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1 Introduction
Letp>1,1/p+1/g=1,a,>0(n=12,...),0< Y >’ ah < oc. Then

%) n p %)
ISu) <@y e, )
n
k=1 n=1

n=1

where g = ( 1%)1’ is the best coefficient. Inequality (1) is called Hardy’s inequality which is
of great use in the field of modern mathematics (see [1, 2]).

A special case of (1) yields the following inequalities:

o0 1 n 2 o0

>(12a) <43 @
n=1 n k=1 n=1

o0 n 3 o0

Z(lzﬂk) < 28—72&12. (3)
n=1 n k=1 n=1

In 1998, Yang and Zhu [3] evaluated the weight coefficient W (k, p),

00 n r-1
1 1
W (k)p):kl_llp g np( E jl/p) ) k:1y21~') (4')

n=k j=1

and established an improved version of inequality (2) as follows:

o0 n 2 o0
1 1 )
;(Z;ak) <4;<1——3ﬁ+5)an. (5)

© 2013 Deng et al,; licensee Springer. This is an Open Access article distributed under the terms of the Creative Commons Attribu-

L]
@ Sprlnger tion License (http://creativecommons.org/licenses/by/2.0), which permits unrestricted use, distribution, and reproduction in any

medium, provided the original work is properly cited.


http://www.journalofinequalitiesandapplications.com/content/2013/1/63
mailto:wushanhe@yahoo.com.cn
http://creativecommons.org/licenses/by/2.0

Deng et al. Journal of Inequalities and Applications 2013, 2013:63
http://www.journalofinequalitiesandapplications.com/content/2013/1/63

With the same approach, that is, evaluating the weight coefficient W (k, p), Huang [4—7]

gave some improvements on Hardy’s inequality for p =3 and p = 3/2, i.e,,

Z( Zak> <—Z(1—l93—2/3)ai, (6)

n=1

S(23w) =it e o

n=1

Some further extensions of Hardy’s inequality related to the range of parameter p were
given in Huang [7, 8].
In 2005, Yang [9] proved an inequality for the weight coefficient W (k, 2)

:ﬁi%(; \i/]) 54[1— %(1— EW(LZ))]

and established the following inequality:
oo 1 n
Z(;Zak> <4Z<1——) (8)
n=1 k=1

where 6y =1— % W(1,2) = 0.13788928... is the best coefficient under the weight coefficient
W(k,2).

In 2009, Zhang and Xu made use of the monotonicity theorem [10-13] and obtained an
improvement of inequality (1):

00 1 n p p
Z(ﬂ%”) <(;5 )Z( i) )

n=

where

-y -2"P1-1/p)), 1<p=2,
P -2 (1 — 1/p)t, p>2.

By evaluating the weight coefficient W (k, p), and with the help of an inequality-proving
package called BOTTEMA [14, 15], He [16] investigated a sharpened version of Hardy’s

inequality for p € N and obtained the following improved version of inequality (3):

Z( Z“k>3<—z<1—%>ﬂﬁ» (10)

n=1 n=1

where 63 =1 - %W(I,S) = 0.1673... is the best coefficient under the weight coefficient
Wk, 3).

In addition, in [16] the author wrote the computer program HDISCOVER to accomplish
the automated verification of the following inequality for p € N (N is the set of natural
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numbers):
) 1 n p P p o© P (1)
S < Sl )
n= =1 n=

where 6,(1) =1 - (’%1)1’ W(1, p) is the best coefficient of (11) under the weight coefficient
Wk, p).

Recently, based on the program HDISCOVER 2012 written by Deng, He and Wu [17],
an automated verification of inequality (11) is achieved for p € Q (Qis the set of rational
numbers).

For more detailed information of Hardy’s inequality, we refer the interested readers to
relevant research papers [10, 12, 18-23].

In this paper, by evaluating the weight coefficient W (k,5/4), we establish an improve-

ment of Hardy’s inequality for parameter p = 5/4 as follows:

% (1 5/4 o ~ . ) »
Z(Z> = 2 ) .
where 7154 = m —1=0.46...is the best coefficient under the weight coefficient
W(k,5/4).
2 Lemmas

To prove the main results in Section 3, we will use the following lemmas.

Lemma 1 (see[22]) Ifp > 1, then for all integers n > 1, it holds that

1 1
P e P2
p-1 p-1 2 2nllpr
1 1 1

1 P 1ap p
B 20 12p  1opntlp”
p 12p

jP T p-1 p-1

1
+—+
2

Lemma 2 (see(3]) Ifp > 1, then for all integers n > k > 1, it holds that

o0

1 1 3 1 1 1 p
———+ /< — <t — + .
(p-Dkrt "2k " (p-Dk T 2% 12k

Lemma3 Letp>1,1/p+1/q=1, and let g,, g be the functions defined by

6p+12g-1 1 1 +2 1
e Sk gx) =- p 3 +—, x€][l,+00).
2pgxt'1  2gx

S VI T el

Then -1 < g,(x) <0, -1 < gi(x) < 0.

Proof Since p >1,1/p +1/q =1, hence 1/x*Y? > 1/x? for x € [1, +00).
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Further, we have

, 6p+12g-1 1 1
&)= 20 o2 3
12pg?xt+ia  2gx*  6pgx

- 6p+12g-1 1 1

- +
12pqx? 2gx%  6pgx3

Gpx+x+2p)(p-1)
= >
12p33

0:

and consequently, g, is strictly increasing on [1, +00).

Now, from g,(1) = =1/p > -1 and lim,_, ,c g(x) = 0, it follows that g,(x) > g.(1) = -1/p >

-1 and g,(x) < 0.

Similarly, from

p+2q 1 >p+2q 1 _p—l

gx) =

g(l)=-1/p>-1 and lim gx) =0,

X—>+00

we deduce that -1 < g;(x) < 0.
Lemma 3 is proved.

Lemma 4 Let-1<g(x)<0.Ifa €(0,1], then

e )

=( +g(x))a <1+agk)+ @gz(x).

Ifa €[1,2], then

ale-1) ,

(1+8()" =1+ ag() + 5 & @

Proof When « € (0,1]. By using the Maclaurin formula

a(az_ 1)gz ()

+aw_nm—2u+@uw*§

(1+g@)" =1+ag)+

and noticing -1 < g(x) < 0, we find

1+6g(x)>1+g(x) >0,

am—nw—2u+@uwﬂf@hw,

(o = 1)(e = 2) (o — 3)(1 + Og(x))**
6

g ) =>o0.

= - - = >
2pq2x1+1/q 2qx2 - 2pq2x2 quz 2p2x2

(%),
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Thus

(1+g@)" <1+agl) + @g%x),

(1+g@)" = (1+g(®)(1+gx)*"
> (1+g() (1 o - D)+ Wg%x)).

When « € [1,2]. We have

A AR

Thus
(1+g()" >1+ag) + @gz(x).

The proof of Lemma 4 is complete. g

Lemma5 Letp>1,1/p+1/q=1,n>k >1, and let [x] denote the greatest integer less than
or equal to the real number x. Then we have

W(k,p) qu_lkl/qZI: 1 (1+gr(n))[17]*1

nltllq
n=k

X (1 +(p - [p))g:(m) +

- [p])(zz— [p] - Dgf(n))}

Proof By Lemma 1 and the identity pg = p + g, g(p — 1) = p, it follows that

00 1 n 1 p-1
Wik p) =K7Y — (Z m)

n=k j=1 J

o0 p_l
<Ky i(Lnl—up _p 1 11/ L %)
= n\p-1 2 2nt?  12p 12pn*tir

p-1
:kuqii gn'' — 6p+12g -1 . o 1 p-1
e 12p 2nllr 12pni+iip
0 p-1
v Z iqpfln(pfl)/q (1 _bp+12q-1 + 1 #)
—n? 12pgn'’d  2qn  12pgn?®

oo
1 _
= p_lkl/q Z nltl/q (1 +gr(n))17 1'
n=k

Combining Lemmas 3 and 4, we obtain

Wk, p)

= qp_lkl/q Z |: nlil/q (1 + g’(n)) i (1 + gr(n))p_[p]:|
n=k
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>0 1 -
n=k

=17 _”gf(n))}.

X (1 + (p — [p])g,(n) +

This completes the proof of Lemma 5.

Lemma 6 Letl/p+1/qg=1,n>k>1.1Ifp e (1,2), then

> 1
W (k,p) = g1k Z[nm,q (1+g(m)”
n=k

0o b=3 )]

l

X <1+ (p -]l -)g(n) +

Ifp €[2,+00), then

1 ;
W(k.p) = qpilkllq Z[nlﬂ/q (1 +g[(n)) v
n=k

X (1 + (p— p] + 1)g1(n) + - ] +21)(p— [p])glz(n)>].

Proof Since pg =p + q, q(p — 1) = p, using Lemma 1 gives

© 4 "1 p-1
Wikp)=kry — <Z @>

n=k j=1 /

00 -1
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o0 pfl
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e8] p—l
g 22 1)
ek n pqn qn

o0
1 _
— gl e Z T (1 +g1(n))1’ 1
n=k

When p € (1,2). From Lemmas 3 and 4, we have

> 1 _ _
Wkp) = ¢ K o (L o) (14 )
n=k

00

1
> qp—lkl/q § I:n1+1/q (1 +gl(71))[p]
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(14 - -Vt + LIRS ) |
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When p € [2,+00). Using Lemmas 3 and 4, we obtain

1
nltl/q

W(k,p) > qp—lkl/q Z (1 +gl(”))Ly]72 (1 +gl(n))P*Ll’]+1

n=k

>0 1 _
=Y i a)
n=k

X (1 +(p- [Pl +1)gn) + - lpl+ Dy~ [p])glz(n)>].

2

Lemma 6 is proved. d

Lemma?7 (see[3]) Letp>1,a,>0(n=12,..),0<) ab < 00. Then

00 n p 00 00 n pr-1 00
Z(lzﬂk> < Z[kll/pzip(z li/p) gi:| :ZW(k,p)ai.
P N k=1 w0\ / k=1

3 Main results

Theorem 1 For an arbitrary natural number k, the following inequality holds true:

W (k,5/4) < Rs4(k),

where
Rent)—54(5 133 17,689 25 19 17,689 467
SIS 240k5 ~ 144,000k25 48k  192k6/5  480,000k75 = 4,224Kk>
133 97 133 61 19
+ + + + + .
18,0005 * 38,400k3 = 60,000k195 ' 504,000k* = 240,000k

Proof Using Lemma 5 gives

=T 1 1 3 =
W (k,5/4) < 5Y*4KM/5 Z[W (1 + Zgr(n) - ng(n)):| ) Z rs4(n),

n=k n=k

where
) 1 133 17,689 1 133 41
rsa(n) = — — - + + -
o/ no5 600175 240,000185  40n15 T 8,000125  9,600116/5
133 1 1
- + - .
60,0001175 " 4,000125  60,000126/5
Hence

1 133 17,689 1 133
— - - + +
n5  600n75  240,000n85  40n!5 - 8,000n12/5

o0
W(k,5/4) < 5Y4kY° Z(
n=k

41 133 1 1
- - + - .
9,600n°> 60,0001  4,000n2>  60,000126/>
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Using Lemma 2 and taking p = 6/5,7/5,8/5,11/5,12/5,16/5,17/5,21/5,26/5 in the right-
hand side of inequality (13), respectively, we get

o0

1 5 1 1
;; 2655 < s T opens T Toxs

i 133 . 133 133
s 600175 = 240k%>  1,200k7/5’

vey

oo

1 1 1 7
< + + )
nX:I; 4,0007215 ~ 12,800k%/5 © 8,000k2/5 ~ 80,000k26/5

[e¢]

1 1 1
" £260,000225 ~ 252,000k25  120,0004%55°

Adding up the above inequalities, we obtain

W(k, 5/4) < R5/4(k).

Theorem 1 is proved. d

Theorem 2 For an arbitrary natural number k, the following inequality holds true:

W(k, 5/4) > L5/4(k),

where
Lou) 51 <5 B 81 15309 25 45 3159
16k15 ~ 640k25  25,600k3/5 48k  448k65 ' 51,200k7/5
15,309 17 129 891 45,927
64,0005 | 1,408k 5,120k15 © 12,800k12/5 640,000k
27 567 1 3,213
T 102,400k  64,000k65 12,800k 640,000k21/5)'

Proof Utilizing Lemma 6 gives

Wk 5/4) = 514K Z[# (1+g(n) (1 2l %gf(n))]

n=k
o0
= 5Ky Isja(n),
n=k
where
L) 1 9 243 15,309 1 27
n)=—7z-— - - + +
o/ n65  40m75  3,200m85  32,0001°5  40n5 | 1,600112/5
5,103 3 567 21

+ - - + .
32,000113/5 3200115 32,000n17/5  32,000n%/5
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Hence
243 15,309 1
1/471/5 ’
W(k’5/4 5k Z( 6/5 40,,17/5 3’200,,18/5 - 32’000719/5 + 401/111/5
27 5,103 3
+ + -
1,600112/5 © 32,0007135  3,200#16/5
567 21
- +
32,000117/5  32,000121/5

Using Lemma 2 and taking p = 6/5,7/5,8/5,9/5,11/5,12/5,13/5,16/5,17/5,21/5 in the left-
hand side of inequality (13), respectively, we get

[e¢]

1 5 1
) 2605~ J5 kel
n=k

Z 9 9 21
— > — — — »
—~ 40,,17/5 16/(2/5 80k7/5 800k12/5

567 189 567 3,213
— > —_— —_— —_— 5
= 32,0007/ 25,600k12>  64,000k7/>  640,000k22/5

i 21 21 21
£ 32, 0001215 ~ 102,400k1655  64,000k21/5"

Adding up the above inequalities, we obtain
W(k, 5/4) > L5/4(k).
Theorem 2 is proved. O

Theorem 3 Leta, >0 (n=1,2,...),0< ) 2 a”* < co. Then

nln

o0
1 1
(L) =S w

n=1

55/4

where 154 = 105574 W (1,5/4)]

W(k,5/4).

—1=0.46... is the best possible under the weight coefficient

Proof By Lemma 7, we have

" 54 o
Z( Zak> <> W(k5/4)a}".
k=1 k=1

n=1

Therefore, to prove inequality (14), it suffices to show that

1 1
,5/4 M- — ). 1
W (k,5/4) <5 ( o k1’5+n5/4> (15)
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Obviously, inequality (15) becomes an equality for k = 1. In what follows, we will assume
that k > 2.

By Theorem 1 W (k,5/4) < Rs;4(k), we need only to prove that

1 1
Rsja(k) <54 (1- — . ———— ).
51(k) < 10 K5+ non

Note that

55/4

11
_ _1:0,4-4.-->_’
1514 = 10[55% — W(1,5/4)] 25

it suffices to show

1 1
R5,4(k)555/4(1—— 7)

. 16
10 kY5 +11/25 6

Substituting k = x° in (16), inequality (16) becomes

1 1
Rea(x®) <574 (1-—. —— ), wherex> /2,
sa(x) < 10 x+11/25 where x> v2

which is equivalent to the following inequality:

14 133 17,689 25 19 17,689 467 133
57 5- - + - - + +
240x 144,000x%  48x> 192x® 480,000x7  4,224x° 18,000
97 133 61 19
+ + + +
38,400x> 60,0004  504,000x2°  240,000x2>
1 1
<5 1-— — (17)
10 x+11/25
133 17,689 25 19 17,689 467 133
< 5- - + - - + +
240x 144,000x%  48x5 192x® 480,000x7  4,224x° 18,000
97 133 61 19 1 1
+ + + + <5-—- —
38,400x> 60,0004  504,000x2°  240,000x2> 2 x+11/25
133 17,689 25 19 17,689 467 133
- - + - - + +
240x 144,000x% 48x> 192x® 480,000x7  4,224x10  18,000xU
97 133 61 19 1 1
+ + + + +—- <0
38,400x> = 60,000x°  504,000x20  240,000x%> 2 x+11/25
f(x)

<

_ <0,
221,760,000x25(25x + 11) —

where

f(x) =300,300,000x% +2,032,838,500x>* + 299,651,660x*> — 2,887,500,000x°!
—721,875,000x%° + 445,702,950x" + 89,895,498x'% — 612,937,500x°
- 310,656,500x" — 18,024,160x™* — 14,004,375 — 18,451,125x°

- 5,407,248%° — 671,000x° — 295,24.0x° — 438,900x — 193,116.
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From the hypothesis x > /2 > 1.14, we have

300,300,000x% +2,032,838,500x>* + 299,651,660x>> — 2,887,500,000x*
-721,875,000x%° + 445,702,950x" + 89,895,498
> (300,300,000 x 1.14* +2,032,838,500 x 1.14% + 299,651,660 x 1.14?
-2,887,500,000)x>" —721,875,0005>° + 445,702,950x" + 89,895,498x"®
=1,020,861,716x*! — 721,875,000 + 445,702,950x" + 89,895,498x8
=[(1,020,861,716x — 721,875,000)x> + 445,702,950 + 89,895,498 ]x'
>[(1,020,861,716 x 1.14 — 721,875,000) x 1.14*
+445,702,950 x 1.14 + 89,895,498 |x'®

=1,172,299,661x%.
Further, we have

f(x) >1,172,299,661x™ — 612,937,500 — 310,656,500x'°
- 18,024,160 — 14,004,375x" — 18,451,125x"°
- 5,407,248x° — 671,000x° — 295,240x° — 438,900x — 193,116
>1,172,299,661x™ — 612,937,500 — 310,656,500x8
- 18,024,160x"® — 14,004,375x'8
- 18,451,125x™ — 5,407,248x" — 671,000x"® — 295,240
—438,900x'® —193,116x*

=191,220,497x" > 0.

Consequently, inequality (17) holds true, and inequality (14) is proved.
_ 55/4-
Let us now show that N5/4 = m
weight coeflicient W (k,5/4).

Consider inequality (14) in a general form as

1 1
W(k,5/4) <5°*(1- —. —— ).
( / )_ 10 k1/5+775/4

Putting k =1 in (18) yields

55/4
. .
1514 = 10[55/% — W1, 5/4)]

55/4

Thus the best possible value for 75,4 in (18) should be 7y, = TR

This completes the proof of Theorem 3.

—1=0.46... is the best possible under the

Page 11 0f 13
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Remark 1 From the definition of W(k, p) and in the same way as in [17], we can establish
the following accurate estimates of W (1,5/4):

6.965042829 < W(1,5/4) < 6.967740323. (19)

Further, the approximation of 75,4 can be derived as follows:

55/4

_ -1=046....
1514 = 10[55% — W1, 5/4)]

Remark 2 For p = 5/4, inequality (11) can be written as

oo n >4 e 15/4
1 1-(z)"*W(1,5/4
S(ia) =5y (1o T e 20)
n=1 k=1 n=1
It is easy to observe that
1 1 1 1 7

—_——— > — . >
10 n5 +nsy 10 n'/5+4,711/10,000 ~ 100115

and

’

1 5/4 5/4
1-(- W(1,5/4)<1-| = %X 6.967740323 = 0.06808... < —
5 5 100

hence

1-(3)*W(1,5/4) 1 1
nl/5 <10 ”1/5‘”75/4‘

This implies that inequality (14) is stronger than inequality (11).
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