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1 Introduction
In this paper, we consider the 27 linear differential operators

d 1 = a 1
Zi=—+-%, Zi=—--z onC'j=12,...,n 1
/ 821‘ 4Z] / aZ]‘ 4] on / " ()

Together with the identity they generate a Lie algebra 4" which is isomorphic to the 2n +1
dimensional Heisenberg algebra. The only nontrivial commutation relations are

1
2,2} = =31, j=12..n 2)

The operator L defined by

is nonnegative, self-adjoint, and elliptic. Therefore it generates a diffusion semigroup
{TF} 150 = {€}150. The operators in (1) generate a family of ‘twisted translations’ 7, on
C” defined on measurable functions by

()@ = exp (% > v+ v‘v,z,>)/(z>

j-1

=f(z+ w)exp(élm(z - ﬁ/)).
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The ‘twisted convolution’ of two functions f and g on C” can now be defined as

(f x g)(z) = [C”f(w)t,wg(z) dw
- [ re- gy,

where w(z, w) = exp(% Im(z - w)). More about twisted convolution can be found in [1-3].
In [4], the authors defined the Hardy space Hj(C") associated with a twisted convo-
lution. They gave several characterizations of H}(C") via maximal functions, the atomic
decomposition, and the behavior of the local Riesz transform. As applications, the bound-
edness of Homander multipliers on Hardy spaces is considered in [5]. The ‘twisted can-
celation” and Weyl multipliers were introduced for the first time in [6]. Recently, Huang

and Wang [7] defined the Hardy space H? (C") associated with a twisted convolution for

2n
2n+1

convolution by the Lusin area integral function and the Littlewood-Paley function defined
by the heat kernel in [8] and established the boundedness of the Weyl multiplier by these
characterizations in [9]. Recently, Huang and Liu gave the molecular characterization of

< p < 1. Huang gave the characterizations of the Hardy space associated with twisted

Hardy space associated with twisted convolution in [10]. The purpose of this paper is to
give some new real-variable characterizations for H7(C"), including the Poisson maxi-
mal function, the Lusin area integral, and the Littlewood-Paley g-function defined by the
Poisson kernel.

We first give some basic notations concerning Hf (C™). Let B denote the class of C*-
functions ¢ on C”, supported on the ball B(0,1) such that ||¢|lcc <1and ||Vg| s < 2. For
t>0,let p;(z) = t"¢(z/t). Given o > 0,0 < 0 < +00, and a tempered distribution f, define
the grand maximal function

M,f(z) = sup sup |¢; x f(2)].

peB O<t<o

Then the Hardy space H} (C") can be defined by
HY(C) = {f € 8/(C) : Moof € 12(C")).
For any f € H7 (C"), define |[f||Hf(U) = |Moof |l 1r-

Definition 1 Let % <p<1<q<ooandp#gq. A function a(z) is a H"’-atom for the
Hardy space Hf (C™) associated to a ball B(zg, r) if

(1) suppa C B(zo,");
@) llaly < |Blzo, 0|

(3) /n a(w)w(zg, w)dw = 0.

We define the atomic Hardy space H}'/(C") to be the set of all tempered distributions of
the form ), A;a; (the sum converges in the topology of §'(C")), where a; are HP-atoms
and Z/ |21 < +00.
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The atomic quasi-norm in H}(C") is defined by

I Il z-atom = inf{ (; |A,|P)Up},

where the infimum is taken over all decompositions f = Zj )jaj and a; are H}?-atoms.
The following result has been proved in [4] and [7].

Proposition1 Let f’:’ ;< p < 1. Then for a tempered distribution f on C", the following are

2
equivalent:

(i) Moof € LP(C").
(ii) Forsomeo,0 <o <+00, Myf € LP(C").

(iii) For some radial function ¢ € S, such that f(C” 0(2)dz # 0, we have

sup |(pt xf(z)| 1S L”((C”).
0<t<1

(iv) f can be decomposed as f = Zi Ajaj, where a; are Hf’q—atoms and Z; [Aj17 < +00.

Corollary 1 Let % <p=<landl<gq<oo. Then Hf’q((C”) = Hf((C”) with equivalent

norms.

Let {PL};.0 be the Poisson semigroup generated by the operator L. Then, for f € L*(C"),
the function e‘t‘/zf has the special Hermite expansion (cf. [11])

V@)= )" Y eV x gu(2),
k=0

where ¢y are Laguerre functions. Therefore e VL f is given by the twisted convolution with
the kernel

Py(2) = 2m) ™" Y eV g (2). (3)
k=0

The Poisson maximal function is defined by
Mp(f)(z) = stgglPt x f(2)|.
We can characterize the Hardy space HE(C”) as follows.
Theorem 1 f € H}(C") if and only if f € LY(C") and Mp(f) € L}(C"). Moreover, we have

il ~ | Mp(] 11

We define the area integral associated to {Pr};.o by

+00 awd 12
(Sif)(@) = ( /0 /| il ;Zf) :
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the Littlewood-Paley g-function by

00 d 172
stne-( [ il s)

and we consider the g} -function associated with L defined by

i 00 ¢ 2an . 2deIf 1/2
so-([ [ () el

where D¥f (z) = t5(3XPLf)(2).
Now we can prove the main result of this paper.

Theorem 2
(a) A function f € HL(C") if and only if its Lusin area integral S<f € L*(C") and
f € LY(C"). Moreover, we have

Wl ~ 182 [ -

(b) A function f € H:(C") ifand only if its Littlewood-Paley g-function Gf € LY(C") and
f € LY(C"). Moreover, we have

Wiy ~ 191

(c) A function f € H}(C") if and only if its g -function g f € LNC") and f € LN(C"),
where A > 3. Moreover, we have

Wl ~ g 1 -

Remark1 In this paper, we just give the proofs of our results for p = 1. In fact, we can prove

the case 231;11 < p < lunder more conditions (such as that f vanishes weakly at infinity). The
proofs of the case 23:1 < p <1 are quite similar to the case p = 1, so we omit them.

Throughout the article, we will use C to denote a positive constant, which is independent
of the main parameters and may be different at each occurrence. By B; ~ B,, we mean that
there exists a constant C > 1 such that % < g—; <C.

2 Preliminaries
In this section, we give some preliminaries that we will use in the sequel.
Let K;(z) be the heat kernel of {T7},.o. Then we can get (cf. [11])

Ki(2) = (47) ™ (sinh £) "¢~ 5 (coth), (4)
It is easy to prove that the heat kernel K;(z) has the following estimates (cf. [8]).

Z2
(i) K, (2) < CteChr;
|z

Lemma 1 There exists a positive constant C > 0 such that
1ol
(i) |VK,(z)| < Ct"1eC T,
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Let QX(2) be the twisted convolution kernel of Q¥ = t**9¥T| _. Then
Qf(2) = ** K (2) o
We have the following estimates [8].
Lemma 2 There exist constants C, Cy > 0 such that
(i) 1Q}@) < Ct2me 71T,

(i) |VQX(2)| < Crt2n-LeC 1l

By the subordination formula, we can give the following estimates as regards the Poisson
kernel.

Lemma 3 There exist constants Cy >0, A > 0 such that

(a)

0<P2) < CkW; (5)
(b)

|VPi(2)| < C L (6)

K2 5 A2z’

Lemma 4 Let D¥(z) be the integral kernel of the operator DX. Then there exist constants
Cy >0,A >0, such that

(a)

t
k .
|D;(@)] < Ci (82 + Az|2)emDi2’

(b)
Vi

k
|VDf(z)| < @W'

We also need some basic properties about the tent space (cf [12]).
Let 0 < p < 00,and 1 < g < co. Then the tent space 77 is defined as the space of functions
fonC” x R*, so that

1/q
(/ Lf(w, t)’qi;;it) € L”((C”), whenl<g<oo
I'(z)
and

sup [f(w, t)‘ el? ((C"), when g = oo,
(wt)el(z)

where I'(z) is the standard cone whose vertex is z € C”, i.e.,

I'(z) = {(w,t) tw—z| < t}.
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Assume B(zo, r) is a ball in C”, its tent B is defined by B= {(w,t) : [w—z0| < r—t}. A function
a(z,t) supported in a tent B, Baballin C”, is said to be an atom in the tent space Tf; if and
only if it satisfies

d dt 1/2
( f |a(z, t)|”7) <|B|"*P,
B

The atomic decomposition of 77 is stated as follows.

Proposition 2 When 0 < p < 1, then for any f € T3 can be written as f =y hax, where
ai are atoms and y_ | AP < C|[f||’;p.
2

3 The proofs of the main results
Let

Mnuf(2) = sup|K; x f(2)|, feL'(C")
t>0

be the heat maximal function. Then we can characterize H} (C") by the maximal function

Mpyf as follows (cf [4] or [8]).
Lemma 5 f € H}(C") ifand only if Myf € LY(C") and f € L}(C").
Now, we give the proof of Theorem 1.

Proof of Theorem 1 If f € H} (C"), then, by Lemma 5, we get Myf € L'(C"). Since
2@ == [ Kanu@etu
t \/E o t4 /4 ’

we have [|Mp(f)|2 < CIMu(f)l 1, i.e., Mpf € LHC").
For the reverse, there exists a function 1 defined on (1, 00) that is rapidly decreasing at
oo and satisfies the moment conditions (cf. [13])

/Oon(t)dtzl, /Ootkn(t)dt:O, k=1,2,....
1 1
Let
d(z) = / n(t)P;(z) dt. (7)
1

Since

(1+ 82)—(2n+1)/2 = Zaksk +0(s"), 0<s<oo
k<R

for appropriate binomial coefficients ay, we have

k
t _ 1o 2 +1)_|=2n—1-R
(2 + Az]2)@m D2 ~ > atle] n(g) +O(t" 2 ). (8)

k<R
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By (8) and Lemma 3, we know that ® and any derivative of ® are rapidly decreasing. Thus
® e Sand

fn @(z)dz:/loon(t)dtzl.

Therefore,

Mo(f)(2) < Mp(f)(2) / o] de = Mo

This proves that Mp(f) € L'(C") implies f € H}(C") and the proof of Theorem 1 is com-
plete. O

In order to get our results, we need the following lemma (¢f Lemma 5 in [8]).

Lemma 6

(i) The operators Sk and GF are isometries on L>(C") up to constant factors. Exactly,

IGE L2 ~ W llzs [ISEF L2 ~ I 2

(ii) When A > 1, there exists a constant C > 0, such that

CMIf 2 < [ gaf |l 2 < CllF N2

We define the new Lusin type area integral operator by

+00 dwd 1/2
(S;of)(@) = ( /0 /|z WkM\fo(W)‘Z ;Ht) ,

where o > 0.
Lemma 7 It is easy to see that the above definition of the area integral operator is indepen-
dent of « in the sense of ||(Syf) |l » ~ ||(S£f)”1}7,f01"0 <a<PB<ooand0<p<oo(cf [12]).

In the following, we use SK to denote S’Lil.

Proof of Theorem 2 (a) By Lemma 4, we can prove that there exists a constant C > 0 such

that for any atom a(z) of H} (C"), we have
|Stal, <c. )
In the following, we will show that f € H}(C") when S¥f € L}(C") and f € L}(C").

We first assume that f € L}(C") N L2(C"). When S¥f € L}(C"), we know Dff € T1. By
Proposition 2, we get

Dif(2) =) hay(zt), (10)
J
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where a;(z, t) are atoms of T and Z/ |A;] < 00. By the spectrum theorem (cf. [14]), we can

prove
o0 d
flz)=4 /0 D’;(D];f(z))Tt. 11)

By (10) and (11), we get
+00 dt +00 dt
f2)=4 /0 D} (XI: Ajay(z, t)) —=C 2}: Aj /0 Diaj(z,t)—

Therefore, it is sufficient to prove o = f0+°° D’t‘a,(z, £) 4t ., i=12,...,are bounded in H}(C")

uniformly, i.e., there exists a constant C > 0 such that for any atom a(z, ) in T3,

+00 dt
"“”HfH f Dfa(z,t)T‘ -c.
0

1
HL

We assume that a(z, £) is supported in Bl(zo,r), where B(zy,7) denotes the tent of the ball
B(z,r), then

apie i, =G0, e

t>0

1 =11 +12,

where B* = B(zg,2r).
By the Holder inequality, we get

, 12
L < ’B*|1/2 (/n<stu£)]e‘t‘/za(z)}) dz) < ‘B*‘l/zﬂfl"ﬂ-

By the self-adjointness of D¥ and Lemma 5, we can get

ladiz = sup_ [ at)ftadz

1812 <1
([t

IIﬁIIL2<1 "

= sup / Dka(z,t)ﬁ(z)dzd—

I8l,2<1J0

" olas <1./ h /c»« a(z,1)D; B (2) dz—
Suﬂsuufg(/cn/ |alz t)|2dZdt)
(/ / |Dkﬁ( )|2dzdt>

172 172
= IBI""lBl = 1B

This gives the proof of ; < C.
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By Lemma 2, we can prove

sup
>0

+00 dt
= sup|e*vE / (~tvVLreVla(z, H—
0

s>0

+00 dt
eVl / Df a(z, t)— '
0 ¢

+00 dt
= sup / (=t eVl g(, t)T‘
0

>0

+00 k
= sup /0 (L> (—(s+ t)x/Z)ke‘(“’)*/za(z, t)%

550 s+t
Y dwadt
= sup / ( ) / DX (z - wa(w, ) ——
>0 |Jo s+t cn t
- /«+00 t s+t | ( [)}det
su — alw, |
- s>(I)3 0 s+t Jon ((S + t)2 +A|Z — W|2)(2n+1)/2 P

r ~ |Z—W|2 —(2n+1) t 2det 1/2
< H1+A ) ==
([ feror(ial0) () 5

r d dt 1/2

(] o)
o JB t
r 1/2
< |B| 2|z = zo| "D (/ /tdwdt)
0o Ja

< Crlz - zo|"®"D,

Then we get
I, < Cr/ |z—zo|_(2"+1) dz<C.
(B¥)¢

When f € L}(C"), we can proceed similarly to Proposition 14 in [15]. In fact, we let f; =
TL.f,s>0.Then, by f € L'(C") and Lemma 3, we know f; € L2(C") and ||SKf;|l; < I|SKf])1.
By the above proof, we get

Willzgem S IS < 18210
By the monotone convergence theorem, we have
s =full < IS5 =£)| o — 0, when s, n — +oc.

Therefore, {f;} is a Cauchy sequence in H} (C") and there exists g € H} (C") such that

lim f,=g inH}(C").

§—>+00

lim f;=f in(BMO.)",

§—>+00

we know f = g € H}(C") and |[f |3 cn) S ISl
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This gives the proof of Theorem 2(a).
(b) Firstly, by Lemma 4, we can prove that there exists a positive constant C such that
for any atom a(z) of H}(C"), we have

|Gl =C.
For the reverse, by (a), it is sufficient to prove
R el [%71 P (12)
Our proof is motivated by [16]. Let
FRO = (0fe ™)@,  V(zs) =e*VIF().
Then
V(z,5)(8) = eV (0fVIf) (2) = (9 e VEf) (2).
Therefore
/0 m] V()0 £ dt = /0 +OO|(Bfe‘(””ﬁf)(z)‘ztzk‘ldt

- / m |(aF e—‘ﬁf) (z) |2(t —8)%1dy.

Hence

sup/o+ |V(z,s)(t)|2t2/<—1dt§/O+ |(tk8tke—t«/ff)(z)|2? _ (gff(z))z.

>0

Let X = L((0, 00), t*1 dt). Then

sup||e S‘[F(z)” (z) el ((C”)

Therefore F € Hy(C"), here Hy(C") can be seen as a vector-valued Hardy space. This
shows that S} F(z) € L'(C"), where

1 dedt
(f /z wl<2t |D Flv )”x g2 )
By
dwdt
(SIF@)’ f f| LlPie Wy
—w|<2t

- /|/ (VD VEF(w)(5) 52! ds T

t2n+l

+00 400 )
— / / / |(_ﬁ)k+le—(s+t)ﬁf(w)| t1—2ns2k—1 dwdtds
0 |z—w|<2t
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/+OO
0
/
0
/ i
0
/+OO
0

1 +00
= S / f (eI eV () "¢ dwdt
0 lz—w|<t

1 +o0 2dwdt 1 2
— D/(+1 k+1 ,
2k22k/0 /z-wmi S g2l 2k (5/@)

/ (VI eV w) [ (¢~ )2 dwdt dis
|z—w|<2(t-s)

c'.w\\

(=~ e Ve (w) (£ - )25 dwds dt

|z—w|<2(t-s)

v

O\

t/2
/ )k+1 N3 f w)]z(t _s)l-2 21 gy ds dt
|z—w|<2(t-s)

v

t/2
/ )k+l —tff(w)| 1-2n 2k ldeSdt
| —w\<t

S~

we get S¥*1f € L1(C"). Then f € H}(C") follows from (a).

This completes the proof of Theorem 2(b).

(c) By Sif(2) < (3)*"g} of (2), we know f € H}(C") when g} .f € L(C") and f € L}(C").In
the followmg, we show there exists a constant C > 0 such that for any atom a(z) of H} (C"),
we have

”g:\k,k“ ”Ll =C

Without loss of generality, we may assume a(z) is supported in B(0, r), then

2un
. o0 t P 2dwdt
gA,ka(z)Z = ‘/(; _/én (t + |Z— Wl) |Dt61(W)| 2+l
o0 t 2hn rdwdt
- S Dk —
f() /—w<t<t+ |Z_W|) } ta(W){ g2

2an
t dwdt
Do A N = ML
2i-lt<|z-w|<2it t+ |Z W| t

< CSla(z)* + Z Z_M”Slzgi ()%
i=1

Therefore,

||gxk“||L1 = CHSLa“Ll + ZZ o ” LZ‘a“Ll

i=1

By part (a), we have IIS’L‘aII 11 < C. In the following, we will prove that

” Lzl““Ll = C23m (13)

First, by Lemma 5, we can obtain

||S 1/2

L2‘

‘Ll (0,2i+2r)) — ’B(O 2”2 )| H L21“||L2 = C22m (14')

Page 11 0of 13
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Let z ¢ B(0,2*%r). We have

2dwd
st [ [ ([ pie-o-staaar) 22

lz|

/2”1/ dwdt / / dwdt
|z— w\<2lt t2n+1 lz‘ |z— w\<2lt g2n+l

= 11 +12.

For z ¢ B(0,21*%r), when |z — w| < 2/t < %, we have |w| ~ |z|. By Lemma 4, we get

_lzl_ 2
ShT N dwdt
w=c[7 [ oL, mmmmele) G

I —(4n+3) 2 2
< Cco2in / 2T i lz| r\ dt <cp2n-i_
0 t t t = |Z|4n+2

By Lemma 4 again, we get

2
o dwdt
N B
2'[,%‘1 lz—w|<2it \J B(0,r) t L

2 2
< Cin ~ f4n r ﬂ < C2i6n+2) r ‘
2l t t |Z|2(2n+1)

2i+1
Thus,
PR r .
Sk _.a(z)| dz < €237+ / — dz < C2%", (15)
/z|225+2r| L2 | 2| >2i%2y |Z|2n+1
Therefore, when A > 3, we prove ||g} ;a1 < C. Then Theorem 2(c) is proved. O
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