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Abstract

In this paper we study the notion of statistical (A, A)-summability, which is a
generalization of statistical A-summability. We study here many other related
concepts and its relations with statistical convergence and A-statistical convergence
and provide some interesting examples.
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1 Introduction and preliminaries

The concept of statistical convergence was first introduced by Fast [1]. In 1953 the concept
arose as an example of convergence in density as introduced by Buck [2]. Schoenberg [3]
studied statistical convergence as a summability method and Zygmund [4] established a
relation between it and strong summability. This idea has grown a little faster after the pa-
pers of Salat [5], Fridy [6] , Connor [7, 8], Kolk [9], Mursaleen [10], Mursaleen and Edely
[11, 12], Mursaleen and Mohiuddine [13-17] and many others. Its various generalizations,
extensions and variants have been studied by various authors so far. For example, lacu-
nary statistical convergence [18], A-statistical convergence [10, 19-21], A-statistical con-
vergence [9], statistical summability (C,1) [22—-24]; statistical A-summability [25], statisti-
cal lacunary summability [26], statistical A-summability [27] etc. For more details, related
concepts and applications, we refer to [28—41] and references therein. Here we define the
notion of statistical (A, 1)-summability as a A-statistical convergence of A-transform of x
and prove some results on some related sets of sequences. The results of this paper extend
several ones obtained up to now and establish several inclusion relations, implications and
other properties.

Let K C N, the set of natural numbers. Then the natural density of K is defined by

1
8(K) =lim—|{k <n:k e K}|
n n

if the limit exists, where the vertical bars denote the cardinality of the enclosed set.

The idea of A-statistical convergence was introduced in [10] as follows:

Let A = (A,) be a non-decreasing sequence of positive numbers tending to co such
that

Ansl S Ay +1, M =0.

© 2013 Mohiuddine et al,; licensee Springer. This is an Open Access article distributed under the terms of the Creative Commons
Attribution License (http://creativecommons.org/licenses/by/2.0), which permits unrestricted use, distribution, and reproduction
in any medium, provided the original work is properly cited.


http://www.journalofinequalitiesandapplications.com/content/2013/1/309
mailto:mursaleenm@gmail.com
http://creativecommons.org/licenses/by/2.0

Mohiuddine et al. Journal of Inequalities and Applications 2013, 2013:309 Page2of 8
http://www.journalofinequalitiesandapplications.com/content/2013/1/309

The generalized de la Vallée-Poussin mean is defined by

where I, = [n— A, +1,n].
Let K € N. Then

1
aA(K)=1im/\—|{n—xn+15j§n:je1<}|
noAp

is said to be A-density of K.
In case A, = n, A-density reduces to the natural density. Also, since (A,/n) <1, §(K) <
8, (K) for every K C N.
A sequence x = (xy) is said to be A-statistically convergent to L if for every € > 0 the set
K. :={k e N: |xx — L| > €} has A-density zero, i.e., §,(K) = 0. That is,
1

lim —

I An‘{n—)»,,+1§j§n:|xk—L|ze}‘zo.

In this case we write st;-limx = L.

Let A = (a,x) be an infinite matrix of real or complex numbers and x = (x) be a sequence
of real or complex numbers. Then we write A,(x) = Y-, @k, which is called the A-
transform of the sequence x = (x;) whenever the series on the right converges for each
n=1,2,....

We assume throughout this paper that the symbols w and ¢ denote the spaces of all se-
quences (real or complex numbers) and the space of all convergent sequences, respectively.
Let X and Y be two nonempty subsets of the space w. If x € X implies Ax = (A4,(x)) € Y,
then we say that A defines a matrix transformation from X into Y, and we denote by
(X,Y) the class of matrices A which transform X into Y. By (X, Y),¢; we denote the subset
of (X, Y) for which limit or sum is preserved.

A matrix A = (a,) is said to be conservative if Ax € ¢ for x = (x;) € ¢, and we denote this
by A € (c,¢).

A matrix A = (a,) is said to be regular if it is conservative and limAx = limx, and we
denote this by A € (¢, €)req-

The following are well-known Silverman-Toeplitz [42] conditions for the regularity of A.

A matrix A = (a,) is regular, i.e., A € (¢, ¢)reg if and only if

(i) sup, Xy lanil < 00;
(ii) lim,,_ oo @uk = 0, for each k;
(iil) im,— oo ) p @k =1.
Let A = (a;) be a non-negative regular matrix. A sequence x is said to be statistically

A-summable to L if, for every € > 0,8({i <n:|y;—L| > €}) =0, i.e,
N
hm—|{l§n:|yi—L| ZEH =0,
non

where y; = A;(x). Thus «x is statistically A-summable to L if and only if Ax is statistically
convergent to L. In this case we write L = (A)g- limx = s¢-lim Ax.
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2 Statistical (A, A)-summability
In [43], Malafosse and Rakocevi¢ presented the following definition of statistically (4, 1)-
summable.

Definition 2.1 A sequence x is said to be statistically (A, L)-summable to L if for every
€>0,8,({n-r,+1<i<n:|y;—L|>€})=0,ie,

1
lim—|{n-1,+1<i<n:|y;-L| >€}|=0.
noAy

Thus x is statistically (4, A)-summable to L if and only if Ax is A-statistically convergent
to L. In this case we write L = (A4, 1)~ limx = st; - lim Ax. By (4, 1);; we denote the set of all
statistically (4, 1)-summable sequences.

We define the following.

Definition 2.2 A sequence x = (xx) is said to be strongly (A, 1,4)-convergent (0 < g < 00) to
the limit L if lim,, ﬁ Zie],, ly: — L|? = 0, and we write it as xx —> L[A, A]. In this case L is
called the [A, A],-limit of x.

Remarks 2.3
(i) If A =1 (the unit matrix), then the statistical (A4, 1)-summability is reduced to the
A-statistical convergence.
(ii) If A, = n, then the statistical (4, 1)-summability is reduced to the statistical
A-summability.
(iii) If A, = n and

1

i+1”’
Aik = )

0, otherwise,

0<k<i

then the statistical (A4, 1)-summability is reduced to the statistical
(C,1)-summability due to Moricz [22].
(iv) If A, =mand

Bk 0<k<i

0, otherwise,

then the statistical (A4, 1)-summability is reduced to the statistical
(N, p)-summability due to Moricz and Orhan [44], where p = (py) is a sequence of
nonnegative numbers such that p > 0 and

i
P,':Zpk—)oo (l—)OO)
k=0

(v) If A, = mand

1

k_ll" Ofkfl:

Aik = )
0, otherwise,
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where [; = Z;;:o (lel), then the statistical (A, 1)-summability is reduced to the

statistical (H,1)-summability due to Moricz [45].

3 Main results
In this section, we establish the relation between statistical (A,))-summability and

A-statistical convergence.

Theorem 3.1 Ifa bounded sequence is A-statistically convergent to £ and liminf,_, o %" >
0, then it is A summable to £, statistically A-summable to €, and hence statistically (A, 1)-

summable to £ but not conversely.

Proof Letx be bounded and A-statistically convergent to L, and K = {k <n: |x; — L| > €}.

Then
o0 o0
|Au(x) L] = Zank(xk—L)+L(Zank—1)
k=1 k=1
o0 o0
<> amla - LI+ LIy am -1
k=1 k=1
o0
= Y amla - LI+ Y amlox — LI+ |LI| Y am -1
keKe keK, k=1
o0
< sup|xx — L| Zank+e Zank+ |L| Zank—l .
k keK. keéKe k=1

By using the definition of A-statistical convergence and the conditions of regularity of A4,

we get
lim|An(x) - L| =0 since € was arbitrary,

and hence st-lim |A,(x) — L| = 0, i.e., x is statistically A-summable to L. Now, using Theo-
rem 3.1 of [10], we get st;-lim|A,(x) — L| = 0, i.e., x is statistically (4, A)-summable to L.
To see that the converse does not hold, we construct the following example.

Let A,, = n and A be a Cesaro matrix, i.e.,

1
—, 0<n<k,
A = n+l
0, otherwise.
Let
1, ifkisodd,
Xk =

0, ifkiseven.

Then x is A-summable to 1/2 (and hence statistically (4, A)-summable to 1/2) but not
A-statistically convergent.
This completes the proof of the theorem. O
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Theorem 3.2 Iflimsup,(n — A,) < 00 and x is statistically (A, \)-summable to L, then x is
statistically A-summable to L.

Proof Let limsup, (1 — A,) < co. Then there exists M > 0 such that n — 1, <M for all n.
1

p” and

Since%f
{I<isniyi-Lizelclieh:lyi-LizefU{l<i<n—,:lyi—Ll >¢},

we have

1
;’{1§i§n:|yi—lf|28”

Ei’{1§i§n3|yi_lf|28}|

An

1, 1,
f)\—HlE],,:|yi—L|ZS}|+)\—|{l§n—)\n:|yi—L|ZSH

n n

1.
5)\—n’{leln:|yi—L|28}|+)\—n.

Now, taking the limit as 7 — 0o, we get the desired result. O

Theorem 3.3 Statistical (A, A)-summability implies statistical A-summability if and only

if
A
lim inf =2 > 0. (3.1)
n—oo y
Proof For ¢ >0, we have
{ielnzlyi—les}C{ifn:|yi—L|za}.

Therefore

Hi€Li:lyi— LIz &}

N

1
“Hiznibi-Lize}| =

1
A

v
x|

{ieL:lyi-LI>¢}|

=

Taking the limitas n — oo and using (3.1), we get that statistical (4, 1)-summability implies
statistical A-summability.

Conversely, suppose that

A
lim inf =2 =0.
n—-oo n
Choose a subsequence (#(j));>1 such that tl”—(;’)) < }l Define a sequence x = (xy)x>1 such that

1, forieln(j),jzl,Z,S,...,
Ji=
0, otherwise.
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Then, as in Theorem 3.1 of [10], we get that y = (y;) is not A-statistically convergent, i.e.,
x is not statistically (4, 1)-summable. Hence (3.1) is necessary.
This completes the proof of the theorem. d

Theorem 3.4 (a) If 0 < g < 00 and a sequence x = (xy) is strongly (A, L,)-convergent to the
limit L, then x is statistically (A, \)-convergent to L.
(b) Ifx = (%) is bounded and statistically (A, A)-convergent to L, then x; — L[A, 1],

Proof (a) It follows easily from the following:

1 X
A—Zlyl—L|qz k_n|{l€In|yl_L| Zé‘}|

" el

The following example shows that the inclusion is proper. Let x = (x,),>1 be such that its
A-transform is given by

i, forn—[s/A,]+1<i<n,
Yi=
l 0, otherwise.

Then Ax ¢ £, andfor0<e <1,

%Hie]nzlyi—mzs”: [v/2] -0 (n— o),

n n

i.e., x is statistically (4, A)-convergent to 0. But

1
2 =010,

" iel,

i.e., x is not strongly (4, 1;)-convergent to the limit 0.
(b) Suppose x = (x¢) is bounded and statistically (A, 1)-convergent to L. Then |x; — L| <
M for all k, where M > 0. For ¢ > 0, we have

%Zm—w:% > m—uh% Y bi-Lf

" kely, " el " e,
lyi-L|1>€ lyi—Ll9<e

< MHie[,,:|y,'—L| ZE}‘+8q.
An

Hence x; —> L[A, 1], if x is statistically (4, 1)-convergent to L.
This completes the proof of the theorem. O
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