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1 Introduction

A tensor can be regarded as a higher-order generalization of a matrix. Let C(R) denote the
set of all complex (real) numbers and N = {1,2,...,n}. We call A = (a;;,...i,,) an mth-order
n-dimensional complex (real) tensor, if

Aijin iy € C(R),

where i =1,2,...,nforj=1,2,...,m [1, 2]. Obviously, a vector is a tensor of order 1 and a
matrix is a tensor of order 2. A tensor A = (a;,;,...;,,) is called symmetric [3], if

Aigin- iy = Ar(igin--ip) Vr e Hm;

where I1,, is the permutation group of m indices. Furthermore, an mth-order n-dimen-
sional tensor Z = (8;,...,,) is called the unit tensor [4], if its entries

1, ifiy=--=ip
iyigeim = .
0, otherwise.

8

Let A = (aj,...i,,) be an mth-order n-dimensional complex tensor. If there exist a number
% € C and a non-zero vector x = (x1,%,...,%,)" € C" that are solutions of the following
homogeneous polynomial equations:

Axt = b,
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then we call A an eigenvalue of A and x the eigenvector of A associated with A [1, 5-7],
where Ax"! and Ax"~! are vectors, whose ith components are

(.Axm’l)i _ Z ity iy Xy * X,

2,03, mim €N

and

(x[m’ll)i =a,
respectively. In particular, if A and x are restricted in the real field, then we call A an H-
eigenvalue of A and x an H-eigenvector of A associated with A [1].

In addition, the spectral radius of a tensor A is defined as

p(A) = max{ |A] : A is an eigenvalue of A}.

Analogous with that of M-matrices, comparison matrices and H-matrices, the defini-
tions of M-tensors, comparison tensors and strong 7 -tensors are given by the following.

Definition 1.1 ([8]) Let A = (a;,,..,,) be an mth-order n-dimensional complex tensor.
A is called an M-tensor if there exist a non-negative tensor 5 and a positive real number
n > p(B) such that A = nZ — B.If n > p(B), then A is called a strong M-tensor.

Definition 1.2 ([9]) Let A = (a;;,..;,,) be an mth-order n-dimensional complex tensor.
We call another tensor M(A) = (m;,;,...,,,) as the comparison tensor of A if

|ﬂi1i2~-im |, if (ig, ig, ooy lm) = (il, il, ooy il);
mill2im = . . . . . . .
_lailiz---im |r if (12: 13y.045 lm) 7{ (11’ Uyeees ll)«

Definition 1.3 ([10]) Let A = (a;;,...i,,) be an mth-order n-dimensional complex tensor.
A is called a strong H-tensor if there is a positive vector x = (x;, %y, ...,%,)T € R” such that

_1 ,
|a,',a..,4|x;" > Z |ﬂii2---im |x,'2 X VieN. (11)

i2,i3,.mim €N,
) =0

i -+-im

Definition 1.4 ([10]) Let A = (a;;,...;,,) be an mth-order n-dimensional complex tensor.
A is called a diagonally dominant tensor if

|ai...;] > Z |“ii2-~im|’ Vie N. (1.2)
i9,i3,.im €N,
) =0

inim

We call A a strictly diagonally dominant tensor if all strict inequalities in (1.2) hold.

Definition 1.5 ([4]) An mth-order n-dimensional complex tensor A = (j,,...;,,) is called
reducible, if there exists a nonempty proper index subset I C N such that

Aiig-oipg = 0, VijelVi,...,i,¢l

We call A irreducible if A is not reducible.
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Definition1.6 ([2]) Let A = (a;,,...;,,) be an mth-order n-dimensional tensor and a n-by-n
matrix X = (x;) on mode-k is defined

n
(A X X)igeojovipn = Zdil"'ik"'imxik/k'
ir=1

According to Definition 1.6, we denote
(AX" 1) i= A Xy X X3+ X X.

Particularly, for X = diag(x;,x,...,%,), the product of the tensor A and the matrix X is
given by

-1 , .
B= (bi1i2444im) = AX™" f biﬂz"'im = Aiyig-iggKigXiz = * Kipyr bj € N,] S {1, 2,000, WZ}

Definition 1.7 ([2]) Let.A = (aj,...;,,) be an mth-order n-dimensional complex tensor. For
some i,j € N (i #j), if there exist indices ki, ky, . .., k, with

Z |akiy-ivg| 70, $=0,1,...,71,

i2,i35.im €N,
(Sks,'Z...,‘m =0,
Ks+1€{i2,i3,0-sim }

where ko = i, ky41 = j, we call there is a non-zero elements chain from i to j.

For an mth degree homogeneous polynomial of # variables f(x) is denoted as

f(x) = Z Airiy iy KiyXin * ** Kiyys (13)

i1,2sim €N

where x = (x1,%2,...,%,)T € R”. When m is even, f(x) is called positive definite if
fx)>0, foranyxeR”,x+#0.

The homogeneous polynomial f(x) in (1.3) is equivalent to the tensor product of an mth-
order n-dimensional symmetric tensor .4 and x” defined by [11]

f(x) = Axm = Z ai1i2~~~imxi1xl'2 o 'ximx (14)

11,8200l €EN

where x = (x1,%y,...,%,)T € R". It is well known that the positive definiteness of multivari-
ate polynomial f(x) plays an important role in the stability study of nonlinear autonomous
systems [8, 12]. For n < 3, the positive definiteness of the multivariate polynomial form
can be checked by a method based on the Sturm theorem [13]. However, for # > 3 and
m > 4, it is difficult to determine a given even-order multivariate polynomial f(x) is pos-
itive semi-definite or not because the problem is NP-hard. For solving this problem, Qi
[1] pointed out that f(x) defined by (1.4) is positive definite if and only if the real symmet-
ric tensor A is positive definite, and provided an eigenvalue method to verify the positive
definiteness of A when m is even (see Lemma 1.1).



Cui et al. Journal of Inequalities and Applications (2017) 2017:49 Page 4 of 16

Lemma 1.1 ([1]) Let A be an even-order real symmetric tensor, then A is positive definite
if and only if all of its H-eigenvalues are positive.

Although from Lemma 1.1 we can verify the positive definiteness of an even-order sym-
metric tensor A (the positive definiteness of the mth-degree homogeneous polynomial
f(x)) by computing the H-eigenvalues of A. In [14-16], for a non-negative tensor, some
algorithms are provided to compute its largest eigenvalue. And in [17, 18], based on semi-
definite programming approximation schemes, some algorithms are also given to compute
eigenvalues for general tensors with moderate sizes. However, it is difficult to compute all
these H-eigenvalues when m and # are large. Recently, by introducing the definition of
strong H-tensor [9, 10], Li et al. [10] provided a practical sufficient condition for identify-
ing the positive definiteness of an even-order symmetric tensor (see Lemma 1.2).

Lemma 1.2 ([10]) Let A =(ay;,...,,) be an even-order real symmetric tensor with ay.., >0
forall k € N. If A is a strong H-tensor, then A is positive definite.

As mentioned in [19], it is still difficult to determine a strong #-tensor in practice by
using the definition of strong H-tensor because the conditions ‘there is a positive vector
x = (%1,%2,...,%,)" € R" such that, for all i € N, the Inequality (1.1) holds’ in Definition 1.3
is unverifiable for there are an infinite number of positive vector in R”. Therefore, much
literature has focused on researching how to determine that a given tensor is a strong -
tensor by using the elements of the tensors without Definition 1.3 recently, consequently,
the corresponding even-order real symmetric tensor is positive definite. Therefore, the
main aim of this paper is to study some new iterative criteria for identifying strong -
tensors only depending on the elements of the tensors.

Before presenting our results, we review the existing ones that relate to the criteria for
strong H-tensors. Let S be an arbitrary nonempty subset of N and let N\S be the com-
plement of S in N. Given an mth-order n-dimensional complex tensor A = (a;;,...i,,), we
denote

N" 1 ={izig -+ i :ij€N,j=2,3,...,m};
S" Y = Aiyig- iy :i;€8,j=2,3,...,m);
j ]

N NS =Higis iy tinis -+ iy € N" and ipiz -+ iy € "'}

ri(A) = Z | @iy ..ipy | = Z |@iiyiy | — Wit 5

19,03, im EN, 12,03 sim €N
8ii2"'im=0

ri(A) = Z |@iiy...iy, | = 1:i(A) = |ay...il;
8552"'57}1:0’
8/52'"57}1:0

N =Ni(A) = {i €N :|a;.. | > Vi(-A)};
N, :N2(A) = {l eN:0< |ﬂii---i| < VL'(.A)};

_aii.] ri(A) [
ax

s5;= ) t= ) r=m
ri(A) |ai...i]
{ ng ..... imeNm-1\NI"-1 |Gy i |
| b

|aii"'i| _Zizyig,...,imENm_l, L |aii2"'im
L "8jig iy, =0

max s;, max ti};
ieNy ieNy

r = max
ieNy
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(1) :
Ri (A) = Z |aii2---im| +7r Z |dii2--»im |, Vie N;.
12,03, ENL\NPP 12,03, €NJ',
Biig-vripy =0

In [10], Li et al. obtained the following result.

Lemma 1.3 Let A = (a;;,....,,) be a complex tensor of order m dimension n. If there is an
index i € N such that forall j € N,j # i,

|it...il (|| — V;(A)) > ri(Alaji...l,
then A is a strong H-tensor.

In [20], Wang and Sun derived the following result.

Lemma 1.4 Let A = (a;y,..i,,) be an order m dimension n complex tensor. If

|aii---i|si >7 E |61”‘2...L'm| + E . Imax {tj}|ﬂiz’2--»im |, Vie Nz,
1 1 L= JEli2,i35.wnsim }
12,3k NN, i2,i35.rim N1
(Sl','z___,'m =0

then A is a strong H-tensor.
Recently, Li et al. in [19] showed the following.

Lemma 1.5 Let A = (a,....,,) be an order m dimension n complex tensor. If

ri(A)
J .
|aii---i| > Z |ﬂii2-~~im| + Z max |aii2~-im |, Vie Nz,

R j€liasizsmim} |@i...i|
i2,i3,m,l’mENm71\N{"_1, 12,13,-.im €N1 e
Siig-vripy =0

then A is a strong H-tensor.
In the sequel, Wang et al. in [21] proved the following result.

Lemmal.6 Let A= (a;;,..i,,) be a complex tensor with order m and dimension n. If for all
ie Nz,j S Nl,

RY(A)

1 k

(B~ X max
-~ el keljo jzsmim} | ki k|

J23rfm €N,

Sjja-m =0

x (|aﬁu.i| - Z |ﬂu'2---im|>

12,1300 NN,
8 =0

iy i

(1)
s Y gl Y ma,
st lelly I3} |ay...q| Hartm b

12,350t ENL\NJIL Iyl €NJIL

then A is a strong H-tensor.
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In this paper, we continue this research on criteria for strong H-tensors; inspired by the
ideas of [21], we obtain some new iterative criteria for strong H-tensors, which improve
the aforementioned Lemmas 1.3-1.6. As applications of the new iterative criteria for strong
‘H-tensors, we establish some sufficient conditions of the positive definiteness for an even-
order real symmetric tensor. Numerical examples are implemented to illustrate these facts.

Now, some notations are given, which will be used throughout this paper. Let

y RP(A)

0 .
Z={0,1,2,...}, HO=r,  s9=1, - ., Vie Ny
|ai...|
Ziz,ig ,,,,, imeNm-1\N"-1 | B iy |
h(l) = I,Iglf\lzx{ R(l) 1 i L 6(1) .
PURT(A) = Xty i ettt M8Kje(in,i3ipn) 8 | @ity |
551‘2...5},”:0
(I+1)
R™(A) = Z | @iiyiyy |
2,130 ENL\NIL
0 0, » leZ:
+ max 6" |aiiy....,,l, Vi€EN,l€Z;
jelin iz emmim)
i2,03,.-rim €NJY,
5”‘24..1‘,”:0
[+1)
R"(A)
1 .
s =S VieNy,leZ;
|ii...i
Ziz,ia,...,z’ eNm-h\ N1 |“ii2~~~im|
h(m):max{ sy - 1 @D , leZ.
ieNp Ri (A)_Zig,ig ]]]]] i,,,eNl’”’l,maxjelizyia,.-uim}8;‘ |6Zl','2...im|

Siig-rsipn =0

The remainder of the paper is organized as follows. In Section 2.1, some criteria for iden-
tifying strong H-tensors are obtained; as an interesting application of these criteria, some
sufficient conditions of the positive definiteness for an even-order real symmetric tensor
are presented in Section 2.2. Numerical examples are given to verify the corresponding
results. Finally, some conclusions are given to end this paper in Section 3.

We adopt the following notations throughout this paper. The calligraphy letters A, B,
‘H, ... denote tensors; the capital letters A, B, D, . .. represent matrices; the lowercase letters

x,79, ... refer to vectors.

2 Main results

2.1 Criteria for identifying strong #-tensors

In this subsection, we give some new criteria for identifying strong H-tensors by making
use of elements of tensors only. For the convenience of our discussion, we start with the

following lemmas, which will be useful in the next proofs.

Lemma 2.1 Let A = (aj,,...;,,) be an mth-order n-dimensional complex tensor, then, for all
ieN,l=12,...,

(2) 1= h" > 0;

b) 158Y = h0sY > @ > ... >80 > 0P > s > ... > 0,

Page 6 of 16
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Proof Since i € Nj, we have 0 < r < 1. Moreover, for i € Nj, we get

Ziz,ig,...,imeN’"‘l\Nlm’l |Gy i |

r = , |aii-~i| - Z |aii2»~i | >0,
|aii...;) — Ziz,ig,...,imENlm‘l, | @ity | "
Biioy iy =0

i2,i35e0im ENlmfl,
‘Sii2~~im =0

which implies

§ : § : (1)
rlai,»...,»| > |dii2---im +r |61”‘2...,‘m| = Ri (A)
2,03, ENTI\NP 2,03, €N,
‘Siiz--Aim =0

From the above inequality, Vi € Nj, we obtain

RYA) _
r

0<sW= <
|ai...i]

— 1l

Together with the expression of RED(A), for Vi € N7, we deduce that

Ziz,ig,...,imeN"‘*l\Nf"’l |“iiz~~im|

) )
R (A) = 2 et MK inis,ipn) 8 | Bty |
) =0

i i

1
Rg )(A) - rZig,z’g,.‘.,imeN"”l, |Gy i |

_ i iy =0 <1

) ) =
RV CA) = 2 iipmey =L, MK (i i) O | iy |
‘Siiz“'im:O

Combining the expression of 21 and the above inequality results in
0<hV<1. (2.1)

Besides, for Vi € N,

1
RY(A) = > ity 47 D iy S 7i(A) < i,
12,130l ENL\NIPL 12,13 eim €NJIL,
‘Siiz"‘im =0
that is,

o _ ROA) _ r(A4)

50 = < <1 (2.2)
|@iiil el
Since
4 Ziz,ig,‘.‘,imeNm‘l\Nlm’l | By iy |
= max
ieNt | RV (A) - Y MAaX;c(iyizin) 8 |Gty |
i i2,i3,-sim ENJIL, jelin,iz,im} Of | Riiy-im

Siigy-rripy =0
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for Vi € Ny, we have

o - Ziz,ig,...,imENm’l\Nf”_l |aii2"'im|
“RYA)-Y MAXjc iy iz} O |Gty |
i i2,03,.rim €NJL, j€i2,i3,im} O |Riiy-ipy
Biioy iy =0

which entails

1) p(1) 2 : 1 2 : (1)
h( )Ri (A) > |6lii2m,‘m| + ]’l( ) . Imax. 8, |61552...,‘m
1 1 j€lin,i3,ewrim}
i2,i35..0in EN"L\NJ™ i2,i3,.eim ENJ',
Biioy-eeig =0

= RP(A).
Dividing by |a;;...;| on both sides of the above inequality yields

0RYA) _RIA o

Hs" = 5! (2.3)

il il
For i € Ny, it follows from (2.1)-(2.3) that
158" > pWs® > 5% > 0.

Furthermore, by the expression of REZ)(.A) and the above inequality, for i € Nj, we have

Ziz,ig,...,imENm’I\Nlm_l |ai[2"'im|

RPUA) -

maXicii, iv i 162y |
Nl j€{i2:i35eenim} Of 1P iy
=0

i2,i3500im €
S

i i
(2) 1 1
R (A) =Y Y i iyent, MK e(i,i3i) 8 | ity iy |
D)) i ) <L
R; (A)_Ziz,ig ..... imeNlm’l,maxfé{iz,is,...,im}8/’ |Gt i |
s =0

i
Combining the expression of #?) and the above inequality results in

0<h? <1 (2.4)
In the same manner as applied in the proof of (2.3), for i € Nj, we obtain

H2s > 5% (2.5)
For i € Ny, it follows from inequalities (2.4) and (2.5) that

8% > h?5? > 59 > o,
By an analogical proof as above, we can derive that, for i € Ny,{=3,4,...,

1>h% >0;
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52 > 5P 5 60 5 5@ 5 ...z 50 5 D 5 50D 5 s o

The proof is completed. d
Lemma 2.2 ([10]) If A is a strictly diagonally dominant tensor, then A is a strong H-tensor.

Lemma 2.3 ([10]) Let A = (ajjjy...i,,) be an mth-order n-dimensional complex tensor. If A
is a strong H-tensor, then Ny # (.

By Lemma 2.2, if N, = ¥ (A is a strictly diagonally dominant tensor), then A is a strong
‘H-tensor; by Lemma 2.3, if A is a strong H-tensor, then N; # . Hence, we always assume
that N7 # 0, N, # . In addition, we also assume that A satisfies a;;..; # 0,r;(A) #0,Vi € N.

Lemma 2.4 ([10]) Let A = (aj,iy...;,,) be an mth-order n-dimensional complex tensor. If A

is irreducible,
|aii..i| = ri(A), VieN,
and strictly inequality holds for at least one i, then A is a strong H-tensor.

Lemma 2.5 ([10]) Let A = (a;,...,,) be an mth-order n-dimensional tensor. If there exists
a positive diagonal matrix X such that AX" is a strong H-tensor, then A is a strong H-

tensor.

Lemma 2.6 ([22]) Let A = (a;;,..,,) be an mth-order n-dimensional complex tensor. If
@) laii..il = ri(A),VieN,
(i) N1 ={i e N:|aj...| >ri(A)} #9,
(iii) for any i ¢ Ny, there exists a non-zero elements chain from i to j such that j € Ny,

then A is a strong H-tensor.

Theorem 2.1 Let A = (a;;,...,,) be an mth-order n-dimensional complex tensor. If there
exists | € Z such that

I+1 2 : (I+1)
|a,~,'...,~| >]’l( ) . max (Sj |“ii2---im
S 2,300}
19,03 50ee imeN{'k
+ E |(l”‘2...5m |, Vie Ny, (2.6)
12,1300 EN"ANITL,
8552"'5m=0

then A is a strong H-tensor.

Proof By the expression of #*Y, it follows that

Ziz,ig ,,,,, imeNm-L\NP1 | i iy |

h(l+1) > e
- +
RiA) = 2 iy, MK (i3}

Biig-vripy =0

8(l+1) , Vi €N1,
i ity i |



Cui et al. Journal of Inequalities and Applications (2017) 2017:49 Page 10 of 16

equivalently,

h(M)REM) (A) > Z | @iy iy

2,03 iy ENL\NIPL

I+1
+ B E  max 8;+ Ny - (2.7)
| JEli2:3,0im)
i2,i3,,.,,imEN{”_ ,
‘Siiz"'im =0

From Lemma 2.1, we have
0 <kt 1, Vien,.

Together with Inequality (2.6), there exists a ¢ > 0, sufficiently small such that for all i € N,
0< h<l+1)8§l+1) +e<l, (2.8)

and for all i € N>,

I+1 (1+1)
|6l,','m,'| —h(+) Z max ) * |ﬂ”‘2mim - Z |6lii2m5m

Jeizizesim) ) )
12,13, im NN,
$ =0

09,03 yeeim EN{M*

iio-im

> €& Z |ﬂjl'2mim . (29)

12,03, ENJ

Let the matrix X = diag(xy, x5, ..., %,), where

(5D 4 gy, e Ny

i

1, i €Ny.

Xi =

We see by Inequality (2.8) that (4¢*Vs" + )T <1 (Vi€ Ny), as ¢ # 00, %; # 00, which

i
shows that X is a diagonal matrix with positive entries. Let B = AX"!. Next, we will prove
that B is strictly diagonally dominant.

For any i € Ny, it follows from (2.7) that

1 1
ri(B) < Z | iy, | (h(l*l)(s(m) +e)m T (h(l*l)é(m) +g)m T

in im
i9,03,0im ENJ" Y,
8 =0

iy i

+ Z | iy |

12,13 ey ENTI-I\NJTL

< Z |ﬂii2...im|<h(l+l) max 8;Z+1)+s>

1 j€li2,i3,eerim}
2,03 5eeim EN{'F )
S =0

i i

+ Z | By iy |
12,13 ey ENTI-I\NJTL
1+1) p(i+1)
<e¢ Z |6lii2m,'m| + ]’l( * >Ri (A)

2,03, €N,

Biioy iy =0
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I+1
< 8|6ll‘l‘...l‘| + h(“l)Rg * )(A)
= |aii~~i|(£ + h(lﬂ)(sg“l))

= |bj...il.

For any i € N, it follows from (2.9) that

1

! 1 o=
ri(B) < Z |“ii2~~~im|(h(l+1)5§2+l) re)™ T (h(1+1)8§m+1> +g)T

2,03 €NJL

+ Z |ﬂii2m,‘m

2,03, ENTI\NT,
S =0

i i

1+1
< E Iai,»zm,-m|(h(l+l) max 81.( D, 8)
1 jelinizsenim}
2,13, N

+ E | iy iy |
i3, ENINT,
Biioy iy =0

< @il = |bij...ql.
Therefore, from the above inequalities, we conclude that |b;;..;| > r(B) for all i € N, B

is strictly diagonally dominant, and by Lemma 2.2, 3 is a strong H-tensor. Further, by
Lemma 2.5, A is a strong H-tensor. 0

Remark 2.1 If N; contains only one element, then Theorem 2.1 reduces to Lemma 1.3,
and if / = 0, then Theorem 2.1 reduces to Lemma 1.6.

Theorem 2.2 Let A = (a;;,...,,) be an mth-order n-dimensional complex tensor. If A is
irreducible and there exists | € Z such that for all i € N,

(I+1) (I+1)
|ai...;] > h . max (S]» |6l,','2mim| + |ﬂii2-~~im [, (210)
/20830l y .
12,0350 imENl'"7 i2,i3 i EN™ \N{ﬂ* ,
5ii2---im:0

in addition, the strict inequality holds for at least one i € Ny, then A is a strong H-tensor.

Proof Notice that A is irreducible; this implies

Z |@iiy...i,y | >0, €N

12,13l ENL\NIL

Let the matrix X = diag(x, %, ...,%,), where

(h(l+l)8§l+1))ﬁ, i€ Ny
1, i €N.

Xi =

Adopting the same procedure as in the proof of Theorem 2.1, we conclude that |b;..;| >
ri(B) for all i € N. Moreover, the strict inequality holds for at least one i € Ny, thus, there
exists at least an i € N such that |b;;...;| > r;(B).
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On the other hand, since A is irreducible, and so is B. Then by Lemma 2.4, we see that

B is a strong H-tensor. By Lemma 2.5, A is also a strong #{-tensor. O
Remark 2.2 If [/ = 0, then Theorem 2.2 reduces to Theorem 2.6 of [21].

Let

. . I+1 (I+1)
J=1ieNy:lagi|>h" > - max 8 Vlaiy..q,
WS UREY
iz,ig,,.,,imENlmf

+ Z |(ll'l‘2m,'m|}.

2,13, €N TANTIL,
=0

Siig iy

Theorem 2.3 Let A = (aj;,...;,,) be an mth-order n-dimensional tensor. If for all i € N,

(1+1) (I+1)
il > h _omax 8 iy | + @iy |
lze{zz,ts ..... im} 1 1
i2,i3,sim ENJ'™ 12,13 im €N AN,
Biigvvvipyy =0

and if Vi € N\J] # 0, there exists a non-zero elements chain from i to j such that j € ] # 0,
then A is a strong H-tensor.

Proof Let the matrix X = diag(xy, x5, .. .,%,), where

(08 Dy, e Ny
1, i €N,.

X =

Similar to the proof of Theorem 2.1, we can obtain |b;;..;| > r;(3) for all i € N, and there
exists at least an i € N, such that |b;;...;| > r;(B).

On the other hand, if |b;;...;| = r;/(B), then i € N\J; by the assumption, we know that there
exists a non-zero elements chain of A from i to j, such that j € J. Then there exists a non-
zero elements chain of BB from i to j, such that j satisfies |bj;...;| > r;(B).

Based on the above analysis, we conclude that the tensor B satisfies the conditions of
Lemma 2.6, so B is a strong H-tensor. By Lemma 2.5, A is a strong H-tensor. The proof

is completed. 0

Remark 2.3 If [ = 0, then Theorem 2.3 reduces to Theorem 2.7 of [21].

Remark 2.4 From Lemma 2.1, we can also obtain smaller iterative coefficients h<l+1>5§“”
by increasing /. Therefore, Theorem 2.1 in this paper can be more effective to determine

whether a given tensor is a strong H-tensor or not by increasing the number of iterations.

Example 2.1 Consider a tensor A = (a;) with 3-order and 4-dimension defined as fol-

lows:

A=[AQ,:1),A2,51),A3,5),A4,59)],
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155 05 05 O 1 0 05 05
0.5 20 1 0 0.5 12 0 05
A(L ) :) = 5 ’ A(2; ) :) = ’
0 g 0.5 05 1 05 05 05
0 05 05 05 1 05 05 05
1 0 05 05 05 1 0
0 05 05 05 05 1 0 05
A(B, 5 I) = ) A(47 ) :) =
0 0 8 0 05 O 1 0
05 05 O 1 1 1 05 10
Obviously,
155
|a| = 15.5, r(A) = < |aga| =12, r(A) =8,

|asss| =8, r3(A) =6, |@g44| = 10, ra(A) =8,
so Ni(A) = {2,3,4}, N>(A) = {1}. First of all, it can be verified that Lemmas 1.3-1.6 cannot
determine whether the tensor A is a strong 7 -tensor or not. However, Theorem 2.1 in

this paper can verify that the tensor A is a strong H-tensor when [ = 1.
In fact, by Lemma 1.3,

|asss| (Ja| - 1) = ~78.6667 < 3 = r3|azs),

by Lemma 1.4, 7 = max{s;, max;en, ¢} =

,maxlEN2 p ” } 0.8,

max {t }lallztg |
jetia

|61111|31 =9.3<17.8833=7r E |611l'2,'3| + E
i,i3eN?\NZ, in,i3 ele

S1igiz =0

by Lemma 1.5,

ri(A)
jam| =155<181833 = ) lawgsl+ Y max T |ayyl,
P ,JEliziz} Iaj,jl
in,i3eN’ \Nl’ i2,i36Nl
Olinig =0

and, by Lemma 1.6,

R’
max 17517%1 a - Aliyi
( -y i S | 2,213|)(| ml- Y w)

i,i3€N; i2,i3€N2\N12,
82inig :0 B1ipi3 =0

=4.5417 x 14 = 63.5838
RV(A)

< 638127 = i i
Z | 212l3| Z zje{iz,iS} |a]77|

in,i3eN2\N? in,i3E€N?

|a1i2i3 |'

However, by calculation with Matlab 7.11.0, r = 0.667 and the results of RV (A), 5",
KD (i € {2,3,4}) of Theorem 2.1 in this paper are given in Table 1 for the total number of
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Table 1 The results of R,(’”)(A) and 8}'”) and K'Y (i e (2,3,4))

I} R(zl+1)(A) R(3I+1)(A) Rg+1)(A) 5;’”’ 8¥+1) 5‘(‘“1) h(l+1)
0 6.8333 5.000 6.6667 0.5694 0.6250 0.6667 0.9908
1 6.7706 49128 6.5046 0.5642 0.6141 0.6505 0.9937
2 6.7261 4.8782 6.4636 0.5605 0.6098 0.6464 0.9999
3 6.7255 48777 6.4628 0.5605 0.6097 0.6463 1.0000
4 6.7254 48776 6.4627 0.5604 0.6097 0.6463 1.0000

iterations / = 4. When / = 1, we can get

2
lam = 155> 15.4300 = h® Y jer{}%}rS}’lauzi3|+ Y lansl,
inizeN? ini3eN2\N2,
S1inig =0

we see that A satisfies the conditions of Theorem 2.1, then A is a strong H-tensor. In fact,
there exists a positive diagonal matrix X = diag(1,0.7489,0.7812,0.7978) such that AX? is
strictly diagonally dominant.

2.2 An application: the positive definiteness of an even-order real symmetric
tensor
In this subsection, by making use of the results in Section 2.1, we present new criteria for
identifying the positive definiteness of an even-order real symmetric tensor.
From Lemma 1.2 and Theorems 2.1-2.3, we easily obtain the following result.

Theorem 2.4 Let A = (a;;,...,,) be an even-order real symmetric tensor with mth-order
n-dimension, and a;..; > 0 for all i € N. If A satisfies one of the following conditions:
(i) all the conditions of Theorem 2.1;
(ii) all the conditions of Theorem 2.2;
(iii) all the conditions of Theorem 2.3,
then A is positive definite.

Example 2.2 Let

L AA 1 d 4 4 4 3 2
f(x) = Ax™ = 16x] + 21x5 + 23x5 + 19, — 8x7x4 + 12x72x7%3
— 12x0x%%4 + 4xoxs + doxsxs — 24
2X3X4 + XXy + XX, X1X2X3X4,
be a 4th-degree homogeneous polynomial. We can get an 4th-order 4-dimensional real
symmetric tensor A = (a;,;,i, ), where
anu = 16, dazr =21, asssz = 23, dgqq4 =19,
an4 = diia = di411 = daan = —2,
A2444 = A4244 = A4424 = daqqn = 1,
A3444 = A4344 = 4434 = Aa443 = 1,
angs = anz = a1213 = di32 = 41231 = 41321 = 1,

d113 = do131 = do311 = d3112 = d3121 = d3211 = 1,
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A3234 = A3243 = 43324 = A3342 = A3423 = d3432 = —1,
2334 = (2343 = A2433 = A4233 = A4323 = A4332 = —1,
1234 = A1243 = A1324 = A1342 = A1423 = A3z = —1,
A2134 = A2143 = G2314 = A2341 = d2413 = d2431 = —1,

a3124 = A3142 = 43214 = d3241 = A3412 = d3421 = —1,

|
|
=

A4123 = 44132 = 44213 = 44231 = A4312 = 44321 =
and other a;,;,;,;, = 0. By calculation, we have
laim| =16 <18 = r1(A)
and
|az222| (@11 — r1(A) + |a1a2|) = —42 < 0 = ry(A)larzznl.

Hence, A is not a strictly diagonally dominant tensor defined in [23], or a quasi-doubly
strictly diagonally dominant tensor defined in [22], so we cannot use Theorem 3 in [23]
and Theorem 4 in [22] to identify the positive definiteness of .A. Further, it can be verified
that A satisfies all the conditions of Theorem 2.1. Thus, from Theorem 2.4, we can see that
A is positive definite, that is, f (x) is positive definite. In fact, there exists a positive diagonal
matrix X = diag(1,0.8110, 0.8243,0.8043) such that AX? is strictly diagonally dominant.

Therefore, A is a strong H-tensor.

3 Conclusions

In this paper, we give some criteria for identifying a strong H-tensor which only depend
on the elements of tensors, and by increasing the number of iterations, we can determine
whether a given tensor is a strong H-tensor or not more effective. We also present new
criteria for identifying the positive definiteness of an even-order real symmetric tensor
based on these criteria.
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