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In this paper, we study three types of sums of products of ordered Bell and
poly-Bernoulli functions and derive their Fourier series expansion. In addition, we
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1 Introduction
The ordered Bell polynomials b,,(x) are defined by the generating function

1 et = Z bm(x)ﬁ. 1)
0

2—¢t

Thus they form an Appell sequence. For x = 0, b,, = b,,(0), (m > 0) are called ordered
Bell numbers which have been studied in various counting problems in number theory
and enumerative combinatorics (see [1, 4, 5, 16, 17, 19]). The ordered Bell numbers are all
positive integers, as we can see, for example, from

m [o¢] m
n
by, = E n!Sy(m, n) = E S (m>0).
n=0 n=0

The first few ordered Bell polynomials are as follows:

bo(x) =1, bh(x)=x+1, by(x) =a® +2x + 3,
bs(x) = 2% + 3x% + 9x + 13, ba(x) = x* + 4x° +18x% + 52x + 75,

bs(x) = x° + 5x* + 304> + 1304 + 375x + 541.

From (1), we can derive

A () = mbpa(x) (m=1),
dx

b (x+1) +2b,,(x) =x" (m=>0).
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From these, in turn, we have
-b,,(1) +2b,, = 8m,0 (m=>0),

1
1
bm d:—bm+1_ m+
[ onto s = ) - )
1

m+1

bm+1«

For any integer r, the poly-Bernoulli polynomials of index r BY) (x) are given by the gen-
erating function (see [2, 3, 7-10, 12, 13, 20])

m

Llr(l e t) i

where Li,(x) = )", = is the polylogarithmic function for r > 1 and a rational function
forr <0.

We note here that
d 1
E(Liﬂl(x)) = ;Llr(x)

Also, we need the following for later use.

(ZCB @) =mBY (x) (m>1),

BY(x) =B,x), BYx=1 B =«

BY =80, BLUW)-BLV0) =B, (m=1),

1
. 1 . ”
‘/o ]B%gn) (x)dx = il (Bin)-i-l(l) - Bgn)afl(o))

- L g,

m+1 "

Here the Bernoulli polynomials B,,(x) are given by the generating function

[} o
= E Bm(x)—'.
m.
m=0

For any real number x, we let
(x) =x—|x] €[0,1)
denote the fractional part of x.

Finally, we recall the following facts about Bernoulli functions B,,({x)):
(a) form>2,
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(b) form=1,
O glminx Bi({x)), forx¢Z,
g 2min 0, forx e Z.
n#0

Here we will study three types of sums of products of ordered Bell and poly-Bernoulli
functions and derive their Fourier series expansion. In addition, we will express those func-

tions in terms of Bernoulli functions.

(1) ctm(fx )-zkobk< DB (), (m > 1);
(2) Bul(x ZkOk.mk).bk« x))By L (%)), (m > 1);

(3) Ym((x >) = 20 e (DB (), (m = 2).

For elementary facts about Fourier analysis, the reader may refer to any book (for exam-
ple, see [18, 21]).

As to y,,({x)), we note that the next polynomial identity follows immediately from The-

orems 4.1 and 4.2, which is in turn derived from the Fourier series expansion of y,,({x)):

m-1

prpe bk(x)B,;”k (x)
k=1

m
= l Z <m> (Am—s+l + M(B(r + bm—s+l)>Bs(x):

m s m—s+1
s=0

I
where H; = Z} 1 } are the harmonic numbers and

with A1 =0
The polynomial identities can be derived also for the functions &, ({x)) and B,,({x)) from
Theorems 2.1 and 2.2, and Theorems 3.1 and 3.2, respectively. We refer the reader to [6,

11, 14, 15] for the recent papers on related works.

2 Fourier series of functions of the first type
Let

() = Z bi(x) By (),

k=0

where r, m are integers with m > 1. Then we will study the function

defined on R which is periodic with period 1.
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The Fourier series of a,,,({x)) is

[
§ : A 27'rmx

1
AS/IWI) :/ am(<x>)e—2ﬂmxdx
0
1 .
= / O ()€™ 27% (.,
0

Before proceeding further, we observe the following

)= > (kb (0)BY) (%) + (m - K)biB) ()
k=0

m-1
Z Kby (B, () + > (m — k)b () B,y ()
k=1 k=0
m-1 m-1
= ) (k4 DbBY () + Y (m = Kb ()BT (x)
k=0 k=0

= (m + a1 ().
Thus (22289)' = o, (x), and 50 [, et (%) dx = -1 (@1 (1) = @01 (0)). For m > 1, we put

Ay = am(l) - Olm(())

Zbk LB (1) - Zb B

>¢A
O

3

b - 81,0)(BU) + B, ) +2b,, —amo-Zb B
0 k=0

m-1
(r+1 r 7
_ZE:bB D+2) BB -BED -BY + b, - E:bIB%
k=0

>~
i

m

= BT ZZkaB% L-BY.

k=1

Thus, @,,,(0) = a,,(1) <= A,, =0 and fo ay(x) dx = Al
Now, we want to determine the Fourier coefficients A,, ")
Casel:n#0.

m+2

1
ALM) =/ am(x)e—Zninxdx
0

1 , 1 1 ,
e 10 il / oy, (x)e™> " dg
0

2min
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m+1 (1 , 1
= min f am_l(x)efzﬂmx dx - m (otm(l) - am(O))
0
_m+t 1 (m-1) _ 1
2mwin " 2win "
m+1l( m 1 1
= ——AmD _ A ) - A
2min (Znin " 2min ") T 2win
(Wl + 1)2 (m + 1)/ 1
(27[171)2 Z (2miny B
(m+1)wm (o 2 (m+ 1)
= BT im0 NNIET LA
Qmin)yn " 121: Qminy "M
m
(m + 2
T m+2 12:1: 27rm)1 mojrls

where we note that A = fol e inx gy = 0,

Case2:n=0.

o _ [ 1
Ay’ = | amlx)dx=
0 m +

—2Am+l-

o ({x)

), (m > 1) is piecewise C*°. Moreover, o,,({x

}) is continuous for those positive in-

tegers m with A, = 0 and discontinuous with jump discontinuities at integers for those

positive integers m with A,, # 0.

Assume first that m is a positive integer with A,

=0.Then «,,(0) = «,,(1). Hence ,,, ({x))

is piecewise C* and continuous. Thus the Fourier series of o,,({x)) converges uniformly

to a,,({x)), and
ad R (m +2); i
— —Am _ A » JTInx
am((x)) o+ 2 +1+ Z ( m+2 e miny " }+1)€
n=-00 j=1
#0
1 m+2 >, eminx
= m+ Ay ! :
m+2 ! +2Z< j ) ]1(] Z(ZmnV)
]:1 n=—00
n#0
1 1 o~ (m+2
= 2 m+l +2}.22:< j )Am—JHB}((x))
LA Bi({x)), forx¢Z,
" 0, forx e Z.

Now, we can state our first theorem.

Theorem 2.1 For each positive integer [, we let

-1

2> bBY - B
k=0

Al Zkalﬁl;l +

Assume that A, = 0 for a positive integer m. Then we have the following
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(@ Y bk((x))]BZi)((x)) has the Fourier series expansion

> be(@)B 7 (@)

1 nd m+2 .
=—A + i 27rmx’
my2 Z ( m+2Z (271171)1 ’H)e

n=-00

n#0

for all x € R, where the convergence is uniform.

(b)
“ 1 “ 2
Zbk((x))lﬂ%zg{)((x)) = At + Z (m ! ) m-jn1Bj((x)),
k=0 =2

Jor all x € R, where Bj({x)) is the Bernoulli function.
Assume next that A,, # 0 for a positive integer m. Then «,,(0) # o,(1). So a,,({x)) is

piecewise C* and discontinuous with jump discontinuities at integers. The Fourier series

of &, ((x)) converges pointwise to o,,((x)), for x ¢ Z, and converges to

%(O‘m(o) + Olm(l)) = a,,(0) + %Am,

forx € Z.
Now, we can state our second theorem.

Theorem 2.2 For each positive integer I, we let

Z kalﬁl;l +2 Z kaY)k 1=

Assume that A, # 0 for a positive integer m. Then we have the following.
(a)

m+2); .
‘ 1 Am_j+1>62m"x

§’
[\®)
B>
3
)
+
L
|
3
+ |~
N
N
BA
3
X
~

Y b(()BU (x), forx ¢ Z,
haye Okar:1+§< ¥ Am, forxe€Z;

“ 2
- 2 ;(m+ > A B;((x))

=Y be(()BY (), forxe Z;
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1 " (m+2
W Ay + e 22: ( > m—/*lBj(<x>)
Z bk]BS(”l) += A forx e Z.

3 Fourier series of functions of the second type
Let Bu(x) = > 1 R /< bk(x)IB% (r+D) (x) where r, m are integers with 7 > 1. Then we will
investigate the function

I N (r+1)
B((x)) = kZ; Tom (@) B (@),

defined on R, which is periodic with period 1.
The Fourier series of 8,,({x)) is

1
BEqM) :/ ﬂm(<x>)e—2m’nxdx
0
1 .
- / B(x)e 2 dx.
0

Before proceeding further, we note the following.

m

, k r+ (r+

k=0

- i v, B (x) + mz_l ., @B ()

L k= 1)(m k! ko1t 2 Tl — k=11 K ek
m-1 1 1 1 »

- - (r+1) - r+1

i kXO: Ki(m —k - 1)! BB ) 2(,: fiom =1 = B )

=2Bm1(x).

Thus
e+ ' 1 1
(/3 ;(x)) = ’Bm(x)’ and [) IBm(x) dx = E(ﬂmﬂ(l) - lgm+l(0))

For m > 1, we put
Qm = ,Bm(l) - ,Bm(o)

2 O -3 )
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m-1
Z kl( (Zbk 81,0) (B i+ B )
k=0
1 “ 1
—(2b,, = 8,0) — —b(IB(M)
o 0= K — k)1 mk
k=0
m-1 1
-9 7}) B r+1 +2 (r)
kX:O: Ki(m — k)~ Z k'( DB
m-1
1 1
o) T p(r r+1)
m!Bm m!B”’ k'( bk m-k
k=0
m m-1
(r+1) 1 " 1 o
; k!(m b IBm kT 2 — kl(m — k)!kam—kd - %Bm—l'

Hence
1
Bu(0) = Pn(l) > D=0, and fﬂm(x)dx=§szm+1.
0

We now would like to determine the Fourier coefficients Bﬁ,m)
Casel:n+#0.

1
B;Wl) — / ﬂm(x)e—bn’nx dx
0

1
- _ 14 [ﬁm(x)e—hrimc]:)_'_ 1‘ f ﬂ;n(x)e—Zninxdx
0

2min 2mwin

1 2 ! —2mwinx
- _ﬁ(ﬁm(l) — Bm(0)) + %/0 Bm-1(x)e dx

_ 2 pmy_ 1

n

. m
2min

2 2 w1 g 1
" omin\2min " owin. ") T 2min "

2 \? 2, ot
Bm N = __q
<2nin> " ; Qriny "7

2win

2 \" o0 v 27
B — - Qi
(2nin> " ;(27[1’;’1)1 e
Z 2miny Qo

j=1

Case2:n=0.

1 1
m _ / B@)dt = = Q.
0 2
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Bm({x)), (m > 1) is piecewise C*°. Moreover, B,,({x)) is continuous for those positive in-
tegers m with Q,, = 0 and discontinuous with jump discontinuities at integers for those
positive integers m with Q,, # 0.

Assume first that m is a positive integer with €,, = 0. Then 8,,(0) = 8,,(1). Thus B,,({x))
is piecewise C* and continuous. Hence the Fourier series of 8,,({x)) converges uniformly
to Bu({x)), and

m

21 4
ﬂm((x = —Qui + ( Qm‘+1)62ﬂmx
Z ]Zl 2miny /

2= 1 g2minx
Qa1 + Z F: m—j+1 —J! Z (27 ll’l)l
n;O

2- 1

m+1 + Z —/+1B < >)

Bi({x)), forx¢Z,
0, for x € Z.

+ QX

Now, we can state our first result.

Theorem 3.1 For each positive integer [, we let

I

-1
(r+1) 1 ") 1 )
Z k(I - k)lkal—k +2 Z mkaZ—k-l - ﬁBz_y
k=1 k=0

Assume that Q,, = 0 for a positive integer m. Then we have the following.

(@ Y it mbk((x))BS’jﬁ((x)) has the Fourier series expansion

P k,(m i () B ()

k=0

m

21 B 2:'rmx
= =Qp1 + Z ( Z 27_””)] Q ]+1>e
j=1
n#O

for all x € R, where the convergence is uniform.

(b)
- (r+1) 1 “ 2/_1
X(; k‘(Wl k)' >)B _k ((x)) = 5Qm+1 + ; ]TQm,jﬂBj((x)),

Sor all x € R, where Bj({x)) is the Bernoulli function.

Assume next that €2, # 0 for a positive integer m. Then B,,(0) # Bn(1). So B((x)) is
piecewise C* and discontinuous with jump discontinuities at integers. The Fourier series
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of B,,({x)) converges pointwise to B,,({x)), for x ¢ Z, and converges to

(B (®) + (1) = £(0) + 5

forx € Z.

Now, we can state our second theorem.

Theorem 3.2 For each positive integer [, we let

! 1 -1 1 1
(r+1) (r) (r)
_ k)!b B +2 g k(- k)!kal’k’l B EBH'

k=1

Assume that @, # 0 for a positive integer m. Then we have the following.

(a)
. 2] ' 27 inx
_Qm+1 + Z < Z Qriny Q0 }+1)e
;17'0
Y ro moam b (B (), forx ¢ 2,
Yo mbkﬁgfj + %Qm, forx € Z.
(b)
1 N
§Qm+1 + Z ]_‘Qm—j+lBj(<x>)

Jj=1

“ 1
- Z m—bk(<x))BZj<)((x)), forx & Z;

P m —k)!
1 N
EQWH-I + Z o Qm—/+lBj(<x>)
[
Z b]B”” 19 z
k‘( + forx e Z.

4 Fourier series of functions of the third type
Let

m-1

_ (r+1)
T k(m km—k) ()81 (),

where r, m are integers with m > 2. Then we will consider the function
m-1
k(m k)

k=1

defined on R, which is periodic with period 1.
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The Fourier series of y,,({x)) is

[ee]

m) 2mwinx
E Cim g2minx,
n=—00
where

1
C}(qm) _ /O‘ ym(<x))e—2ninx dx

1
= / Yim()e™ " dlx.
0

Before proceeding further, we need to observe the following.

m-1

i 1 r+
V@) = D b (B @) + Z ~bi(x)BY"
o k=1
m-2
r+1
p— lb (xIB%( )l(x)+
k=0
m-2
1
= _ IB
()
k=1
1 (r+1)
= (m—=1)yma(x) + B,
m f—

From this, we see that

1 b ey 1 _
(m <J/m+1(x) o E— B, (%) o l)bmﬂ(x))) = Vi (%),

and

/o 1 Yim(x) dx

1 1
- B -

m(m+1) "™

1 1
= m (Vm+1(1) - Ym(0) - m(

1
— m (bm+1(1) - bm+1(0))>
1 1
= a (ym+l(1) — Ym1(0) — m m

For m > 2, we let

A = Y1) = ¥m(0)

m-1

§

>
1l

1
+ mbm—l(x)

1
+ m bm_1 (x).

v i@ - BY:D(0)

(b BU (1) - b BYY)

Page 11 of 17
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1 r+ r+
=2 5= (@b -80) (BLL + By L) - i)
k=1

m-1 1 m—
E : )
= k m—k-1*
= k(m — k) pay (m k)

Then

vm(0)=yn(1) < A,=0,

and

/1 (x)dx—l A L g0 L
oym T\ mmr ) " mmr ) )

Now, we would like to determine the Fourier coefficients C,(qm)

Case 1: n # 0. For this computation, we need to know the following:

1 k-
/ BEHD(&C)e_anx dx = Zk 1 zm,,,;kBl k’ for n 70,

(r)
mEl s forn=0,

Zk 1 2mn)’< bi_ry1, forn#0,

mbm, forn=0,

1
f bl(x)e—Zﬂinx dx =
0

1
CEIM) :/ ym(x)e—Zninx dx
0

1 1 1 1 .
= —%[ym(x)e 27'rmx]0 " o / 7/r/n(x)e 2ing g
0

c L ) = ym)

2min

1 ' 1 (r+1) 1 o
- (m = 1)Ym_1(x) + B (x) + ——byyq (%) |27 dx
0 m

+
2min -1 "l m-1

_ m—1 (m-1) _ 1 / r+1 (x —2minx dx
2mwin " 2min Anm 2mn(m 1)
/ e l(x —2mwinx dx
an(m 1)
I P N SN
2mwin " 2min” " 2minm—-1) " 2min(m 1)

where

Ay = Y1) = Ym(0)
-1 m-1

1 B, B,
k(m —k) < Cmk T Z/(m 0k e

3

zr"q

= (m-1) X (m-1)
k-1 () k= 1,

O =Y 2l

" Qmin)k =Mkl 21: (2min)k

§

m—k~

>
1l

1

Page 12 of 17
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con MLy L1 o
" 2mwin " 2min 2min(m —1) 2min(m —1)

m—-1{m-2 1 1 1

= Cclim=2) _ Ay — Opi—-———D,,_
2min (2nin " omin’ " 2win(m-2) ! 2win(m-2) " !

1 A 1 1
2min” " 2minm—-1) " 2min(m —1)

_(m- 1)2 (m-1)_
(271114)2 Z (27tm A

2 2

2(27”")’("1 - T Z(2mn)1(m J)CDV”"“

Wl 1)/1
}Zl @miny """ Z@mny(m =) Z(Zmn)’(m )

We note here that

m-1

(m =1)j,
]X:(bnn)/(m ])q>m’j+1

B om-1, Em M1

— J— - — ]

= }:Zl (27Z'll’l)}(m ]) Z (27[1}’1)]( bm—/—k+l
m-1 m—j

— (Wl 1)}+k 2 ’
= XEW"(M}) m—j—k+1

(Wl 1)1+k 2
(2miny*k

m—j—-k+1

H, H,_
{ m-s+1 t _S+’{’ S(Bgl)s"'bmsﬂ)}'
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Case2:n=0.

1
cy = / Vi) dx
0

1 1 1
= (Am+l - B(r) - bm+1>'
m ( )

mm+1) " mm+1

Page 14 of 17

Ym((x)), m > 2 is piecewise C*. Moreover, y,,({x)) is continuous for those integers m > 2

with A,, = 0 and discontinuous with jump discontinuities at integers for those integers

m > 2 with A,, #0.

Assume first that A,, = 0. Then y,,(0) = ,,(1). Thus y,,({x)) is piecewise C* and con-

tinuous. Hence the Fourier series of y,,({x)) converges uniformly to y,,({x)), and

1 1 1
Vm((x)) = Z <Am+1 -————BY 7bm+l>

mm+1) " m(m+1)

n=-00

=1
n#0 §

1 1 o 1

m

1 m Hm—l_Hm—s
+— Apsgi1 + ———————
m2<s>< rstl m—-s+1

s=1

1 1 1
A o O _ -
m < " mm+ 1) " mm+ 1)

1 “ m Hm—l_Hm—s
+ — Appogi1 + ——————
mz<s)( st m—s+1

s=2

Bi({x)), forx¢Z,
0, forx e Z

+ A, X

S m—s+1

Bl(<x>)r forx ¢ Z,
0, forx € Z.

+ Ay, X

Now, we can state our first result.

Theorem 4.1 For each integer | > 2, we let

-1
1 1
A=Y bB 42 BBy, s
O s R~ D SR

with Ay = 0. Assume that A, = 0 for an integer m > 2. Then we have the following.

o0 m
1 (m)s Hyy1 — Hys
. Appgy + — 72
P2 e (e

—Apy-——-B) ———b
m( + mm+1) " m(m+1)

(Bg;gwm_sﬂ))(—s >

= (2711'71)5)

(BS,:,)_S + bms+1)>Bs (<x>)

= l Z (m) <Am—s+l + IM(BZ)_S + bm—s+1))Bs(<x>)
s=0

27winx

e
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(a) Zk 1 k(m D br({x ))EZS()((JC)) has Fourier series expansion

m-1

(r+1)
ka o b () BLE ()

=1

1 1 1
=—( A1 — - pO_ - b,
m ( T mm+1) " mmr1)

m

+ i E (m)s - Hys = Hins (BY., + by_gsr) ) $e¥7m
H=——00 (277,’ lVl)s m st m—s+1 m—s m—s+ ,
n#0

for all x € R, where the convergence is uniform.

(b)

m-1

1 r+
> o () ()
k=1

= i Z (m> (Ams+1 + IM (Bs?,s + bms+1))Bs(<x));
m =\ s m—s+1
s#1

for all x € R, where By({x)) is the Bernoulli function.

Assume next that m is an integer > 2 with A,, # 0. Then y,,,(0) # y,,(1). Hence y,,,({x)) is
piecewise C* and discontinuous with jump discontinuities at integers. Then the Fourier

series of y,,,({x)) converges pointwise to y,,({x)), for x ¢ Z, and converges to

1 1
E(Vm(o) + Vm(l)) = Ym(0) + EAm

m-1

1 1
_ R A B(Hl) _Am,
gk(m-k) Komr * 5

forx € Z.

Now, we can state our second result.

Theorem 4.2 For each integer [ > 2, let

-1 -1

1 1
A=Y — B 419 nB"
! ;k(l—k) KB T ;k(l—k) Bk

with Ay = 0. Assume that A,, # 0 for an integer m > 2. Then we have the following.
(a)

1 1 1
=—( Ay - BY) — by
m ( T mmr) " mme1) !

+ i Z 1+ M(B(ﬂ +b 1) e2nimc
——00 (27Zm)5 m s+ m—-—s+1 m-s m—s+

n#0
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Yy km k)bk(( ))B M ({x)), forx¢Z,
Y Km— k)bk Hi + Amy forx € Z.

(b)
! 3 Hy1 = Hys .
Z Z (T) (Am—s+1 + h (BEM)_S + bm—s+1)>Bs((x))
s=0
m-1
1 (r+1)
B mbk(<x>)ﬁm—k (<x>): forx ¢ Z;
k=1
DS <M) (Ams+1 o Bt = Hncs gy bmﬁl)) By((x)
m 5=0 S m—s+1
571
m-1

1 1
=N ——— B s 2A,, Z.
Z Ko =R 5 forx e

5 Results and discussion

In this paper, we study three types of sums of products of ordered Bell and poly-Bernoulli
functions and derive their Fourier series expansion. In addition, we express those func-
tions in terms of Bernoulli functions. The Fourier series expansion of the ordered Bell
and poly-Bernoulli functions are useful in computing the special values of the poly-zeta
and multiple zeta function. For details, one is referred to [3, 7-18]. It is expected that
the Fourier series of the ordered Bell functions will find some applications in connection
with a certain generalization of the Euler zeta function and the higher-order generalized

Frobenius-Euler numbers and polynomials.

6 Conclusion
In this paper, we considered the Fourier series expansion of the ordered Bell and poly-
Bernoulli functions which are obtained by extending by periodicity of period 1 the ordered

Bell and poly-Bernoulli polynomials on [0, 1). The Fourier series are explicitly determined.
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