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Abstract

In the present paper, we establish some new Hermite-Hadamard type inequalities
involving two functions. Our results in a special case yield recent results on
Hermite-Hadamard type inequalities.
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1 Introduction

The following inequality is well known in the literature as Hermite-Hadamard’s inequality

[1].

Theorem 1.1 Letf : [a,b] CR — R be a convex function on an interval of real numbers.

Then the following Hermite-Hadamard inequality for convex functions holds:

f(“;b)_b /f(x)d S0, (L)

If the function f is concave, the inequality (1.1) can be written as follows:

b
f(“;b) > ﬁ/ f(x)dxzw~ a2)

Recently, many generalizations, extensions and variants of this inequality have appeared
in the literature (see, e.g., [2-10]) and the references given therein. In particular, in 2010,
Ozdemir and Dragomir [11] established some new Hermite-Hadamard inequalities and
other integral inequalities involving two functions in R. Following this work, the main
purpose of the present paper is to establish some dual Hermite-Hadamard type inequali-
ties involving two functions in R?. Our results provide some new estimates on such type

of inequalities.

2 Preliminaries

A region D C R? is called convex if it contains the close line segment joining any two of its
points, or equivalently, if Ax; + (1 — A)xz, Ay1 + (1 = 1)y2 € D whenever x(x1, y1), (2, y2) € D
and 0 <A <1.
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Let z = f(x,y) be a duality function on the convex region D C R2. z = f(x,y) is called a
duality convex function on the convex region D if

S[Axn+ @ = Dx, Ay + (1= A)ya] < AfGe,yn) + (1= A)f (%2,02), (2.1)

whenever (x1,y1), (x2,¥2) e Dand 0 <1 <1.
If the function f(x, y) is concave, the inequality (2.1) can be written as follows:

A+ @ = M)x, Ay + (L= Ry ] = Af (e, 1) + (1= L)f (%2, 9). (2:2)
Letx = (X11,--» X1ps e 2 Xpls - - o » X)) ANA p = (P11, -+ - Plns « - - » Poils - - - » D) D€ twO positive

nm-tuples, and let r € R U {+00,—00}. Then, on putting P,,, = ZZFI Zlygﬂpklkz, it easy
follows that if —0o <r <s < +00, then

M, = 23)
(also see, e.g, [1, p.15]). Here, the rth power mean of x with weights p is the following:

[rl _ 1 n m r 1r s _ [r] _ pklkz P
an - (Pmn Z/Q:l Z/q:lpklkak]kz) if r # +00,0,-00; M 1_[/(2 1Hk1 =1 k1k2 e if

=0; MZ]” = min(X11, ..., X105« »Xnls - - - Xn) if 7 = —00 and Ml,’,]n =max(X11, ..., X1 - - - » Xl

ey X)) if 7 = +00.
Let f(x,9) : [a,b] x [¢c,d] — R, and p > 1. Now, we define the p-norm of the function
f(x,9) on [a,b] x [c,d] as follows:

b pd 1/p
el = ([ [l asar) s 12pece

and

b=,

Il = suplfts,

and L?([a,b] x [c,d]) is the set of all functions f(x,y) : [a,b] X [¢,d] — R such that
f Ge, Ml < 00.

Lemma 2.1 (see [12]) (Barnes-Godunova-Levin inequality) Let f(x,y), g(x,y) be nonneg-
ative concave functions on [a, b] X [c,d], then for p,q > 1 we have

b pd
el Jewnl, <5w.0) [ [ st dzar 24)

where

61(b - a)(d - V-t
b+ DP(q+ )

B(p,q) =

Lemma 2.2 (see [1]) (Hermite-Hadamard inequality) Letf(x,y): [a,b] x [c,d] C R? - R
be a convex function. Then the following dual Hermite-Hadamard inequality for convex
functions holds:

a+c b+d 1 bord f(a,b) +f(c,d)
A5 2 e || [ rndsay SE2TED 5)
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The inequality is reversed if the function f(x,y) is concave.

Lemma 2.3 (see [13]) (A reversed Minkowski integral inequality) Let f(x,y) and g(x,y) be

positive functions satisfying

f(x)

O<m<
g(x,y)

<M, &) €lab]xl[cd] (2.6)

Then

[fnl, + le@nl, <clfxp +een],

where ¢ = [M(m +1) + (M + 1)]/[(m + 1)(M +1)].

3 Main results
Our main results are established in the following theorems.

Theorem 3.1 Letp,q >1andletf(x,y),g(x,y) : [a,b] x [c,d] — R be nonnegative functions
such that f(x,y)’ and g(x,y)? are concave on [a,b] x [c,d]. Then

flab)+f(cd) gab)+glcd)
2 2
1
<
~(b-a)d-

b prd
) [ [ e dsay (3.1)

where B(p, q) is the Barnes-Godunova-Levin constant given by (2.4).

Proof Observe that whenever f?(x, y) is concave on [a, b] x [c, d], the nonnegative function
f(x,y) is also concave on [a, b] X [c,d]. Namely,

f[ra+@-Ne,ab+ 1 -2)d]” = Af(a,bY + (1 - M)f(c,d),
that is,
fra+@Q=Ne,ab+ (1 -1)d] = (M (@, by + (1 -1)f(c, d)P))”” ,
and p > 1, using the power-mean inequality (2.3), we obtain
Sf[ra+@=Ne,Ab+ (1-1)d] = A (a,b) + 1 - M)f (¢, d).
For g > 1, similarly, if g?(x, y) is concave on [a, b] X [c, d], the nonnegative function g(x, y)
is concave on [a, b] x [c, d].

In view that f?(x, y) and g4(x, y) are concave functions on [a, b] X [c,d], from Lemma 2.2,

we get

fla,b)" +f(c,d)” 1 1 b pd 1p
(P55 T) = g ([ [ oo asay)

sf(g,b;d), (3.2)
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and

gla, by +gle,d)\ " 1 b g
<f> = m(_/; /C g(x»y)qudy)

a+c b+d
<g( 229, (33)

By multiplying the above inequalities, we obtain

2 2

1 b prd 1p b pd /g
E[(b_a)(d_c)]l/pﬂlq(/ /f(x,y)”dxdy) </ / g(x,y)qudy> . (3.4)

If p,q > 1, then it is easy to show that

(f(a, by +£(c, d)P)”" (g(a, by +glc, d)‘f)”q

faby sfedP\ W f@b) +fcd) (35)
2 - 2
and
1/
(W) . w (3.6)

Thus, by applying Barnes-Godunova-Levin inequality to the right-hand side of (3.4) with
(3.5), (3.6), we get (3.1).
The proof is complete. d

Remark 3.1 By multiplying inequalities (3.2), (3.3), we obtain

1 b prd Up s pb pd g
[(b_a)(d_c)]l/pﬂ/q(/ /f(x,y)pdxdy> (/ / g(x,y)qudy)

Sf<z/z+c b+d>g(a+c,b+d>' (3.7)

27 2 27 2

By applying the Holder inequality to the left-hand side of (3.7) with (1/p) + (1/g) =1, we
get

b pd b+d b+d
s /f<x,y)g(x,y)dxdysf<“gc, . )g(“gc, ! ) (3.8)

Remark 3.2 Let f(x,y) and g(x, y) change to f(x) and g(x), respectively, and with suitable
changes in Theorem 3.1 and Remark 3.1, we have the following.

Corollary 3.1 Let p,q > 1 and let f(x),g(x) : [a,b] — R, a < b, be nonnegative functions
such that f (x)P and g(x)? are concave on [a, b). Then

fla) +f(b) gla) +g(b) _
2 2 - (b _a)l/pﬂ/q

b
B(p,q) / Fg) dx,
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and if (1/p) + (1/q) = 1, then one has

% bf(x)g(x)dx <f(a+b)g<a+b>.

2
This is just Theorem 2.1 established by Ozdemir and Dragomir [11].

Theorem 3.2 Let p > 1 and let f: fcdf(x,y)p dxdy < co and f: fcdg(x,y)l’ dxdy < 0o, and
let f(x,9),g(x,9) : [a,b] x [c,d] — R be positive functions with

0em<2%D it Vi) e lab x [6d).
g(x,y)
Then
M+1 1
sl lewal; = (002 -2 ) ol letsnl,, 9)

Proof Since f(x,y), g(x, y) are positive, as in the proof of Lemma 2.3 (see [13, p.2]), we have

(f /f"’””dxdy> ([ v vt )dxdy)

and

b prd 1p 1 b pd 1/p
(/ / g(x,y)pdxdy) < —(/ f (f(x) +g(x,y))pdxdy>
a c m+ 1 a c
By multiplying the above inequalities and in view of the Minkowski inequality, we get
b pd Up ;b rd 1p
( / / S,y dx dy) ( / / g(x, y) dx dy)
M b pd » 2/p
= m(/a /C (f(x,9) + g(x,9)) dxdy)
M b pd 1/p
»
: (M+1)(m+1)<(/a IR d’“dy)
b pd 1/p\ 2
+( / / gxyy dxdy) ) . (3.10)
a c

Hence

(/ab/df(x,y)”dxdy>2/p + (fbfdg(x,y)pdxdy)z/p
> <(M+1)(m+1 )(/ / s )dedy>l/p(/ / " )dedy)

This proof is complete. O

Remark 3.3 Let f(x,y) and g(x, y) change to f(x) and g(x), respectively, and with suitable
changes in (3.9), (3.9) reduces to an inequality established by Ozdemir and Dragomir [11].
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Theorem 3.3 If fP(x,y) and gi(x,y) are as in Theorem 3.1, then the following inequality
holds:

(f(a,b) + f(c,d))(g(a, b) + g(c, d))q'

oprd (3.11)

1
G-aa—g el lewnls=

Proof If fP(x,y) and g?(x,y) are concave on [a, D] X [c,d], then from Lemma 2.2, we get

fla, by +f(c,dy 1 b rd
) S(b—a)(d—c)/a /Cf(x,y)pdxdy

and

glab)" +g(c,d) _ 1 b pd
2 - (b—a)(d_c)/u /c glx,y)1dxdy,

which imply that

f(a,b)f +f(c,d)1lg(a, b)? + g(c,d)?]

4
1 b pd b pd
Sm/ /f(x'y)pdxdy/ / g(x,y)?dxdy. (3.12)

On the other hand, if p,g > 1, from (2.3) we get

fla, by + f(c,d)y

5 <27[f(a,b) +f(c,d)]”

and

w <27[g(a,b) + glc,d)]",

which imply that

f(a,b) +f(c,d)lg(a, b) + g(c,d)T]
4

> 277[f(a,b) +f(c,d) | [g(a, b) + glc, d)]". (3.13)

Combining (3.12) and (3.13), we obtain the desired inequality as

2779[f(a,b) + f(c, )| [g(a b) + glc, d)]"

1
= - ad-oF DL g F{C01 e

This proof is complete. d

Remark 3.4 Let f(x,y) and g(x, y) change to f(x) and g(x), respectively, and with suitable
changes in (3.11), (3.11) reduces to an inequality established by Ozdemir and Dragomir
[11].
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Theorem 3.4 Let f(x,y),g(x,y) : [a,b] x [¢,d] — R* be functions such that f (x, y)?, g(x,y)1

and f(x,y)g(x,y) are in Li([a, b] x [c,d]), and

0<m Sf(x,y) <M, V()€ lab]x[cd],a,b,cde[0,00).
gx,)
Then
b pd
[ [ regsay

< < If G )l + IIg(xfy)Ili) s c2< IIF G )11 + llg e, )11

2 2

where

20 M N\ 24 1 1
1 =— ) Cy=— )
p(M+1> q(m+1)

and (1/p) + (1/q) =1 with p > 1.

Proof Since 0 <m < % <M, V() € [a,b] x [c,d], we have

Flry) < 2

< M+l(f(x,y) +g(,9))

and

1
gy < — (f(x,9) + g(x,9)).

In view of the Young-type inequality and using the elementary inequality

(@a+by <2V (a’ +¥¥), p>labeR",

we have
b pd
f f fxy)g(x,y) dxdy

M p pb pd
< ;(MH) [ [ )+t axay

q prb pd
+$(W11+1> / / (f(x’y)+g(x’}’))qudy

1/ M Y b rd
SE(MH) 2p_1fa /C [f e, 9) +g(x,9) ] dx dy

qg\m+1

This completes the proof.

b pd
+ l( 1 >q2q_1/ / [f(x,y)q+g(x,y)q] dxdy.

(3.14)
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Remark 3.5 Let f(x,) and g(x,y) change to f(x) and g(x), respectively, and with suitable
changes in (3.14), (3.14) reduces to an inequality established by Ozdemir and Dragomir
[11].
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