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1 Introduction
Singular value problems of rectangular tensors have become an important topic in applied
mathematics and numerical multilinear algebra, and it has a wide range of practical appli-
cations, such as the strong ellipticity condition problem in solid mechanics [1, 2] and the
entanglement problem in quantum physics [3, 4].

Let R (respectively, C) be the real (respectively, complex) field. Assume that p,q,m,n
are positive integers, m,n > 2,/ =p + g, and N = {1,2,...,n}. A real (p,g)th order m x
n dimensional rectangular tensor (or simply a real rectangular tensor) A is defined as

follows:
A= (ail“‘ipjl“‘jq)’ Aiy-ipj1--+jg eR1<i,..., ip <m,l Sh, .. .,jq <n.

A real rectangular tensor A is called nonnegative if a;,...j,..;, > 0 for ix = 1,...,m,k =
1,....,p,andj, =1,...,m,v=1,...,4q.

For vectors x = (x1,...,%,)", y = (yl,...,yn)T and a real number «, let % = ,x5,...,
x) T, yled = (59,95, 99)T, AxP"1y7 be an m dimension real vector whose ith component

1S

m

n
(Axp yq)l = allZ“‘lpll“‘/qle xlpyll J/,q,

0250es ip:ljl ..... J q:l
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and Ax?y7! be an n dimension real vector whose jth component is

m

n
q-1) _ A e X Vi e
(Ax” Y ),'— Z Z Aiy-wipjjn-jq¥is = Kipdjp " Vig+

115eer ip:ljg ..... J q:l

If A € C, x € C"\{0}, and y € C"\{0} are solutions of

Ax?~1yd = jxl-1)
Axpyil = yli-1l

then we say that A is a singular value of A, x and y are a left and a right eigenvectors of A,
associated with A. If A € R,x € R™, and y € R”, then we say that A is an H-singular value
of A, x and y are a left and a right H-eigenvectors of .4, associated with H-singular value
A [5]. Here,

Ao = max{ |A]: A is a singular value of A}

is called the largest singular value [6].

The definition of singular values for tensors was first introduced in [7]. Note here that
when [ is even, the definitions in [5] is the same as in [7], and when [ is odd, the definition
in [5] is slightly different from that in [7], but parallel to the definition of eigenvalues of
square matrices [8]; see [5] for details.

Recently, many people focus on bounding the largest singular value for nonnegative rect-
angular tensors [6, 9, 10]. For convenience, we first give some notation. Given a nonempty

proper subset S of N, we denote

AN =2 ripsfire-orjg) 2820 ripajise g €N,
AP =iy eeripsfireerfg) tH2se e ripofis--rjg €S},
QN = {1, iprjarrjg) tireeeripforee g €N},

Q5 = {(i1s- . ripsjarerjq) titreeriprjar..rjg €S},
and then
AS=ANM\AS,  QS=QN\QS.
This implies that, for a nonnegative rectangular tensor A = (@iy...ipjy--j,)» We have, for i, j € S,

Z AS AS j

r,'(.A) = aiiz...ipjl...]‘q =r; (A) t7; (A), le(.A) = ri(A) - lll'j.“/‘j.../,
i9seerkp 1 5fq EN
552"'5pi1"'iq:0

G A= Y g, = A+ A, A = GA) - i,

1]y jsfq €N
iy weipjjn jg =0
1--ipija-iq
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where

s 1, ifilz"':ip:jlz"':jq;

i1ipj1jg = )
0, otherwise,

and

AS AS
ri (A) = Z Aiiy - ipjy g ri (A) = Z Aiiy---ipj1 +jgr

(i1 i) €05 (i2s0ip1 g JEAS
iy ipj1-++ig =°
QS _ Z oS _ Z
Cj (./4) = a,-l...ip,jz..jq, C/ (.A) e ail"‘ip]jZ"'iq‘
(i1 i) €25 (i1,‘.‘,ip,1'2p.‘,/q)€§

8ty ipjja jg =°
In [6], Yang and Yang gave the following bound for the largest singular value of a non-

negative rectangular tensor A.

Theorem 1 ([6], Theorem 4) Let A be a (p,q)th order m x n dimensional nonnegative
rectangular tensor. Then

A< max  {Ri(A),C(A},

T I<i<mi1<j<n

where
m n m n
RZ(A) = E aiiZ"'ipil"'/q’ CJ(.A) = E ail"'ip]jZ“‘jq‘
i2yeip=1j1,0jg=1 iLyenip=1j2,.jq=1

When m = n, He et al. [9] have given an upper bound which is lower than that in Theo-

rem 1.

Theorem 2 ([9], Theorem 1.3) Let A be a (p,q)th order n x n dimensional nonnegative

rectangular tensor. Then
)‘-0 = CD(A) = max{q)I(A)’ ¢2(A)’ CI)?)(A), dDéL(A)};
where

1 .
d)l(.A) = L',jrenl\z[l,)i(;/j E {ﬂlzuiimi +aj..jj..; t f]l(.A)

+ [(di---ii---i —dj..jj..j 7{(./4))2 + 4&11”17'](./4)]% },

1 .
@2(./4) = L’,jgl]\?,)i;'/ E {(limilzul’ + aj...jj...j + Ci(A)

1 .
(Dg(.A) = i'};lﬁi;ﬂ 5 {(ll’“.iiu.i + tlj...]'ju.l' + I’Jl(.A)

S

+ [(ﬂi---ii---i - 61/‘...]‘}'...,‘ + 7{(./4))2 + 461&..#.../6’,‘(./4)]

b
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1 .
CD4,(.A) = L',jrenl\z[l,)i(;/j E {ﬂlzuiimi +aj..jj..; t Ci(.A)

ST

+ [(ﬂi---ii---i —dj..jj..j CZ(.A))Z + 4‘61]‘...1‘1‘]'...]'7‘]‘(./4)] }

Similarly, under the condition of m = n, by breaking N = {1,2,..., n} into disjoint subsets
S and its complement S, Zhao and Sang [10] provided an S-type upper bound for the
largest singular value of nonnegative rectangular tensors.

Theorem 3 ([10], Theorem 2.2) Let A be a (p,q)th order n x n dimensional nonnegative
rectangular tensor, S be a nonempty proper subset of N, S be the complement of S in N.
Then

ho < US(A) = max{US(A), US (A), US(A), U5 (A)},

where

1 S
US(A) = max ={a; ;i+aiji+7> (A
1( ) ieS,jE§2{ ol jorsjjej T T (A)

[T

+ [(ﬂi---ii---i —4j..jj..j — VIF(A))Z + 4max{ri(A), Ci(.A)}VI»AS (A)] },

[T

+ [(ﬂi---ii---i —4j..jj..j — }"}F(A))z + 4max{r,»(A), Ci(.A)}V]»AS (.A)]

b

1 5
s Q
U5 (A) = max —{ai...ii...i + aj. i + € (A)
ieSjeS

1 S
5 Q
U5 (A) = max —{ai.“ii.“i+a,'...j,;“j+cj (A)
ieSjeS

(@i = g — ¢ (A)? + dmax{ri(A), (A} ()] 7).

In this paper, we continue this research, and give a new S-type upper bound for the
largest singular value of nonnegative rectangular tensors. It is proved that the new upper
bound is better than those in Theorems 1-3.

2 Main results
Theorem 4 Let A be a (p, q)th order n X n dimensional nonnegative rectangular tensor, S
be a nonempty proper subset of N, S be the complement of S in N. Then

ho < WS(A) = max{ W (A), W (A), W5 (A), WS (A), U5 (A), W5 (A), W5 (A), W5(A)},
where

1 s xS
\.I,lis(A) = max — {ﬂi---ii---i + aj..jj..j + Vl'A (A) + rjA (A)
i€SjesS

D=

b [(@iis = @+ 72 (A) = P2 () + 4 (A2 (W],
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_ 1 5 AS
lIIf(.A) = max _{ai---ii---i +aj..jj..j+ ViA (.A) + rjA (-A)
i€SjesS

+ [(ﬂi---ii---i —4dj..jj..j + riAS (-/4) - GE(A))Z + 4rLA_S(A)r/AS ("4)]% }’

1 S oS
\IIg(A) = max _{aimii---i +aj..jj..j+ Cva (.A) + C]'Q (-A)
ieSjeS

< 1 3 o5
\Ilg(A) = max —{dim”‘mi +aj..jj..j+ Cva (A) + CIQ (A)
ieS,jes

+ [(ﬂi---ii---i —aj.jj.j+ C?S (A) - C/Q?(A))z + 4'55'273(-’4)%95 (A)]% }»

1 s S
\Ilss(A) = max —{ﬂimil‘mi +aj..jj..j+ riA (A) + Clg (A)
ieSjeS

+ [(“i---ii---i —dj..jj..j riAS (.A) - CISTS(-A))Z + 4"”?(-’4)6]&'25 (A)]% }r

1 g 5
W3 (A) = max _{ﬂi...il‘...i + .y + rjA (A) + ¢ (A)
ieSjeS

i (@i = ay g~ 25 (A) + ¢ (W) + 42 (A (W)

j g
s 1 AS o5
\IJ4 (.A) = max —{ﬂz’---ii---z’ +aj. jj..j+1; (A) + Cj (A)
ieSjesS

b (@i — gy + 2 (A) = 2 () + 42 (A (A)]

7

ST

).

Proof Because A is the largest singular value of A, from Theorem 2 in [6], there are non-

negative nonzero vectors x = (x1,%,...,%,)" and y = (y1,¥2,...,¥,)", such that

AxP 7y = poxll-1, 1)

.Axpyq_l — )»oy[l_l]. (2)
Let

x; = max{x; :i € S}, xp =max{x; : i € S};

yr =max{y;:i € S}, yg =max{y;:i €S}

w; = max{x;y;}, i€N, ws = max{w;:i € S}, ws =max{w;:i € S).
Then at least one of x; and x;, is nonzero, and at least one of yr and y, is nonzero. We next
divide into four cases to prove.

Case I: If wg = x;, wg = x5, then x; > y;, x5, > yj.
(i) If xp, > x4, then &y, = max{w; : i € N}. From (3) of Theorem 2.2 in [10], we have

(Ro = @neon — rﬁ_s(A))xﬁfl < rhAS(A)xi’l. (3)
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If x; = 0, by &, > 0, we have Ao — ap..pps — rhAT(A) < 0. Then Ay < ap..ppy + rhAT(A) <
‘-Ilf (A). Otherwise, x; > 0. From (1), we have

-1 -1 -1,4q
()\0 — ﬂt.“t[.ut)xt < }\.()xt — dt.“tt...txl; Vi

= E Atiy-—iphr-~jg¥ia " FipVj1 " Vjg
(iQwipfL g ) EAS
Btiy-ipy-+ig =

+ E Aiy-ipjr--jq¥ia " FipVj1 " Vjg

(D2 w1 reof) EA

§ /-1 E -1
ﬂtl’z...jpjl...jqxt + atlz ipf1+ ]qxh

(i mip f1jq) €A (i2rripofenfq) EAS
Btiy-ipy-+ig =

rt (.A) +rt (A)xﬁ,‘l,

IA

(Ro = Gpotpee =1 (.A)) 1< rAS (A)xiL, (4)

If)\() —ﬂt...ttmt—rtAS(A) <0, then )\,0 < ﬂ[“.ttmt‘i'rtA (./4) < qjis(A) If)\,() —ﬂtmtt...[—VtAS(A) >0,

multiplying (3) with (4) and noting that ¥/ 22,1 > 0, we have

(ho = pstt = 72 (A)) (o = @i — 1 (A)) < P2 (AR (A). (5)

Solving % in (5) gives

1
Ao =< 2{ﬂt~~~tt~~~t + Ay b +Vt (A) +’”h (A)

S

+ [(arspe + 17 (A) = Qg = 13 (A)) 4’?(A)VhAS(A)]%}

1 AS
< max —{a,...,,..., + Ao + rt (A) + rA (A)
ieS,jeS

Wi (A).

(if) If x; > &y, similar to the proof of (i), we have

S
()\0 —ap..hh-h — rﬁ (A)) ()\,() — Af.ft .t — VtA
and

Ao =

NI>—‘

& (Wbt = ettt + 72 (A)—rAS(A)) + 425 (W2 (W)]2)
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+ [(ai---ii---i —4dj..jj..j rlAS(A) - GAT(A))Z + 4V§(A)V'JAS(A)]% }
= Ui(A).

Case II: Assume that wg = yr, wg = y,. If y; > 7, similar to the proof of (i), we have

(0 = af.grog = S (A) (ho = Ggrggg — ¢ (A) < & (AT (A),

and

—

Ao —-{ lf. fff + Og..gg.g +-Qf (¢4) §;k¢4)

\}

(@ — g + € (A = P () + 4T ()2 ()]

1 QS QS
< max — {diu.il:..l' + aj..jj..j + C; (.A) + C/ (.A)
i€SjesS

(@i = ay g+ € (A) - ¢ (W) + 4 (N (A)])
= US(A).

If yr > y,, similarly, we have
(ho = dg-ggg — & (A)) (o = ap.cgroy — <& (A) < 2 (A (A)
and

ho < ~{agggg +ap gyt (A +e (A)

l\JIF—‘

+[(aggg @y + 2 (A) - cfﬂg (A)? + 42 (A ()]}

1 5 S
< max —{a,,..,,..., + dj.j..j +cQ (.A)+cjQ (A)
ieSjeS

+ [(@ticni = Aoy + € *(A) - ¢’ (.A)) + 4CQS(A)C (-/4)]%}
= US(A).

Case III: Assume that ws = &, wg = ¥,. If y, > x;, similar to the proof of (i), we have

(Ro = Gpospe =1 (.A))(ko —lg..ggg — c (A)) <t (A) °(A)

and

S S
Ao < {at.“ttu.t + g..ggg + rtA (A) + c? (A)

l\JI»—l

b (@0t = Bgeoggog + 12 (A) = 2 (A)) 4 4D (A)c“S(A)]%}
1

oS
< max —{@.ii + @y + 17 *(A) +cQ (A)
ieS,jeS

ST

+ [(@iviicoi = Aoy + 17 (A) - c (.A)) + 47’,:5(-/4)01-9504)]
= WS(A).

)

Page 7 of 12
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If x; > y,, similarly, we have

(Ro —ag..gqg — € (A)) (Ao =@ttt = rtA (A) < c;,z_(A)rtAg (A)

and
1
)\.0 E {ﬂt...ttmt + Ag..gg. g + r (A) +C ( )
N 1 4D (e (]2
+ [(ﬂtu.t[...[ - ﬂgmgg...g + r (A) (A)) + 47} (A)Cg (A)] }
< max l{oz,-...,-,-.“,- + dj.jjj + r}ZS(A) + C?E(.A)

ieSjeS
+ [(ai---ii---i = 4j..jj..j — I"IE(.A) + C?S (.A))Z + 4‘7']43 (.A)Clgig(.A)] % }
= WS(A).

Case IV: Assume that ws = yr, ws = &y, If %, > 7, similar to the proof of (i), we have

(0 = af.grog — 2 (A)) (ko = s — i (A)) = & (A (A)

and

—_

Ao E{ lf.o ffof + Ayt + rh (./4) + Cf (./4)

+ [(ﬂf..ff...f — Ay b — rﬁ_S(A) + C;ZS (.A)) + 4Cf (A)r (A)] 3 }

1
< max —{dj.iii + Gjgjj + r (A) +c *(A)
i€Sjes

+ [(ﬂi---z’z’---i - a/'...j/'.../‘ - VIF(.A) + C?S (A))2 + 4C§Z_S(A)VI‘AS (-A)] % }
= Ui(A).

If yr > &y, similarly, we have

and

{ah...hh...h + (/lf..ﬁ..f + Fh (A) + Cf (A)

l\)l»—t

(@i — gy + 12 (A) - 2 (W) + 42 (A ()] )

1 3 o5
A Q
< max —{tll’...u’...i + dj..jj..j+ 1; (A) + Cj (A)
ieSjeS

+ [(@iicoi = Wy + 17 (.A) - c (A))2 + 4;"!45 (.A)CIQS(.A)]
= WS(A).

[T

}

The conclusion follows from Cases I, II, III and IV. O
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We next give the following comparison theorem for these upper bounds in Theorems
1-4.

Theorem 5 Let A be a (p,q)th order n x n dimensional nonnegative rectangular tensor,
S be a nonempty proper subset of N, S be the complement of S in N. Then

WE(A) < US(A) < B(A) = max{R(A), GA)].
ije

Proof 1. By Remark 2.2 in [9], ®(A) < max;;en{Ri(A), C;(A)} holds.

I1. Next, we prove US(A) < ®(A). Here, we only prove U; (A) < ®(A). Similarly, we can
prove Uf(.A), Us (A), U§(A) < ®(A), respectively.

(i) Suppose that

1 5
Uf(A) = max _{ai~~~ii~~~i t4dj.jj..j + }"lA (A)
ieSjeS

+ [(ﬂi---ii---i —4j..jj..j — V}F(A))Z + 4Vi(A)}”1'AS (A)]% }

From the proof of Theorem 2.2 in [10], we can see that the bound U;(.A) is obtained by
solving ¢ from

()\0 - ﬂi---ii---i)(ko - (ll‘...}']‘...j - VI»AS (.A)) < Vi(.A)fjAS (.A) (6)
From the proof of Theorem 1.3 in [9], we can see that the bound

1 ,
®,(A) = nax o {@iciivi + gy + 15 (A)

S

+ [(61,‘..4,‘,‘..4,‘ - ﬂj...]']‘...j - V;(A))z + 4ﬂji---ii---iri(d4)] }
is obtained by solving A from
()\.0 - ai---ii---i)()\o = Gj..jjoj — F;(.A)) < aﬁ...ﬂ...iri(.A). (7)

Taking i € S, j € S in (7), by the proof of Theorem 6 in [11], we know that if A, satisfies (6),
then A satisfies (7), which implies that

Nl
——

+ [(ﬂz’---z’z’---z’ —4j..jj..j — l"ll(.A))2 + 4aji...ii...iri(A)]
> U;(A).

Obviously, U5 (A) < ®(A).
(ii) Suppose that

1 5
S A
Ul (.A) = max — {ﬂi---ii---z’ + aj..jj..j t rl (./4)
i€Sjes



Zhao and Sang Journal of Inequalities and Applications (2017) 2017:105 Page 10 of 12

Similar to the proof of (i), we can obtain U; (A) < ®3(A) < ®(A).

I1L. Finally, we prove that WS(A) < U5(A). Here, we only prove W5 (A) < US(A). Simi-
larly, we can prove \I—’S(A) U5 (A), \IIS(A) wi(A), \I/S(.A) wi(A), lIIS(.A) < U5(A), respec-
tively.

Let i € S and j € S. From the proof of Theorem 4, we can see that the bound ¥; (A) is
obtained by solving 1, from

(Ro = @iiii = 72 (A)) (ho = @i — 12 (A) < > (A2 (A). 8)

]

(i) Suppose that riA_S(A)rjAS(A) =0.If Ao — ajjiui — (.A) >0, i€, ko > Ajjioi + 75 (.A)

then Ao — ;... — rjAS(A) <0,and foranyicS,

(Ao — ﬂl...”...l)( — Gj..jjoj — FIAT(.A)) <0< ri(.A)rjAS(.A).

That is to say, if Ao satisfies (8), then A, satisfies (6), which implies that U5 (A) < U5 (A) <
US(A).
If Ao —a,-u.,-,-m,'—riAS(A) <0,thenig—aj.j.;— (.A) >0,i.e,Aro > djj.j+ r (A) From
(3), we can obtain Ag — gj...j..; — VIAS (A) < VjA (A), ie.,
Ao — aj...jj.j = rj(.A). 9)

By Ao — @jiioi — T ‘A <o< rf (A) i.e, Ao — j..ii.i < ri(A), we have

Ao — Qoo — (A) < r (.A) (10)

Multiplying (9) with (10), we can obtain
(Ao — Llj...j]z..]‘)()uo — Aj...jjoi — (.A)) < r (A)VI(A) (11)

which implies that if A, satisfies (8), then A satisfies (6), consequently, W (A) < Uf (A<
US(A). _
(ii) Suppose that r* (A)r *(A) > 0. Then dividing (8) by riAS(A)rjAS(.A), we have
(ho —aji — riAS(A)) (ho —aj.j — VjA (A)
& () (A

<L (12)

a5 a)

i

A5 ()

i

—aj...i—T

Furthermore, if ro > 1, then by Lemma 2.3 in [12] and (12), we have

(Ao —ai...;) (Ao — aj..;j — r (A)) ()»0 —aj.i— 7‘ (A)) (ho— aj..j — r (A))
ri(A) r,-A%A) T MW r,A%A)

Thus, (6) holds, which implies that if A, satisfies (8), then X satisfies (6), consequently,

AS
US(A) < U (A). And 1fAOa’A‘7A < 1, then (10) holds, which leads to (11) from (9). This
(A)

Ti

implies that if A, satisfies (8), then A, satisfies (6), consequently, ¥ (A) < L[i§ (A) < US(A).
The conclusion follows immediately from what we have proved. O
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3 Numerical examples
Example 1 Let A = (a;y) be a (2,2)th order 3 x 3 dimensional nonnegative rectangular
tensor with entries defined as follows:

6 1 2 20
AGLL,)=11 0 0], AG,52,1)=1 )
1 1 1] 2 2 1
[3 0 3]
A(x:;371)= 2 ’
[1 0 o 2 2
AG51L,2)=11 1 1], AG»22)=|0 3 2/,
1 2 1 2
- .
AG53,2)=10 1 2|,
010 0 0 1
AGLL3)=11 2 2|, AG»23)=|0 0 1],
(1 1 1) 01 2
(1 1 1]
A(G53,3)=|1 0 1
2 1 0]

By Theorem 1, we have
Ao <33.
By Theorem 2, we have
Ao <32.8924.
Taking S = {1,2},S = {3}, by Theorem 3, we have
Ao < 32.0540;
by Theorem 4, we have
Ao <30.0965.

In fact, A9 = 29.8830. This example shows that the upper bound in Theorem 4 is smaller
than those in Theorems 1-3.

Example 2 Let A = (a;;) be a (2,2)th order 2 x 2 dimensional nonnegative rectangular
tensor with entries defined as follows:

ann = diie = 2 = di12 = dio1 = dao1 = 1,
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the other a;;; = 0. By Theorem 4, we have
lo <3.
In fact, Ao = 3. This example shows that the upper bound in Theorem 4 is sharp.

4 Conclusions

In this paper, a new S-type upper bound W5(A) of the largest singular value for a nonneg-

ative rectangular tensor 4 with m = n is obtained by breaking N into disjoint subsets S

and its complement. It is proved that the bound W5(A) is better than those in [6, 9, 10].
Note here that when # = 2, ®(A) = US(A) = ¥5(A), and when n > 3, ®(A) > US(A) >

WS(A) always holds. How to pick S to make W5(A) as small as possible is an interesting

problem, but difficult when # is large. We will research this problem in the future.
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