed Bernoulli polynomials, the Daehee polynomials D,,(x)

for n > 0 are defined by the generating function to be

e gy - ZD o )

It is easy to see that the generating function of the Daehee polynomials D,(x) can be

reformed as

log (1 +¢)

xlog 1+t)
elog 1+t) _ 1

log (i +t) (110 =
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From (1), we note that

log(1+¢)
elog(1+t) -1

erloe(1+) ZB (x)—(log (1+2)"

n=0

- an(x) > siom e
Z(ZB ()1 (m, n)) 2)

m=0 \n=0

where S (m, n) stands for the Stirling number of the first kind which is defined as
(x)o =1, Xy =xx-1)---(x—n+1)= ZSI mxt (n>1).
Combining (1) with (2) yields the following relation:

n(®) = Y Bu(x)Si(m,n)  (m=0).

n=0
By replacing ¢ by e — 1 in (1), we can derive

[e¢]

an(x)g - Z m(x)— (e -1)"
n=0
=%Dm<x)n;sz(n,m>g
Z(ZD (x)Sa(m, m)) (3)

n=0 \m=0

where S;(n,m) is the Stirling number of the second kind which is given by x” =
> Lo Sa(m (%) (n > 0).
Comparing the coefficients on the both sides of (3), we obtain

By(x) =) Dp(®)Ss(n,m) (n>0).
m=0

Also, with the viewpoint of deformed Euler polynomials, the Changhee polynomials

Chy,(x) for n > 0 are defined by the generating function to be

—(1+t)x ZCh (x)— ()
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Definition (4) can be written as

2
elog (1+¢) +1

oo
grlog () ZEn(x)%(log 1+1)"

n=0

_ gEn(x);sl(m,m%
5 (Z E,()S.0m, n)) z

m=0 \n=0

Combination of this identity with (4) results in the following relation:

Chy(x) = Y E(0)Si(m,n)  (m=0).

n=0

Now replacing ¢ by e’ —1 in (4), we have

ZEn(x);—n, =———e"=) C m(x)— (¢ =1)"
n=0 ! m=0

_ mZO Clne) 3510 '
-y (Z Ch(3)S(n, m)) £

n=0 \m=0

Equating coefficients on the very ends of the above identity leads to

E,%) =) Chu®)Sy(m,m) (n=0).

m=0

In recent decades, many mathematicians have investigated some interesting extensions
or modifications of the Daehee and Changhee polynomials along with related combinato-
rial identities and their applications (see [4, 9, 10, 14, 16,17, 19, 23]). Especially, Kim and his
coauthors have studied the Fourier series related to various types of Bernoulli functions
in [7,11-13, 15]. The purpose of this paper is to study the Fourier series related to higher-
order Daehee and Changhee functions and establish some new identities for higher-order
Daehee and Changhee functions.

For any real number x, we define
(x) =x— [x] € (0,1),

where [x] is the integer part of x. Then D,({x)) are functions defined on (—o00,00) and
periodic with period 1, which are called Daehee functions.

For r € N and #n > 0, we note that the higher-order Daehee polynomials fo) (x) and the
higher-order Changhee polynomials Ch;’)(x) may also be represented by the following
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generating function:

log(1+1)\" NN
(2252 o -
and
2 ! x _ = (r) "
(ﬁ) 1 +¢) _§Ch” () — (6)

respectively (see [4, 10, 14]). When x =0, DSI) = Dg,r)(O) are called the higher-order Daehee
numbers and Ch" = Ch")(0) are called the higher-order Changhee numbers. And it is

easy to see that
DY (%) =Dy(x),  CHP(x) = Chy(x).

Then Dg,r)((x)) and Ch(n’)((x)) are functions defined on (-0, 00) and periodic of period 1,
which are called Daehee functions of order r and Changhee functions of order r, respec-
tively.

Recall from [15, 24] that the Bernoulli function may be represented by

0 27T inx
B ((x)) = —m! Z (;in)m (m=>2) (7)
o

and

O, rinx Bi({x)) forx¢Z,
—m! _
m! ,,E_oo i) (8)

- 0 forx € Z.
n#0

The Fourier series expansion of the Bernoulli functions is useful in computing the special
values of the Dirichlet L-functions. For details, one is referred to [24].
Our main results in this paper can be stated as the following theorems.

Theorem 1 Let m > 2,r > 1. Assume thatD 0.

m-1 =

(a) D ( )) has the Fourier series expansion

oator-r2- 5 (5 o Jore

Jor x € (=00, 00). Here the convergence is uniform.
(b) D ((x)) = Z%’? (’]:’)DEZ)_lBk((x)),for all x € (—00,00), where Br((x)) is the Bernoulli

Sfunction.
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Theorem 2 Let m > 2, r > 1. Assume that DZ{I #0.

(a)
i ) DY ((x orx & 7,
Dgl) _ Z (m)k anZ . pminx _ (< )) f
n=— k=1 (27Tl}’l) Di:,)+% r:; fOV?CEZ
Here the convergence is pointwise.
(b)
Z( > x)):D() forx ¢ Z
m— k
k=0
and
3 (';{”)pﬁfq{kzak(m) =D 4 % O forxeZ,
k=0
kA
where By ({x)) is the Bernoulli function.
Theorem 3 Let m > 2, r > 1. Assume that Chﬁ;) = Chﬁfl’l).

(a) Chi;)((x)) has the Fourier series expansion
Ch) (%)) = o (Ch,;j1 chl))

2(m)y— 1
(T
n;z’O

r-1) 27 inx
m k+1 - Chm k+1))e

for x € (=00, 00). Here the convergence is uniform.

(b)
Chy) (@) = —— (Chyzil Chiypy)
m+
2(1’/’[)]( 1 r
k! (Chm }<+1
k=1 :
and
Ch? ((x)) = 2 (Ch’ V- cnl
m m+1 m+l m—k+1
— 20m)r
+ (C m— k+1
P k!
where By ({x)) is the Bernoulli function.

~ Cl1) B((

= Chty) Be((

)) forx ¢ Z

)) forxeZ,
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Theorem 4 Let m > 1, r > 1. Assume that Chiz) # Chﬁf[l).
()

m+1

Nn=—00

00 n
(Wl) — r T inx
(Chn:+11 ChmH) Z ( (27.”'];[)1]( (Chm k+1 Chin }<+1)>e2
k=1
n#0

x)) forx¢Z,
CH™V  forxel.

Here the convergence is pointwise.

(b)
— o 2(m) 1 &)
2 (cny - o )+ 30 O = O ) ()
=Ch)((x)) forxeZ
and
2 (on - Chm+1>+; 2O (R, O ) Bel0)
=Chi ™ ((x)) forxel,

where Bi((x)) is the Bernoulli function.

2 Proofs of Theorems 1-4
We are now in a position to prove our four theorems.
By analyzing definition (5), we have

DV (x+1) = D (x) + mDY) ,(x) (m > 0).

Furthermore, we observe that

I L R

m=0 ¢
= (@)r(l +1)* + (@)r(l +t)*t

o0

=Y D\ (x)— + ZD () —

tm+1

3
i
<)

p"qg

tm
(DY(x) + mDY) | (x ))m

3
I
<)

Letting x = 0 in the above equation leads to

DY) =D + mDY) | (m=0).

m
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Now, we assume that m, 7 > 1. Dﬁf,)((x)) is piecewise C°. Further, in view of (2), Dgf,)((x))
is continuous for those (r,m) with D(r) = 0 and is discontinuous with jump disconti-
nuities at integers for those (r, m) with D ', # 0. The Fourier series of D, r)(( )) may be

represented by

1 1
crm = fo DY) ((x))e ™™™ dx = / DY) (x)e ™" dx

1 -1 27in )
_ |: D(r) (x)62nznx:| / DL:)H x)e—anx dx

m+1 m+1
1 2min 1
= m( (1) =DY) + mc;(f’m”
2min
=DV  ———Clrm), 9
" om+1l " ©)

Replacing m by m — 1 in (9), we arrive at the following result:

2min clrm)

n

C}Elr,mfl) — D(r)

m-1

Case 1 Let n #0. Then we acquire that

m m
C(r,m) _ C(r,m—l) _ D(V)
" 2win " 2min "™t
m (m-1 m-—1 m
- ML cmay _M=1p0 \ _ "M po
27in < 2win " 2in ") 2mwin ™!
_ =) ey =) e
Qmin)2 " Qrin)2 "2 2min ™1
_ mm-—1) (m—2 Clrm=3) _ m— 2D(,)
@2min)? \ 2win " 2min M3
m(m D _» mo

D!
Qrin)2 ™% 2gin ™!

m(m —1)(m - 2) Clrm=3) _ mm—-1)(m—-2)
(27 in)? " min)3 "3
m(m 1) "o
Qrin)2 "2 2gin M1

G

(10)

_m(m—-1)(m-2)---2 co «— Mk
N (27 in)m-1 ;(271114)’( mk:
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Moreover, we observe that
1 1 ’
C,E,r'l) _ / DY) (x)e—Zninx dx = / (x " DY))E—Zmnx dx
0 0
1 1
— / xe—Zm’nx dx + DY)/ e—27rinx dx
0 0

1 , Y 1
= [xe‘z’”m‘]1 +— / P p— (11)
2min 0" 2min J, 27in

Combining (11) with (10), we immediately derive the following equation:

-1 m

m! (m)r (m)

clm) _ _ DY - D .
" (27in)™ Z Qmin)k "k ; Qmin)k "k

m
k=1

Case 2 Let n = 0. Then we have

1 1
i /0 DY((x)) dx = /0 DY) dx
1

R [D%1(x)]2)

1
(r) (r)
= (D)~ D) = D
While that in (8) converges pointwise, the series in (7) converges uniformly. We assume
that D(,;)_l = 0. Then we have Dﬁf,)(l) = DE:,) for m > 2. As Dif,)((x)) is piecewise C* and
continuous, the Fourier series of DS:,)((x)) converges uniformly to DE:,)((x)) and

oo
DZ)(@C)) _ Z C;r,m)ehimc
Nn=—00
o [ (m)
— D(’”) _ 71)(” 27 inx
2= 3 (3 ot )

m (m)k " o e27rimc
=p D |k
W+ 2T D R D Qrin)k

= \k 0 forx e Z

| S (ODLLB@) forxeZ, N
- Z%(l, (']:’)Diz),lBk((x)) forx € Z. (12)

Note that (12) holds whether DZ)_I = 0 or not. However, if DE;:? =0, then

DY ((x)) = Z (VZ)D(VZ)_lBk(W» for all x € (—00, 00).
k=0

k#1

Therefore, we obtain the result in Theorem 1.
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Assume next that Di;{ 1 #0. Then we have DS:,)(I) # DS,’} and hence Dﬁf,)((x)) is piecewise
C* and discontinuous with jump discontinuities at integers. Thus the Fourier series of
D(,f,)((x)) converges pointwise to D%)((x)) for x ¢ Z, and converges to %(Dg,) + DEZ)(I)) =
DY)+ (m/2)D§;)_1 for x € Z. Finally, we obtain the formulas in Theorem 2.

From now on we focus on definition (6). Then we can find

ChD(x + 1) + Ch (%) = 2CHI D (). (13)

In other words,

ZCh (x+ 1 m! = (%)r(l+ £)*H

r-1 r
_ (21) (1+t)"—<%) 1+ 1)

oo

Z "1) x)— - Z Ch,, ") (x

m=0

m

= t
= [2CHS P () - CH) (%) ] —
m!
m=0

Taking x = 0 in (13) yields
CHD ) + CH?) = 2ChI™Y  (m > 0).
This equation means that
Chl) =ch?)(1) < ChY)=cni.
Assume that m >1and r > 1 Chf:,)((x)) is piecewise C*. In addition, Chg;?((x)) is con-

tinuous for those (r, m) with Chﬁ;) = Chfjfl) and discontinuous with jump discontinuities
at integers for those (r, m) with Chﬁfl) # Chﬁfl_l). The Fourier series of Chf;)((x)) is

Here

1 1
clrm = / Chl) ((x)) e dx = / ChY) (x)e " dx
0 0

1 i 2min '
T m+l [Ch’z)*l(x)e_zmnx]:) Tl / CH) ()€™ d

1 () ) 2win
= P (Ch,;d (1) Chr;ﬂ) o C’(”r,m+1)

2 . 2in
T m+l (Ch”r““ Chm+1) mdf’mﬂ). 14)

By virtue of replacing m by m — 1 in (14), we can find

2min 2
. corm = clom-1) 4, Z(—Chﬁ,j’” +CHY).
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Casel Let n #0. Then we acquire that

m
C(r,m) _ C(rm 1), _— Ch Ch(r—l)
" 2win " i mn( )
-1 ~
(e - (), - cr )
2win \ 2mwin Tin

+— (Ch - ChY)

7Tl}’l
_m(m-1) Clrm=2) m (CH?., - CHID)
T amime 7 2y Yt T Y

+ L,(Chff) - CHi )
Tin

-1 -2 1
_ m(Wl ) m : C(r’m_g) _ —’(Ch(r) ) - Ch(r:lz))
(2min)? \ 2win win

m " gy, L ") _ D
* P (Chyy = Chy ) + — (CH)) - ChH); ™)
mm-1)(m-2) . 5 m(m-1) 0 (r-1)
= T el L T S (Ch), — Ch
(2min)3 " 22(win)3 ( ”’_2)
m " gy, L ") _ D
+ 2 in)? (Chy)y = Chyy ) + — (CH)) - ChHy ™)

m-1
m! 2(m)i
_ (r,1) z : r-1)
- (2min)ml Cut (2min)k (Chm e = Chy ’<+1)

In addition, we observe that

1 1
C}Elr,l) — / Ch;r) (x)e—Zninx dx = / (x + Chgr))e—Zninx dx
0 0

1 1
— / xe—Zmnx dx + Chgr)/ e—2nmx dx
0 0

1 I 1 v
- _ [xe—anx] + / e—2:—rmx dx
2min 0" 2min J,
~ 1
T 2win’

Therefore, we can derive the following equation:

2(”’1)k 1
(rm) _ r-1)
C Z (27_””)]( m k+1 - Chm k+1)

r-1)
Z (27nn)k m k+1 - Chm k+1)

Here, we used the fact that

1
ChY) _ ChY_l) =rChy — (r—1)Chy = Ch; = —5,
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Indeed,

o0 n 2
Z 11'2(2+L‘>><

2
X —
2+t
o0

n t"
= Chy, Chy, -+ Chy, | —.
Z( 2 (11,12,...,1,) b~ ")m

n=0 “y+--+ly=n

Accordingly, it follows that

1
ch\ = Chy Chy, ---Ch
Sy (11,12,...,1,) AT T

H+-+l=1

=Ch1+Ch1+”‘+Ch1:VCh1.

Case 2 Let n = 0. Then we have

1
clrm = /0 Ch (x) dx

1 o)
= m [Chm+1(1) - Chm+l]
2 Y
= m+ (Chm+1 Chm+1)
Assume first that Ch (1) = ). Then we have Ch (1) = Ch(,;) for m > 2. Chg,)((x)) is

piecewise C* and continuous. Hence the Fourier series of Chf;)((x)) converges uniformly
to Ch")((x)), and

Chy) (1)) = —=— (Ch,Y ~ Chy)

2(m) - 1 (r) r-1) 27 inx
Z |:Z (27_””)/( Chm k+1 Chm k+1) '
n-T/O

Consequently, it follows that

2 r r
CH) () =~ (ChHiy Y — Chih)
"\ 2(m)kt - ) -
k! (Chm k+1 ™~ Chm k+1) —Z_oo(_k') (271”1)](
= "Z¢0
(Ch - Chl))
m n 1 m+1 m+1
2 r ’
(V’I’:)k 1 (Chm }<+1 — Chi,,)_kn)Bk((x))
k=2 '

Bi({x)) forx¢Z,

2(Ch Y — ch) x
( " " ) 0 forx € Z.

Thus the proof of Theorem 3 is complete.
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Finally, assume that Chﬁz) # Chi;’l) . Then we have Chiz)(l) +# Chﬁz) and hence Chﬁf}((x)) is

piecewise C* and discontinuous with jump discontinuities at integers. Thus the Fourier

series of Chﬁz)((x)) converges pointwise to Chiz) ({x)) for x ¢ Z, and converges to %(Chf:l) +

Ch

52)(1)) = Chg;’l) for x € Z. From the above considerations, the proof of Theorem 4 is

complete.

3 Conclusions

In this paper, the author considered the Fourier series expansion of the higher-order Dae-
hee functions Dg,r)((x)) and the higher-order Changhee functions Ch;’)((x)) which are ob-
tained by extending by periodicity of period 1 the higher-order Daehee polynomials DY (x)

and the higher-order Changhee polynomials C4" (x) on [0,1), respectively. The Fourier

series are explicitly determined. Depending on whether DE,r)((x)) and Chg,')((x)) are zero

or not, the Fourier series of these functions converge uniformly or converge pointwise. In

addition, the Fourier series of the higher-order Daehee functions D(,,r)((x)) and the higher-

order Changhee functions Ch(n')((x)) are expressed in terms of the Bernoulli functions

Bi({x)). Thus we established the relations between these functions and Bernoulli func-

tions.
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