Wan Journal of Inequalities and Applications (2017) 2017:104 ® Journal of Inequalities and Applications
DOI10.11 86/51 3660-017-1381-4 a SpringerOpen Journal

RESEARCH Open Access

CrossMark

Further result on Dirichlet-Sch type
inequality and its application

Liquan Wan®

“Correspondence:

lig.wanjun@foxmail.com Abstract

School of Accounting, Henan . . . . . . . .
University of Economics and Law, In this paper we deal with a theoretical question raised in connection with the
Zhengzhou, 450046, China application of Dirichlet-Sch type inequality, obtained by Huang (Int. Math. J.

27(02):1650009, 2016), which has been already applied to obtain multiplicity results
for boundary value problems in several recent papers. We also discuss a particular
case of it in more detail. As an application, we deduce the least harmonic majorant
and log-concavity of extended subharmonic functions.

Keywords: Dirichlet-Sch type inequality; harmonic function; Schrédinger PWB
solution

1 Introduction
Let ' be the subset of the upper half unit sphere. The set R, x I" in R” is called a cone.
We denote it by €,(I"), where I' C S;. The sets I x I" and I x dI" with an interval on R are
denoted by &,(T"; 1) and &,(T";I), respectively. We denote €,(I") N Sz and S,(T; (0, +00))
by 6,(I";R) and G,(I"), respectively.

Furthermore, we denote by do (resp. dSg) the (n — 1)-dimensional volume elements in-
duced by the Euclidean metric on 9¢,(I") (resp. Sg) and by dw the elements of the Eu-
clidean volume in R”.

It is well known (see, e.g., [2], p.41) that

A*p(®)+Ap(®)=0 inT,
(1.1)
¢(®)=0 onal,

where A* is the Laplace-Beltrami operator. We denote the least positive eigenvalue of this
boundary value problem (1.1) by A and the normalized positive eigenfunction correspond-
ing to A by (), [, ¢*(©)dS; =1.

We remark that the function rxi¢(®) is harmonic in &,(T"), belongs to the class
C2(€,(I")\{0}) and vanishes on &,(I"), where

RETF =+ 24+ /(n=2)2 + 4.

For simplicity we shall write x instead of 8* — R,
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For simplicity we shall assume that the boundary of the domain I" is twice continuously
differentiable, ¢ € C*(T) and g—‘ﬁ >0 on dI'. Then (see [3], p.7-8)

dist(®,dI") ~ ¢(©), (1.2)

where ® e T'.
Let §(P) = dist(P, 3¢,,(I")), we have

p(©)~5(P), 1.3)

forany P=(1,0) €I (see [4]).
Let u(r, ®) be a function on &,(I"). For any given r € R,, the integral

/ u(r, ®)p(0)ds;,
r
is denoted by N, (r), when it exists. The finite or infinite limits

lim ¥ N, (r) and lirr(l)r_N_Nu(r)

r—0o0

are denoted by U,, and V,, respectively, when they exist.

Remark1 A function g(¢) on (0, 00) is Ay, 4,-convex if and only if 2(®)t® is a convex func-
tion of t (d = dy + d,) on (0, 00), or, equivalently, if and only if g(£)t~* is a convex function
of t% on (0, 00).

Remark 2 N,(r) is a A+, _1-convex on (0,00), where u is a subharmonic function on
¢,(T") such that

lim sup u(P) <c, (1.4)
Pe€,(I),P—Qed T,y ()

where ¢ is a nonnegative number (see [5]).
The function

0Ge,m P, Q)

Pe, (P, Q) = ™
Q

is called the ordinary Poisson kernel, where G¢,,(r) is the Green function.
The Poisson integral of g relative to €,(I") is defined by

1
PLe, g (P) = — / Pe, (P, Qg(Q) do,
&, ()

n

where g is a continuous function on ¢, (I") and % denotes the differentiation at Q along
the inward normal into €,(T").
We set functions f satisfying

p
/ m do < 00, (1.5)
&, 1+t
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where -1 < p < +00 and

Rt —n+2 Rt —n+2
p V4

Let -1 < p < +00. we denote Ar the class of all measurable functions g(¢, ®) (Q = (¢, ®) =
(Y,y,) € €,(IN)) satisfying the following inequality:

t, @)1
/ lg(z, @) i ? < oo
¢,.(I) 1+

and the class Br, consists of all measurable functions 4(t, @) ((¢, @) = (Y, y,) € S,(I')) sat-

isfying
/ (2, @)|7 3¢
———— —do <00,
S, () 1+tr dn
where g > 0.

We will also consider the class of all continuous functions u(t, ®) ((¢, ®) € €,(I")) har-
monic in €,(I") with u* (¢, ®) € Ar (¢, ®) € €,(T")) and u* (¢, ®) € Br ((t, ) € S,(I")) is
denoted by Cr (see [6]).

In 2015, Jiang, Hou and Peixoto-de-Biiyiikkurt (see [7]) obtained the following result.

Theorem A Let g be a measurable function on 3T, such that

/a (10" lg(@)] dQ< o

Then the harmonic function P, [g] satisfies P, [g](P) = o(r* sec" 3 0)) as r — oo in T,.
Recently, Wang, Huang and N. Yamini (see [8]) generalized Theorem A to the conical case.

Theorem B Let g be a continuous function on d€,(I") satisfying (1.5) with p = q =1 and
y =Rt +1-R". Then

UPHCn(r)Lg] = umcn(r)[lgl] =0.

The remainder of the paper is organized as follows: in Section 2, we shall give our main
theorem; in Section 3, some necessary lemmas are given; in Section 4, we shall prove the

main result.

2 Main result
In this section, we give the main result of this paper.

Our main aim is to give a least harmonic majorant of a nonnegative subharmonic func-
tion on €, (T").

Theorem 1 Let u be a function subharmonic in €,(I") and u' be the restriction of u to
3¢, (D). If u' satisfy (1.5) and -1 < U, <1 then

u(P) < h,(P) (2.1)
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for any P = (r,®) € €,(I"), where h,(P) is the least harmonic majorant of u on €,(I") and
has the following expression:

y(P) = Pl [t/ ](P) + Vur™ 0(©) + U™ ().

Remark 3 Theorem 1 solves a theoretical question raised in connection with the applica-
tion of Dirichlet-Sch type inequality, obtained by Huang (see [1]), which has been already
applied to obtain multiplicity results for boundary value problems in several recent papers.

3 Main lemmas
In order to prove our main result, we need the following lemmas.

Lemma 1 (see [1]) Let u be a function subharmonic on &,(I") satisfying (1.4). Then the
limit U, (-1 < U, <1) exists.

Lemma 2 Let u be a function subharmonic on €,(I") satisfying (1.4) and

Uy <1 and U,+ < +00. (3.1)
Then

u(r,®) < V™ 0(0) + Uy ™ 9(O). (3.2)

Proof Take any (r,®) € €,(I') and any pair of numbers 71, 75 (0 < 71 <7 < 7y < +00). We
define a boundary function on a¢,(I"; (11, 72)) by

u(t,®) on{r}xI(i=12),
vy < M E) onlE) X T (=1,2)
0 on [11,T2] x 9T,

If we denote Schrodinger PWB solution of the Dirichlet-Sch problem on &€, (T; (13, 72))
with v by H, ((r, ®); €,(T'; (t1, 72))), then we have

M(}”, ®) = Hu ((}", G)): Q:n (F’ (Tlr fZ)))

0Ge,(ri(r,7 , ), (r,®
§/M+(le®) (T, 2»8(;;1 ) (r ))r{"ldsl
r

0Ge,(r; T1,T , D), ¢®
_/ M+(T2,®) €y (Ti(ty, 2))((‘[2 ) (7" )) 7',2;1—1 dSl,
- IR

which shows that (3.2) holds from (3.1). O

Lemma 3 Let g be a locally integrable function on 0¢€,,(T") satisfying (1.5) and u be a sub-
harmonic function on &,(I") satisfying

-1< liminf P) —PI P <1 15
_Peén(r){ggeacn(r){u( ) e, gl )} < (3.3)

and

liminf +(P) - Pl P} <o0. 3.4
Pecn(r){ggeacﬂ(r){u (P) - Ple, [ lgl](P)} < (3.4)
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Then the limits U, and V,+ (oo < U, <1,0 < U+ < +00) exist, and if (3.1) is satisfied,
then

u(P) < Ple,r)[gl(P) + Vir ™™ 0(©) + Uy ™ 9(O) (35)
for any P = (r,®) € €,(I").
Proof Put

U(P) = u(P) - Ple,[g(P) and  U'(P) = u*(P) - Ple,r[lg]](P)
on €,(I"). From (3.3) and (3.4) we have

liminf U(P)<-1 and liminf U'(P) <-1.
Pec,(IN),P—~Q Pec,(I),P—Q

Hence it follows from Lemma 1 that the limits Uy and Vi (<1< Uy <1,0 <V <1)
exist. So Theorem B gives the existence of the limits U,, V-,

uU = V,,, and ‘Uu/ = "Vu+. (36)

Since 0 < U*(P) < u*(P) + (Ple,m[g])~(P) on €,(T), it also follows from Theorem B
and (3.1) that

Vu+r <V <00,
which together with Lemma 2 gives the conclusion. O

Lemma 4 Let g be a lower semi-continuous function on 9¢,(I") satisfying (1.5) and u be a
superharmonic function on €, (I") such that

Peélnm inf u(P) <g(Q)+c (3.7)

for any Q € 3€, (") and c is a positive number. Then the limit U, (-1 < U, < +1) exists,
and if U, < +00, then

u(P) < Plle,r)[g)(P) + Vur™ 9(©) + U™ 0(©)
forany P =(r,®) € C,(I).
Proof Since —g is upper semi-continuous function in 9¢,(T"), it follows from [8], p.3, that

peé%;?)i Ple,r(gl(P) > g(Q) —c. (3.8)

We see from (3.7) and (3.8) that

-1< limsup {u(P) - Ple¢, gl (P)} <1,
Pee,(I),P—Q

which gives (3.3). Since g and u are positive, (3.4) also holds. Lemma 4 is proved. O

Page 5 of 8
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Lemma 5 Let u be a subharmonic function in €,(I") such that u' = u|d€, (") satisfies
(1.5). Then Plg,[u'1(P) < h(P) on €,(T), where h(P) is the any harmonic majorant of
uonC,(T).

Proof Take any P’ = (+',®’) € €,(I"). Let € be any positive number. In the same way as in
the proof of Lemma 2, we can choose R such that

/ Pe, (P, Q) (Q)do < % (3.9)
Su(Ti(R,50)

Further, take an integer j (j > R) such that (see [7])

AT (P,
/ Mu’(Q) do << (3.10)
Su(ri0R)  01Q 2

Since

0Ge (r.0m (P,
/ 3Ceuriop(® Q) Q)u’(Q)dasHM(P;cn(r;(o,j)))
&,(T5(0,R))

BnQ
for any P € €,(T';(0,/)), we have from (3.9) and (3.10)

Pl [#'](P) = Hu(P'; €4(T5(0,)))

- / aT;(P, Q)
“Jeumior)  9MQ

1
+ —/ Pe, (P, Q)u'(Q) do
Cn J &,(Ti(R,00))

<e€. (3.11)

u'(Q)do

Here note that H,(P;,(T;(0,j))) is the least harmonic majorant of u on €,(T;(0,/))
(see [9], Theorem 3.15). If /1 is a harmonic majorant of # on €,(I"), then

H,(P;¢,(T;(0,)))) < h(P').
Thus we obtain from (3.11)
Ple,[W](P) <h(P) + €,
which gives the conclusion of Lemma 5. O
4 Proof of Theorem 1
Let P be any point of &,(I") and € be any positive number. By the Vitali-Carathéodory

theorem with respect to the Schrodinger operator (see [10], p.56), there exists a lower
semi-continuous function g’(Q) on ¢, (I") such that

u'(Q) <g'(Q (4.1)
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and

Ple, ) [g'](P) < Ple, @[« ](P) + €. (4.2)

Since

Pee‘nl(iII?P»Qu(P) = u’(Q) = g'(Q)

for any Q € 9¢,(I") from (4.1), it follows from [1], Lemma 2.1, that the limits U, and U,
exist,and if -1 < U, <land -1 <V, <1, then

u(P) < Ple, ) [¢](P) + Vur™ ¢(©) + Uur™ ¢(©). (4.3)

Hence we see from (4.2) and (4.3) that (2.1) holds.
Next we call the least harmonic majorant of u on €, (I"): /,,(P). Set /" (P) is a Schrodinger
harmonic function in €,,(I") such that (see [7])

u(P) <h'(P) +e. (4.4)
Put
K (P) = h,(P)-h'(P) on€,(T).
It is easy to see that
W (P) < hy(P).
It follows from Theorem B that Vj«+ < +00. Further, from Lemma 5 we see that

limsup #*(P)= liminf {PI u'l(P)-h'(P)} < -1.
PEQ‘,,(I"),PIiQ ® Pe@n(r),P—>Q{ &[#]®) (P} =

From Theorem B and (4.4) we know
'Vh* = vhu — Vh// = 'Vu — uh// < uu — uu =0.

We see from Lemma 2 that -1 < #*(P) < € on €,(I"), which shows that /,,(P) is the least
harmonic majorant in &,(I"). Theorem 1 is proved.

5 Conclusion

In this article, we dealt with a theoretical question raised in connection with the applica-
tion of Dirichlet-Sch type inequality. Additionally, we discussed a particular case of it in
more detail. As applications, we deduced the least harmonic majorant and log-concavity
of extended subharmonic functions.
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