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Abstract

We study the ideal of all bounded linear operators between any arbitrary Banach
spaces whose sequence of approximation numbers belong to the generalized Ceséro
sequence space and Orlicz sequence space £, when M(t) = t*, 0 < p < co; our results
coincide with that known for the classical sequence space £,,.
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1 Introduction

By L(X, Y), we denote the space of all bounded linear operators from a normed space X
into a normed space Y. The set of natural numbers will denote by N = {0,1,2,...} and the
real numbers by R. By w, we denote the space of all real sequences. A map which assigns
to every operator T € L(X, Y) a unique sequence (s,(T)):, is called an s-function and the
number s,(7T) is called the nth s-numbers of T if the following conditions are satisfied:

@) T =so(T)>5(T)>--->0,forall T € L(X,Y).

(B) $pem(T1 + T2) < 8,(T1) + | T2 |, for all T1, T € L(X, Y).

(©) $p(RST) < |[RlIsp(S)IIT|l, for all T € L(Xo,X), S € L(X,Y) and R € L(Y, Yy).

(d) s,(AT)=|Alsy(T), forall T e L(X,Y), L e R.

(e) rank(T) <nlfs,(T)=0,forall T € L(X,Y).

) s, = {(1) EZE:;'; where I, is the identity operator on the Euclidean space £5.
Example of s-numbers, we mention approximation number «,(7'), Gelfand numbers
¢(T), Kolmogorov numbers d,(T") and Tichomirov numbers & (T) defined by:

(1) a,(T) =inf{||T - A|| : A € L(X,Y) and rank(A) < r}.
(II) ¢(T)=a,(JyT), where Jy is a metric injection (a metric injection is a one to
one operator with closed range and with norm equal one) from the space ¥’
into a higher space £°°(A) for suitable index set A.
(1) du(T) = infgimy<n SUP <1 infyey 1 Tx =yl
(IV) d5(T) = a0y T).
All of these numbers satisfy the following condition:
(@) Snim(T1+ To) <s,(T1) + su(T3) for all Ty, Tr € L(X, Y).
An operator ideal U is a subclass of L = {L(X, Y); X, Y are Banach spaces} such that its
components {U(X, Y); X, Y are Banach spaces} satisfy the following conditions:
(i) Ix € U, where K denotes the 1-dimensional Banach space, where U C L.
(i) T, T, e U(X,Y), then M Ty + A T5 € U(X, Y) for any scalars Aj, Ao.
(iii) If Ve L(Xy,X), T e U(X,Y),Re L(Y,Yy) then RTV € U(Xy, Yo). See [1-3].
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An Orlicz function is a function M : [0,00[ — [0,00[ which is continuous, non-
decreasing and convex with M(0) = 0 and M(x) > 0 for x > 0, and M(x) — oo as x — oo.
See [4, 5].

If convexity of Orlicz function M is replaced by M(x + y) < M(x) + M(y). Then this func-
tion is called modulus function, introduced by Nakano [6]; also, see [7, 8] and [9]. An Or-
licz function M is said to satisfy A,-condition for all values of u, if there exists a constant
k > 0, such that M(2u) < kM(u) (u > 0). The A,-condition is equivalent to M({u) < kIM(u)
for all values of u and for [ > 1. Lindentrauss and Tzafriri [10] used the idea of Orlicz func-
tion to construct Orlicz sequence space

o0
by = {xew:ZM('xn|)<oo, forsomep>0},
0

n=0

which is a Banach space with respect to the norm

Il :inf{p>0;§:M(|’;”|) 51}.

n=0

For M(t) = , 1 < p < oo the space £ coincides with the classical sequence space £,,.
Recently, different classes of sequences have been introduced by using an Orlicz function.
See [11] and [12].

Remark 1.1 Let M be an Orlicz function then M(Ax) < AM(x) for all A with 0 < A < 1.

For a sequence p = (p,,) of positive real numbers with p,, > 1, for all # € N the generalized
Cesdro sequence space is defined by

Ces(py,) = {x = (xx) € w: p(Ax) < 0o for some A > 0},

where
00 1 n Pn
WC)Z;(—”H;"‘”) :

The space Ces(p,) is a Banach space with the norm

%] = inf{k > 0:,0(%) < 1}.

If p = (p,) is bounded, we can simply write

oo 1 n Pn
Ces(pn):<xew: (— % |> <oo}.
; ;f1+1k220 k

Also, some geometric properties of Ces(p,) are studied by Sanhan and Suantai [13].

Throughout this paper, the sequence (p,) is a bounded sequence of positive real num-
bers, we denote e; = (0,0,...,1,0,0,...) where 1 appears at ith place for all i € N. Different
classes of paranormed sequence spaces have been introduced and their different proper-
ties have been investigated. See [14—18] and [19].
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For any bounded sequence of positive numbers (pi), we have the following well-known
inequality |ay + bil?% < 2"~Y(|ax|Px + |bk|PK), h = sup,, p,, and py > 1 for all k € N. See [20].

2 Preliminary and notation
Definition 2.1 A class of linear sequence spaces E, called a special space of sequences
(sss) having the following conditions:
(1) Eisalinear space and e, € E, for each n € N.
(2) Ifx € w,y € Eand |x,| <|y,|, forallm € N, then x € E “i.e. E is solid,
(3) if (x,)52 € E, then (x[g]);,'io = (%0, %0, %1, X1, X2, X2, ...) € E, where [5] denotes the
integral part of 7.
We call such space E, a pre modular special space of sequences if there exists a function
p : E— [o, 0], satisfies the following conditions:
(i) p(x)>0VxeE,and p(f) = 0, where 6 is the zero element of E,
(ii) there exists a constant / > 1 such that p(Ax) < I|A|p(x) for all values of x € E and
for any scalar A,
(iii) for some numbers k > 1, we have the inequality p(x + y) < k(p(x) + p(y)), for all
x,y€E,
(iv) if [xn| < [yal, for all m € N then p((x,)) < p((y,)),
(v) for some numbers ko > 1 we have the inequality p((x,)) < p((x(2)) < kop((x)),
(vi) for each x = (x(i))?5, € E there exists s € N such that p(x(i))?, < co. This means the
set of all finite sequences is p-dense in E.
(vil) for any A > 0 there exists a constant ¢ > 0 such that
p(%,0,0,0,...) > ¢Ap(1,0,0,0,...).
It is clear that from condition (ii) that p is continuous at 6. The function p defines a metriz-
able topology in E endowed with this topology is denoted by E,,.

Example 2.2 ¢, is a pre-modular special space of sequences for 0 < p < 00, with p(x) =

oo el

Example 2.3 ces,, is a pre-modular special space of sequences for 1 < p < 00, with p(x) =

Z;ﬁo(ﬁ > keo 1eul)P-
Definition 2.4

Uz .= {UP(X,Y); X, Y are Banach spaces},
where

UFP(XY) = {T € LX,Y) : (an(T)) -, € E}.

3 Main results

Theorem 3.1 U’ is an operator ideal if E is a special space of sequences (sss).

Proof To prove U’ is an operator ideal:
(i) let A € F(X,Y) and rank(A) = m for all m € N, since E is a linear space and e, € E
for each n € N, then (2,(A4));2, = (2o (A), 1 (A),...,2,-1(4),0,0,0,...) =
S ai(A)e; € E; for that A € URP(X, Y), which implies F(X,Y) C UP(X, Y).
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(ii) Let 71, T, € U (X, Y) and A1, A5 € R then from Definition 2.1 condition (3) we get
(a[%](Tl));'fio € E and (“[gl(TZ))Zio € E, since n > 2[7],,(T) is a decreasing
sequence and from the definition of approximation numbers we get

an(M Ty + A2 T2) < g (M Ty + 22 T2) < oy (MTh) + o) (A1)

< |)L1|oz[%](T1) + |A2|a[%](T2) for each n e N.

Since E is a linear space and from Definition 2.1 condition (2) we get
(M T1 + A T2))32, € E, hence M Ty + A Th € UM (X, Y).

(i) If V € L(Xo,X), T € UFP(X,Y) and R € L(Y, Yj), then we get (a,(T))2, € E and
since o, (RTV) < ||R||a,,(T)|| V||, from Definition 2.1 conditions (1) and (2) we get
(@n(RTV))2, € E, then RTV € U (Xo, Yo). O

Theorem 3.2 sz/[p is an operator ideal, if M is an Orlicz function satisfying A,-condition
and there exists a constant | > 1 such that M(x + y) < [(M(x) + M(y)).

Proof
-1) Letx,y € £, since M is non-decreasing, we get
(1-)) Letx,y € £, since M i d ing, we g
Do M + yul) < U020 M(12u]) + 32 M([yul)] < 00, then x + y € €.
(1-ii) A e R, x € £ since M satisfies A,-condition, we get
Yol o MAx,]) < ALY 020 M([x4]) < 00, for that Ax € €5, then from (1-i) and
(1-ii) £,/ is a linear space over the field of numbers. Also e, € £ for each n € N
since Yooy M(le,(i)]) = M(1) < co.
(2) Let |x,| < |yn| for each n € N, (y,)72, € £um, since M is none decreasing, then we
get ZZZO M(|x,) < ZEZOM(D/VID <00, then (xn);?zio € lar.
(3) Let (%)% € €ars D o M(x)) < 2) 0% M(|x]) < 00, then (a2 € Eur.
Hence, from Theorem 3.1, it follows that L[Zf/[p is an operator ideal. O

Theorem 3.3 L[fg()pn) is an operator ideal, if (p,) is an increasing sequence of positive real
numbers, lim,,_, o sup p,, < 00 and lim,,_, o, infp,, > 1.

Proof
(1-i) Letx,y € ces(p,) since

00 1 n Pn
Z(m k%; | +)/k|>

n=0

0 1 n Pn o0 1 n Pn
<24(S(i o) () )

=0 n=0

h = sup p,,
n

then x + y € ces(p,,).
(1-ii) Let A € R, x € ces(p,), then

oo 1 n Pn oo 1 n bn
— Ax < sup |[A[P" — X < 00,

3D ) RETEED ol CESD 3

n=0 k=0 n=0 k=0

we get Ax € ces(p,), from (1-i) and (1-ii) ces(p,) is a linear space.
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To show that e, € ces(p,) for each m € N, since lim,_, , infp,, > 1 we have Z;ﬁo(ﬁ)p" <
00. Thus, we get

00 1 n Pn o0 1 Pn
plew) - ;(Ml g\emk)!) - Z(m) <.

n=m

Hence e,, € ces(p,).
(2) Let |x,| <|yu| for each n € N, then

00 1 n Pn 00 1 n Pn
AX, < sup |A]P" < 00,
(i) s ()

n=0 =0

since y € ces(py). Thus, x € ces(py).
(3) Let (x,) € ces(p,), then we have

k=0 n=0 k=0
oo( 1 n Pn
Yy | — |xk|)
n=0 n+1k:0
[eS) 1 n Pn %) n Pn
<2k (241 x
@y () (i S
n=0 k=0 = k=0

Hence, (x[%]),i‘io € ces(p,). Hence, from Theorem 3.1 it follows that Llfepsl()pﬂ) is an
operator ideal.

O

Theorem 3.4 Let M be an Orlicz function. Then the linear space F(X,Y) is dense in
P, V).

Proof Define p(x) = Y 2 M(|x,|) on £. First we prove that every finite mapping T €
F(X,Y) belongs to U?;p()(, Y). Since e, € £, for each m € N and ¢, is a linear space then
for every finite mapping T € F(X, Y) the sequence («,(T))5, contains only finitely many
numbers different from zero. To prove that UEEP(X, Y)CFX,Y), letT e L[?;p (X,Y), we
get (o, (1)), € £um, and since Y oo M(a,(T)) < 00, let & €]0,1] then there exists a nat-
ural number s > 0 such that Y > M(e,(T)) < %, since p is none decreasing and «,,(T) is
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decreasing for each n € N, we get

M(ez(T)) < ZMoenm <> M((D) < =

n=s+1

then there exists A € Fx(X, Y), rank(A) < 2s with M(||T - A||) < £;, and by using the con-
ditions of M we get

d(T,A) = p(an(T - A2y = > M(an(T - A))
n=0
3s-1 oo
= 3 M(an(T-A) + > M(an(T - A))
n=0 n=3s
3s-1 oo
<> M(IT-AJ)+ > M(a(T - A))
n=0 n=3s

<3sM(I|IT - All) + D M(ctnas(T - A))

n=s

<3sM(IT -Al) ZM (ea(T)) <

Corollary 3.5 If0 < p < 0o and M(t) = t*, we get LIZ,I,JP(X, Y)=F(X,Y). See [3].

Theorem 3.6 The linear space F(X,Y) is dense in Llcaeps[(’pn)()(, Y), if (p,) is an increasing
sequence of positive real numbers with lim,,_, », sup p,, < 00 and lim,_,  infp, > 1.

Proof First we prove that every finite mapping T € F(X,Y) belongs to Llfglzp (X, Y). Since
em € ces(p,) for each m € N and ces(p,) is a linear space, then for every finite map-
ping T € F(X,Y) i.e. the sequence (o,(T));2, contains only finitely many numbers dif-
ferent from zero. Now we prove that Llfgl(’p (X,Y) C F(X,Y). Since lim,_, o infp, > 1,
we have ) 2 0( Yr < oo, let T € Uy (X, Y) we get (au(T))52, € ces(py), and since
pla,(T))2,) < 0o, let & €]0,1] then there exists a natural number s > 0 such that

el €es(py)
Lyny since a,(T) is de-

plla,(T))2,) < 2h+35 for some ¢ > 1, where § = max{1,) .-, G

creasing for each € N, we get

2s 1 n Pn 2s 1 n Pn
Z (m ZaZS(T)> =< Z (m - 0(,,(T)>

n=s+1 k=0 n=s+1 k=
] 1 n Pn e
= Z(m Olk(T)) i3y, (1)
n=s k=0

then there exists A € Fo,(X,Y),

3s n n
rank(4) <2s with Z <ﬁ2||T—A||) < Z( ZHT A||)
k=0

n=2s+1 n=s+1
&
< 2h+38c’

()
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and

s Pn
o] &
sup(§ ,‘||T—A||> < gy 3)
n=s \ 12,

since «,,(T) = inf{||T—A| : A € L(X,Y) and rank(A) < n}. Then there exists a natural num-
ber N > 0, Ay with rank(Ay) < N and ||T — Ax|l < 2an(T). Since a,(T) ity 0, then

N—oo
IT -—Ax| — 0, so we can take

Z( Z"T All) < Sy @)

n=0

since (p,) is an increasing sequence and by using (1), (2), (3) and (4), we get

d(T,A) = p(an(T -A)) ",

3s-1

=Z<nllzak(T A) +Z< ZakT A)

n=3s

3s

n n+2s Pn+2s
Z(ﬁZnT—AH) +Z< PR A))
k=0

n=

IA

0
s 1 n Pn
53§<ﬁ§”T‘A”>
00 2s5—1 n+2s
Z( ZakT A)+—ZakT A))
n=s k=2s
( ZHT A||>
n=0
2s—-1 [e%s) 1 n+2s Pn
+2“(Z< ZakT A) +Z<n+12akT A)) )

k=2s
s 1 n Pn
3 —_— T-A
Z<n+1§” ||)

53

=
n=0
) 1 2s—1 Pn 00 1 n P
1 oh1 (Z(mZHT—AD +Z<n—+1 ams(T—A)) )
n=s k=0 n=s k=0
o s Pn 00 1 Pn
< Z( ZHT A||> +22h—1<su (ZIIT—AII) )Z<n+1)
n=0 "= k=0 n=s
+2h—lz< Za"(T)> <s. 0

Theorem 3.7 Let X be a normed space, Y a Banach space and E,, be a pre modular special

space of sequences (sss), then U;IZP (X, Y) is complete.
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Proof Let (T,,) be a Cauchy sequence in U;i P(X,Y), then by using Definition 2.1 condition
(vii) and since LIZEP(X, Y) CL(X,Y), we have

p((an(Tz - T]))Zio) > P(Olo(Ti - ’I})’ 01 Or 0’)

= o(IT; - Tl1,0,0,0,...) > ¢ | T; - Tjl| p(1,0,0,0,...),

then (7,,) is also Cauchy sequence in L(X,Y). Since the space L(X,Y) is a Banach space,
then there exists T € L(X,Y) such that || T,, — T|| e 0 and since (o, (T)n))52, € E for all
m €N, p is continuous at 6 and using Definition 2.1(iii), we have

o]

p(@n(T)) ey = P(@n(T = T+ T)) oy < kp(az1(Tn = 1)), + ko gz (T)) e

n=0 —

< k,o((|| Ty — T||):i0) + k,o(a,,(Tm))ziO <¢g, forsomek>1.
Hence (e, (T))52, € Eassuch T € L[;zp(X, Y). O

Corollary 3.8 Let X be a normed space, Y a Banach space and M be an Orlicz function
such that M satisfies A,-condition. Then M is continuous at 0 = (0,0,0,...) and UEZP(X, Y)
is complete.

Corollary 3.9 Let X be a normed space, Y a Banach space and (p,) be an increasing
sequence of positive real numbers with lim,_, . supp, < 0o and lim,_, - infp, > 1, then

Llfg(’pn)(X, Y) is complete.
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