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Abstract

In this paper, we introduce the notion of Geraghty-contractions and consider the
related best proximity point in the context of a metric space. We state an example to
illustrate our result.

MSC: 47H10; 54H25; 46J10; 46J15

1 Introduction and preliminaries

Fixed point theory and best proximity theory are very important tools in nonlinear func-
tional analysis. These related research areas have wide application potential in various
branches of mathematics and different disciplines such as economics, engineering. One
of the most impressive results in this direction, known as the Banach contraction map-
ping principle, was given by Banach: Every contraction on a complete metric space has
a unique fixed point. This celebrated result has been generalized in several ways in var-
ious abstract spaces. In particular, one of the interesting generalizations of the Banach
contraction mapping principle was given by Geraghty [1].

Theorem 1 (Geraghty [1]) Let (X,d) be a complete metric space and let T : X — X be an
operator. Suppose that there exists 8 : [0,00) — [0,1) satisfying the condition

B(t,) — 1 implies t,— 0.
If T satisfies the following inequality:

d(Tx, Ty) < ﬁ(d(x,y))d(x,y) forany x,y € X, (1.1)
then T has a unique fixed point.

It is clear that some mapping on a complete metric space has no fixed point, that is,
d(x, Tx) > 0 for all x € X. In this case, it is natural to ask the existence and uniqueness of
the smallest value of d(x, Tx). This is the main motivation of a best proximity point. This
research subject has attracted attention of a number of authors; see, e.g., [1-19].

First we recall fundamental definitions and basic results in this direction.

Let A and B be nonempty subsets of a metric space (X,d). A mapping T: A — B is
called a k-contraction if there exists k € [0, 1) such that d(Tx, Ty) < kd(x,y) for any x,y € A.
Notice that the k-contraction coincides with the Banach contraction mapping principle if
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one takes A = B, where A is a complete subset of X. A point x* is called the best proximity
of T if d(x*, Tx*) = d(A, B), where d(A, B) = inf{d(x,y) :x € A,y € B}.
Let A and B be two nonempty subsets of a metric space (X, d). We denote by Ay and By

the following sets:

Ay = {x € A:d(x,y) = d(A,B) for some y EB},
(1.2)
By = {y € B:d(x,y) = d(A, B) for some x GA}.

We denote by F the set of all functions 8 : [0, 00) — [0,1) satisfying the following prop-
erty:

B(t,) —> 1 implies ¢, — 0. 1.3)

Definition 2 (See [2]) Let A, B be two nonempty subsets of a metric space (X, d). A map-
ping T': A — B is said to be a Geraghty-contraction if there exists 8 € F such that

d(Tx, Ty) < ,B(d(x,y)) . [d(x,y)] for any x,y € A. (1.4)
Very recently Raj [10, 11] introduced the notion of P-property as follows.

Definition 3 Let (4, B) be a pair of nonempty subsets of a metric space (X, d) with Ay # .
Then the pair (A4, B) is said to have the P-property if and only if for any x;,x; € Ao and
Y1,¥2 € Bo,

d(x;,y1) =d(A,B) and d(xy,9:) =d(A,B) = dx1,x) =dy1,y). (L5)

Example 4 (See, e.g, [11]) Let A be a nonempty subset of a metric space (X, d). It is evident
that the pair (4, A) has the P-property. Let (4, B) be any pair of nonempty, closed, convex
subsets of a real Hilbert space H. Then (A, B) has the P-property.

Theorem 5 (See [2]) Let (A, B) be a pair of nonempty closed subsets of a complete metric
space (X, d) such that Ay is nonempty. Let T : A — B be a continuous, Geraghty-contraction
satisfying T(Ao) C Bo. Suppose that the pair (A, B) has the P-property. Then there exists a
unique x* in A such that d(x*, Tx*) = d(A, B).

The subject of this paper is to generalize, improve and extend the results of Caballero,
Harjani and Sadarangani [2]. For this purpose, we first define the notion of generalized

Geraghty-contraction as follows.

Definition 6 Let A, B be two nonempty subsets of a metric space (X,d). A mapping 7T :
A — Bis said to be a generalized Geraghty-contraction if there exists 8 € F such that

d(Tx, Ty) < ,B(M(x,y)) . [M(x,y) - d(A,B)] for any x,y € A, (1.6)

where M(x,y) = max{d(x,y),d(x, Tx),d(y, Ty)}.
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Remark 7 Notice that since 8 : [0,00) — [0,1), we have

d(Tx, Ty) < B(M(x,y)) - [M(x,y) - d(4, B)]

<M(x,y) foranyx,ye Awithx+y, (1.7)
where M(x, y) = max{d(x,y), d(x, Tx), d(y, Ty)}.

2 Main results
We start this section with our main result.

Theorem 8 Let (X, d) be a complete metric space. Suppose that (A, B) is a pair of nonempty
closed subsets of X and A is nonempty. Suppose also that the pair (A, B) has the P-property.
If a non-self-mapping T : A — B is a generalized Geraghty-contraction satisfying T(Ao) C
By, then there exists a unique best proximity point, that is, there exists x* in A such that
d(x*, Tx*) = d(A, B).

Proof Let us fix an element x, in Ay. Since Txy € T(Ag) € By, we can find x; € A such
that d(x1, Txo) = d(A, B). Further, as Tx; € T(Ag) C By, there is an element x, in Ay such
that d(x,, Tx;) = d(A, B). Recursively, we obtain a sequence {x,} in Ao with the following

property:

d(xy41, Tx,) =d(A,B) foranyn e N. (2.1)
Due to the fact that the pair (A, B) has the P-property, we derive that

Ad®n, Xne1) = d(Txy-1, Tx,) forany m e N. (2.2)
From (2.1), we get

AXn-1, Tan-1) < d(Xn-1,%n) + A%, Tan-1) = d(Xn-1,%) + d(A, B).
On the other hand, by (2.1) and (2.2) we obtain that

dxy, Txy) < d(xy, Txya) + d(Txy1, Txy) = d(%y, X441) + d(A, B).
Consequently, we have

M(xn—h xn) = max{d(xn—ly xn); d(xn—h Txn—l)r d(xm Txn)}

= max{d(xn—lixn)) d(xn:xnﬂ)} + d(A’B) (23)

If there exists ny € N such that d(x,,y, x,,,41) = 0, then the proof is completed. In fact, due
to (2.2), we have

0= d(xnorxn0+1) = d(Tan_l, Txng )’ (24)
which yields that Tx,,_; = Tx,,. Hence, equation (2.1) implies that

A(A, B) = d(y, Tony-1) = d(tng> Toing ). (2.5)
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For the rest of the proof, we suppose that d(x,, x,,1) > 0 for any n € N. Owing to the fact
T is a generalized Geraghty-contraction, we derive that

d(xn:xn+1) = d(Txn—l: Txn)
= ,B(M(xn—l: xn)) (M(xn—l: xn) - d(Ax B))

< M(x,-1,%,) — d(A, B). (2.6)
Then, by (2.3) and (2.6), we deduce that
A%, K1) < M(x-1,%,) — d(A, B) < max{d(x,-1,%,), d (X, %n11) }.
Suppose that max{d(x,_1,x,), d(x,, %,11)} = d(x,,, %,.1). Then we get that
A Xn11) < A%ns Xni1)s

a contradiction. As a result, we conclude that max{d(x,_1,%,), d(x,,%,.+1)} = d(x,_1,%,) and
hence

M(xn—l: xn) =< max{d(xn—lr xn): d(xn’ xn+l)} + d(ArB) = d(xn—l’xn) + d(ArB) (27)
By (2.6), we get

d(xmxwrl) = d(Txn—b Txn)
< ,B(M(xn—ltxn))d(xn—l)xn)

< d(xn—l’ xn) (28)

for all n € N. Consequently, {d(x,,%,.1)} is a nonincreasing sequence and bounded be-
low. Thus, there exists L > 0 such that lim,,_, o (d(x,;, %,,.1)) = L. We shall show that L = 0.
Suppose, on the contrary, L > 0. Then, by (2.8), we have

d(xn+1’ xn+2)
T M ¥+ = 1
d(xn,xwrl) = 13( (x " 1)) =

for each # > 1. In what follows,
lim ﬂ(M(x,,,x,,+1)) =1.
n— 00
On the other hand, since 8 € F, we conclude lim,,_, oo M(x,, X,+1) = 0, that is,

L= lim d(x,,x,,1) = 0. (2.9)

n—00

Since, d(x,, Tx,-1) = d(A, B) holds for all n € N and (4, B) satisfies the P-property, then, for
all m, n € N, we can write, d(x,,,%,) = d(Tx,,_1, Tx,_1). We also have

d(xy, Trg) < d(xy, %141) + (%1, Txy) = d(x1, %141) + d(A, B)
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for all / € N. It follows that

My %) = max{d (X, %), Ay Toon), (%, Tx)}

= max{d(xm» %) A Xy Xypi1), A (K5 xn+1)} +d(A,B).
Taking (2.9) into consideration, we find

lim M(x,,,x,) < lim d(x,,x,)+d(A,B). (2.10)
m,n— 00

m,n—> 00

We shall show that {x,} is a Cauchy sequence. Suppose, on the contrary, that we have

& =limsupd(x,,x,,) > 0. (2.11)

m,n— 00

Due to the triangular inequality, we have
Ay %) < AWKy X41) + AXs1s K1) + Aoni1, Xom)- (2.12)
Regarding (1.6) and (2.12), we have

A% Xm) < AKXy K1) + AT, Thm) + AXpi15 )

E d(xn’ xn+l) + IB(M(xn:xm)) (M(xn: xm) - d(A: B)) + d(xm+1y xm)' (213)
Taking (2.10), (2.13) and (2.9) into account, we derive that

lim d(x,%,) < lm B(M(xy %)) lim (M(x,x,) - d(4,B))

m,n— 00

< lim B(M(xy, %)) lim d(xm,x,).
m,n— 00 m,n— 00

Owing to (2.11), we get

1< lim B(M(%n)),

m,n— 00

which implies limy, ;;—, 0o B(M (%, %4,)) = 1. By the property of B, we have lim, ;0o M(xy,
xm) = 0. Consequently, we have lim,,,,_, o d(x,, %,,) = 0, a contradiction. Hence, we con-
clude that the sequence {x,} is Cauchy. Since A is a closed subset of the complete metric
space (X, d) and {x,} C A, and we can find x* € A such that x, — x* as n — co. We as-
sert that d(x*, Tx*) = d(A, B). Suppose, on the contrary, that d(x*, Tx*) > d(A, B). First, we
obtain the following inequalities:

d(x*, Tx,) + d(Tx,, Tx")
< d(x*,xn+1) + d (%41, Txn) + d( T, T*)
< d(x*,x,HI) +d(A,B) + d(Tx,,, Tx*).

Letting n — oo in the inequalities above, we conclude that

d(x*, Tx*) —d(A,B) < lim d(Tx,,, Tx*).

n—0o0
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On the other hand, we obtain
A%, Txu) < AKX Xns1) + d(pi1, Txn) = d(%, %041) + d(A, B).
Taking limit as # — o0 in the inequality above, we find
nli)rrolod(x,,, Tx,) < d(A, B).
So, we deduce that lim,,_, , d(x,, Tx,) = d(A, B). As a consequence, we derive

lim M(x,,,x*) =max{ lim d(x*,x,,),nli)rgod(xn, Tx,,),d(x*, Tx*)} = d(x*, Tx*),

n—00 {Vl—)OO

and hence

lim M (x,,x") — d(A, B) = d(x*, Tx") — d(A, B). (2.14)

n—00

Combining (1.6) and (2.14), we find

d(x*, Tx*) — d(A, B) < lim d(Tx,, Tx")

n—0o0

< 1im [B(M(x,,2*)) (M (x,,5*) — d(4, B))]

I
=i
=

(M (%, 5%)) (d(x*, Tx*) — d(A, B)). (2.15)

Since d(x*, Tx*) — d(A,B) > 0 together with (2.15), we get 1 < lim,_, o B(M(x,,x*)).
Hence, we have

lim B(M(x,,4")) =1,

n—00

which yields

nILToM(xn,x*) = d(x*, Tx*) =0.
Asaresult, we deduce that d(x*, Tx*) = 0 > d(A, B), a contradiction. So, d(x*, Tx*) < d(A, B)
and hence d(x*, Tx*) = d(A, B), x* is a best proximity point of 7. Hence, we conclude that
T has a best proximity point.
We claim that the best proximity point of T is unique.
Suppose, on the contrary, that x* and y* are two distinct best proximity points of 7.

Thus, we have
d(x*, Tx*) = d(A, B) = d(y*, Ty"). (2.16)
By using the P-property, we find

d(x*,y*) = d(Tx", Ty*) (2.17)
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and

M(x*,y*) = max{d(x*,y"),d(x", Tx*),d(y", Ty*) }
= max{d(x*,y*),d(A,B),d(A,B)} = d(x*,y").

Due to the fact that T is a generalized Geraghty-contraction, we have

d(x*,y*) = d(Tx", Ty")

IA

B(M(x",y")) (M(x",y") - d(4,B))
Bld(x",y"))(d(x",y") - d(A, B))
/S(d(x*, ))d(x*,y*)<d(x*,y*),

A

a contradiction. This completes the proof. O

Remark 9 Let (X,d) be a metric space and A be any nonempty subset of X. It is evident
that a pair (4, A) satisfies the P-property.

Corollary 10 Suppose that (X,d) is a complete metric space and A is a nonempty closed
subset of X. If a self-mapping T : A — A is a generalized Geraghty-contraction, then it has
a unique fixed point.

Proof Taking Remark 9 into consideration, we conclude the desired result by applying
Theorem 8 with A = B. O

In order to illustrate our main result, we present the following example.

Example 11 Suppose that X = R? with the metric

d((x.y), (x,5)) = max{ -y'[}

and consider the closed subsets

A={(x0):0=<x<1},
B

={0):-1<x <0},

and let T: A — B be the mapping defined by

T((x,0)) = (%0)

Since d(A, B) = 0, the pair (A, B) has the P-property.
Notice that Ay = (0,0) and By = (0,0) and T'(Aq) < Bo.
Moreover,

/ —x —x —x x %" — x|
T(x,0),T(x,0)) =d(| ——:0),( 7——:0) ) = - ’
4(T(%0),T(¥,0)) d(<1+x 0) <1+x’ 0)) ‘1+x+1+x/ 1 +x)(1+x)

Page 7 of 9
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and, as (1 +x)(1+&') > 1+ |x —x'|, we have

|x — x| [

d(T(,0),T(,0)) = < = (e -]) = B(d(50), (<, 0))),

T Q+x)(1+x) T 14—

where g :[0,00) — [0,1) is defined as B(t) = £

T 1+t

Notice that g is nondecreasing since g/(t) = —

(1+2)2°

Therefore,

d(T(x,0), T(x,0)) < B(d((x,0), (x,0))) < B(M((x,0), (x,0)))

_ BM((,0),(+, 0)))
M((x,0), (', 0))

- M((%,0), (+',0))

and it is easily seen that the function y () = %t) = ﬁ belongs to F.

Therefore, since the assumptions of Theorem 8 are satisfied, by Theorem 8 there exists
a unique (x*,0) € A such that

d((x*,0), T(x*,0)) = 0 = d(A,B).

The point (x*,0) € A is (0,0) € A.
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