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Abstract

Recently, the concepts of statistical convergence, ideal convergence and lacunary
statistical convergence have been studied in intuitionistic fuzzy normed spaces. In
this article, we study the concepts of statistical limit superior and statistical limit
inferior in intuitionistic fuzzy normed spaces. We also give an example to compute
these points in intuitionistic fuzzy normed spaces.
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1 Introduction and preliminaries

The concept of statistical convergence was first introduced by Fast [1] which was
extended for double sequences in [2,3]. In particular, active researches on this topic
were started after the study of Fridy [4]. Many of the results of the theory of ordinary
convergence have been extended to the theory of statistical convergence by using the
notion of density. For instance, Fridy [5] introduced the concept of statistical limit
points and Fridy and Orhan [6] introduced the statistical analogs of limit superior and
limit inferior of a sequence of real numbers. Recently, statistical convergence and some
of its related concepts for fuzzy numbers have been studied in [7-9]. Quite recently,
the idea of statistical convergence in intuitionistic fuzzy normed spaces for single
sequences has been studied in [10,11]; and for double sequences by Mursaleen and
Mohiuddine [12,13].

Recently, Saadati and Park [14] introduced the notion of intuitionistic fuzzy normed
space and quite recently, in [15,16] the concepts of intuitionistic fuzzy 2-normed and
intuitionistic fuzzy 2-metric spaces have been introduced and studied. Certainly there
are some situations where the ordinary norm does not work and the concept of intui-
tionistic fuzzy norm seems to be more suitable in such cases.

In this article, we study the concept of statistical limit superior and statistical limit
inferior in intuitionistic fuzzy normed spaces. An example is demonstrated to deter-
mine these points in intuitionistic fuzzy normed space. We observe that our results are
analogous to the results of Fridy and Orhan [6] but proofs are somewhat different
when we deal with these concepts in intuitionistic fuzzy normed spaces.
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We recall some basic definitions and notations.
Definition 1.1 [14]. A binary operation *: [0, 1] x [0, 1] — [0, 1] is said to be a
continuous t-norm if it satisfies the following conditions:

(a) * is associative and commutative,

(b) * is continuous,

(c)a*1=aforalac [0,1],

(d)a*b<c*dwhenevera < cand b < d for each a, b, ¢, d e [0, 1].

For example, a*h = max{a+b-1, 0}, a*b = ab and a*b = min{a, b} on [0,1] are
t-norms.

A binary operation ¢: [0, 1] x [0, 1] — [0, 1] is said to be a continuous t-conorm if it
satisfies the conditions (a), (b), (d) as above and a00 = a for all a € [0, 1].

For example, a0b = min{a + b, 1} and a®b = max{a, b} on [0,1] are t-conorms.

Definition 1.2 [14]. The five-tuple (X, i, v, *, Q) is said to be an intuitionistic fuzzy
normed space (for short, IFNS) if X is a vector space,” is a continuous ¢-norm, ¢ is a
continuous ¢-conorm, and y, v are fuzzy sets on X x (0, o) satisfying the following
conditions. For every x, y € X and s, ¢ >0,

(@) ulx, £) + vix, 1) < 1,

(b) pu(x t) >0,

(c) p(x, t) = 1 if and only if x = 0,

(d) m(axt) = pu(x, ) for each o # 0,
() ulx, ) * u(y, s) < plx + 3, t +3),

(f) plx, -): (0, ) — [0, 1] is continuous,
(@ Jim u(x0) =1 and lim (1) =0,
(h) v (x t) <1,

(i) v(x t) =0ifand only if x = O,

(j) v(ax,t) =v(x, |;|) for each o = 0,
() v (% )0v(y, 8) = v(x + 3 £ + ),

@) v (% 9): (0, o) — [0, 1] is continuous,

(m) im v(x, ) =0 and limv(x ) =1,

In this case (y4, v) is called an intuitionistic fuzzy norm.
Example. Suppose that (X, || ||) is a normed space and let a*b = ab and a0b = min
{a+b, 1} for all 4, b € [0, 1]. For all x € X and every ¢ >0, consider

[l

and v(x;t) := .
e+ x|l

t
nx ) =
t+ x|
Then (X, i, v, *, 0) is an intuitionistic fuzzy normed space.
Definition 1.3 [14]. Let (X, u, v, %, ©) be an intuitionistic fuzzy normed space. Then
a sequence x = (x,) is said to be convergent to L € X with respect to the intuitionistic
fuzzy norm (y, v) if for every ¢ >0 and ¢ >0, there exists a positive integer k, such that
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ulx, - L; t) >1 - € and v(x, - L; £) < ¢, whenever n > k,. In this case, we write (¢, v)-lim
x=1Lor xn(u—;})L as 1 —> oo,

Definition 1.4 [14]. Let (X, g, v, *, 0) be an intuitionistic fuzzy normed space. Then
a sequence x = (x,,) is said to be a Cauchy sequence with respect to the intuitionistic
fuzzy norm (y, v) if for every € >0 and ¢ >0, there exists a positive integer k, such that
Ux, - x5 t) >1 - € and v(x,, - x,,5 £) < € for all n, m > k.

Definition 1.5 [17]. If K is a subset of N, then the natural density of K denoted by
0(K), is defined as

1
5(K) =lim |k <n:keK)l,

where the vertical bars denote the cardinality of the enclosed set.
Definition 1.6 [4,18]. A sequence x = (x,) of numbers is said to be statistically
convergent to L if

S({tk<n: |x—Ll =€) =0

for every € > 0. In this case we write s¢-lim x = L.
Definition 1.7 [5,6]. A sequence x = (x,) of numbers is said to be statistically
bounded if there is a number B such that

§({k<n:|x,] =B})=0.

Definition 1.8 [5]. If {xy()} is a subsequence of x = (xz) and K: = {k(j): j € N}, then
we abbreviate {x;} by {x}x . If 6(K) = 0 then {x} is called a subsequence of density
zero or a thin subsequence. On the other hand, {x}x is a nonthin subsequence of x if K
does not have density zero.

Definition 1.9 [10,12]. Let (X, 4 v, *, ©) be an intuitionistic fuzzy normed space. We
say that a sequence x = (x) is statistically convergent to L € X with respect to the
intuitionistic fuzzy normed (4, v) provided that for every t >0 and b € (0, 1)

S({e<n:p(uw—Lt)<1—borv(y—L; t) > b})=0.
In this case we write st ,)- lim x = L.

2 Statistical limit superior and inferior in IFNS

In this section, we define limit point, statistical limit point, statistical cluster point, sta-
tistical limit superior, and statistical limit inferior in intuitionistic fuzzy normed spaces
and demonstrate through an example how to compute these points in a IFN-spaces.

Definition 2.1. A sequence x in an intuitionistic fuzzy normed space (X, p, v, *, 0) is
said to be statistically bounded if there exists some £, >0 and b € (0, 1) such that J({k:
ulxe to) > 1 - b or vixg t,) <b}) = 0.

Definition 2.2. Let (X, y, v,*,0) be an intuitionistic fuzzy normed space. Then [ € X
is called a limit point of the sequence x = (x;) with respect to the intuitionistic fuzzy
norm (y, v) provided that there is a subsequence of x that converges to [ with respect
to the intuitionistic fuzzy norm (4, v). Let L, ,)(x) denotes the set of all limit points of
the sequence x with respect to the intuitionistic fuzzy norm (4, v).

Definition 2.3. Let (X, 4 v,%,0) be an intuitionistic fuzzy normed space. Then { e X
is called a statistical limit point of the sequence x = (x;) with respect to the
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intuitionistic fuzzy norm (4, v) provided that there is a nonthin subsequence of x that
converges to ¢ with respect to the intuitionistic fuzzy norm (4, v). In this case we say ¢
is a st(,, ,)-limit point of sequence x = (x). Let A, ,)(x) denotes the set of all sz, -
limit points of the sequence x.

Definition 2.4. Let (X, 4, v,*,0) be an intuitionistic fuzzy normed space. Then 1 € X
is called a statistical cluster point of the sequence x = (x;) with respect to the intuitio-
nistic fuzzy norm (¢, v) provided that for every ¢, >0 and a € (0, 1),

S({k<n:p—mnt)>1—aorv(x —nt) <a}) =0.

In this case we say 7] is a st,, ,)-cluster point of the sequence x. Let I, ,)(x) denotes
the set of all st(, ,)-cluster points of the sequence x.
Definition 2.5. For a sequence x in an intuitionistic fuzzy normed space (X, & v,*,0),

we define the sets BJ(C“'“) and A,(C“’“) by

B = {be(0,1):8 ({k: u(xiit) <1 —borv(x;t) > b}) #0}

Al {ae(0,1):8({k: pn(x;t) > 1 —aorv(x;t) <a}) 0}

If x is a real number sequence then the statistical limit superior of x with respect to
the intuitionistic fuzzy norm (g, v) is defined by

sup B if B 7 p,

St(u,v) - limsupx = {0 it B g

And the statistical limit inferior of x with respect to the intuitionistic fuzzy norm

(4, v) is defined by

: (mov) s e 4 (V)
St(u,v) — liminfx := mfo. 1fA’(CM v) 70,
1 it A AP,

Example. A simple example will help to illustrate the concepts just defined. Let the
sequence x = (x;) be defined by

2k,  if k isanoddsquare,

—1, if k isanevensquare,
1/2,  if k isan odd nonsquare,
0, if kisanevennonsquare.

Let u(xt) =, and v(x;t) = o

x| *
The above sequence is clearly unbounded with respect to (¢, v). On the other hand,
it is statistically bounded with respect to (4, v). For this,

§({k<n:u(u;t) <1—borv(x;t) > b})

=6<{k§n: fo <1—-bor & >b}),
to + |Xk| L + |Xk|
bt,
=81k : .
({ <n ka|>1_b})
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Since 0 < b < 1, ll; — 1> 0. Choose ¢, = ls’bb. Then t, >0 and

8({k§n:,u(xk;to)<l—borv(xk;to)>b})=8({k§n:ka|> 13 « 1-b _ 1})

=6 <{k§n A 1})=lirn ! X /n=0
3 n—oon

Hence it is statistically bounded with respect to (¢, v).
To find B’(C“"‘), we have to find those b € (0, 1) such that
S{k<n:u@yut) <1—>borv(xt) > b)) #0.

Now,

§({k<n:ulu;t) <1—borv(x;t) > b})

t
=6|lk<n: <1—-bor e >bt ),
L+ || £+ x|

Al )

We can easily choose any ¢ >0 as t < }(; — 1) for 0 < b <1, so that

o b b 1-b 1
S1-pS1-p " 3 T3

Therefore

bt bt
8({k§n Dlagl > l—b}) =8({k§n sl >r=1_b}),

and by the above condition r € (0, 1). Now the number of members of the sequence
which satisfy the above condition is always greater than n — 5 or n — ”;1 for the case

n is even or odd, respectively. Therefore

1 1 1 1 1
8({k§n:|xk|>r=lbtb}>>lim xn= or lim xn+ =

n—oo 1 2 2 noocon 2 2°

Thus
bt
8<{k§n Dl > = l—b}) #0 forall be (0, 1)

Hence
BY") = (0, 1),
and
St(u,) — limsupx = 1.

The above sequence has two subsequences

x=(x,,) where x, =1 foreach n;€{3,5711,13, ...},
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and

X = (xn].) where Xn, = 0 for each nj € {2,6,8,10,12,...},

i, j € N; which are of positive density and clearly convergent to 1 and 0, respectively.
Therefore, x is not statistically convergent. Similarly, we have

Al 2 (0,1),

and

St(uv) — lim infx = 0.

Hence the set of statistical cluster points of x is {0, 1}, where st~ lim inf x = least
element and s¢(,,,)- lim sup x = greatest element of the above set.
This observation suggests the main idea of our first theorem of the following section.

3 Main results
The following results are analogs of the results due to Fridy and Orhan [6], while the
proofs are different which show the technique to work with IFN-spaces. We observe
that in contrast to the real case here from the definition limit sup cannot be infinite,
as it can be at most 1.

Theorem 3.1. Let b = st(,,,)- lim sup x. Then for every positive numbers ¢ and y

SUk:m(pt) <1 —b+y orv(xt) >b—1y}) #0, and )
SUk:m(apt) <1 —b+yorv(xt)>b+y})F#0.

Conversely, if (1) holds for every positive ¢ and y then b = st,,,- lim sup x.

Proof. Let b = st(,,)-lim sup x, where b be finite. Then
S({k: pn(xeit) <1 — borv(xy t) > b}) #0. (2)

Since p(xy; t) <1 - b + yor v(xi t) > b - v for every k and for any ¢ y >0,
(k=< n:p@it) <1 —>b+yorv(yt) >b—y}) #0.
Now applying the definition of st,,,)- lim sup x we have 1 - b as the least value and

b as the greatest value satisfying (2).
Now if possible,

m(x t) <1 —b— yorv(xy t) > b + yforsomey > 0.

Then 1 - b - yand b + y are another values with 1 - b - y<1 - b and b + y > b which
satisfies (2). This observation contradicts the fact that 1 - b and b are least and greatest
values, respectively, which satisfies the above condition.

Hence,

S({le =n:p(u;t) <1 —b—yorv(x;t) > b+y}) = 0foreveryy > 0.
Conversely, if (1) holds for every positive ¢ and 7, then

5({k <n:pupmt) <1 —>b+yorv(x;t) >b— J/}) 7 0.
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and
S({k<n:p@yt)<l—b—yorv@t) >b+y})=0.
Therefore
S({k<n:p(u;t) <1—borv(xt) > b} #0
and
S(k<n:u@pt)=1—borv(x;t) =b})=0.
That is

S{k<n:p(t)<l—>borv(xt) >b}) #0 forevery t > 0.
Hence b = st(,,)- lim sup x.

This completes the proof of the theorem.
The dual statement for st,,,)- lim inf x can also be proved similarly.

Theorem 3.1°. Let a = st,,,)- lim inf x. Then for every positive number ¢ and y

S{k<n:pu@pt)>1—a—yorv(xgt) < a+y})#0, and (1A)
Sk<n:pu@pt)y>1—a+yorv(t)< a—y)=0.

Conversely, if (1°) holds for every positive ¢ and y then a = st,,)- lim inf x.

Remark. From the definition of statistical cluster points we see that Theorems 3.1
and 3.1’ can be interpreted as saying that st,,,)- lim sup x and st(,,)- lim inf x are the
greatest and the least statistical cluster points of x, respectively.

Theorem 3.2. For any sequence ¥, sf(,,)- lim inf x < st(,,,)- lim sup x.

Proof. First consider the case in which st,,,)- lim sup x = 0, which implies that

B¥) = .
Then for every b e (0, 1),
B =5 (ki (nit) < 1= borv(wn > b)) =0,
that is
S{k:p(it)y =1~ borv(x;t) < b}) = 1.
Also for every a € (0, 1), we have
S(k:p(xt)>1—aorv(xt) < a}) #0.

Hence, st~ lim inf x = 0.
The case in which st,,,)- lim sup x = 1, is trivial.
Suppose that b = st~ lim sup x, and @ = st~ lim inf x; where @ and b are finite.

Now for given any ¥, we show that 1 —p— y ¢ AQ(C“"’).
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By Theorem 3.1,

5 ([t win <1 b2 orv@in > b+"]) =0, where 1-b = least upper bound of BY*").
Therefore

8<{k:u(xk;t) >1-b— ’2’ orv () <b+ )2’}) -1,
which in turn gives

SUk:pw(xput)>1—b—yorvt) <b+y})) =1.

Hence, 1 —p—y ¢ AJ(C“'”),
By definition

a=inf AW,
so we conclude that
1-b—y<1-—a,

and since 7 is arbitrary,

1-b<1-—a,
that is

—-b < —a,

a<b.

This completes the proof of the theorem.
Theorem 3.3. In an intuitionistic fuzzy normed space (X, u4, v, *, 0), the statistically
bounded sequence x is statistically convergent if and only if

St(uv) — lim inf x = st(,, ) — lim sup x.

Proof. Let a, 8 be st(,, ,)- lim inf x and s¢,, ,)- lim sup x, respectively. Now we
assume that st(,,,)- lim & = L. Then for every ¢ >0 and b € (0, 1),

S({k:p(xet) <1 — borv(xt) > b}) =0,

so that

e A S R

Let for every t >0,

t t
supu(xk; >=1—b1 and supu(L; >=l—b2,
t 2 t 2

infv (xk; t) =b; and infv (L; t) =by
t 2 t 2

or
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such that

(1—-b)*(1Q—=by))<1—borb;oOby > b. (3.1)

Then

5 <{k:u<xk;;>§1—b1 orv(xk;;)zbl})=0, (3.2)

and therefore

B <{k:u(xk;;> <1-b —yorv(xmé) >b1+y}> =0foreveryy > 0. (3.3)

Now applying Theorem 3.1 and the definition of st(,,,- lim sup x, we get

8 ({k:,u(x;gi) < 1—ﬁ—yorv<xk;;> >,6+y}):0foreveryy>0. (3.4)

From (3.3) and (3.4) and by the definition of st(,,,)- lim sup x, we get

1-byj—y<1—B—yorbi+y=B+vy,

that is,

B < bi. (3.5)

Now we find those k such that

t t
" xk;2 >1—by+yorv xk;2 <b; —vy.

We can
together.

easily observe that no such k exists which satisfy (3.1) and above condition

Therefore this implies that

o

Since o

g

k:u(xk;;>>1—b1+yorv<xk;;><b1—y}>=0.

= St(uny- lim inf x, by Theorem 3.1°, we get

t t
k:,u(xk;2>>1—a+yorv(xk;2)<a—y})=0.

By the definition of st(,, ,)- lim inf x, we have

l—a+y<1l—-by+yora—y >b; —vy,

that is,

bl <. (36)

From (3.4) and(3.5), we get B < o. Now combining Theorem 3.2 and the above

inequality, we conclude a = f.

Conversely, suppose that o = 8 and let sup; u(L, t) = 1 - o or inf; v(L, £) = a.. Then

for any y >0, Theorems 3.1 and 3.1 will together imply that
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) 1 _ 4 Lt _V)
8<{k.u(xk,2)<l a+2orv<xk,2)>a 2})—O, (3.7)

and
t t
8({k:u(xk;2)>l—oz+Zorv(xk;z)<a—32/})=0. (3.8)
Now
t t
1—azu(L;t)=u(xk—(xk—L);t)Zu(xk;z)*u<xk—L;2),
and
t t
a<v(Lt)=vx— (X — L);t)SV<xk;2><>v (xk—L;2>.
Therefore

t t t t
,u(xk; 2) *M(xk—L; 2) <l—-aorv (xk; 2><>v (xk—L; 2) > a. (3.9)

Let sup {u(xx — L; 5)} = 1 —ay or inf{v(x, — L; )} = a1, where a; € (0, 1) and (3.7)
and (3.9) hold. Then

t t
8( k:u(xk—L;2><1—a1—);orv(xk—L;2>>a1+)2/}>=o,

which is true for all y >0. Hence

t t
5( k:u(xk—L;z)fl—alorv<xk—L;2>zal})zo,

which is true for all @ < a; € (0, 1), because 1 - a; is the least upper bound or a; is
the greatest lower bound.

Now repeat the process by taking (3.8) and (3.9) instead of (3.7) and (3.9). If (3.8)
and (3.9) are satisfied, then infu(x, — L; ;) =1—ay or sup,v(x, — L; 5) =a,

On contrary suppose that 1 —a; #infju(x, —L; ;) or ay #sup,v(x, —L; ;) and
conditions (3.8) and (3.9) be satisfied. This implies that there exists some r € (0, 1)
such that either 1 —7=p (xk —I; ;) orr=v (xk —L; f,_) for some t >0 where 1 - a;
>l -rora;<r.

As (3.8) and (3.9) are satisfied, and let us suppose that infyu(x, — L; ;) =1—ay or
sup,v(x, — L; 5) = a,.

Then

l1—a;>1—ayora; <ay, (3.10)

and from (3.9), we get

t t
u(xk—L;z)*(l—az)f1—aorv<xk—L;2)<>a22a.
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Using (3.8), we get

<l—a+)2/>*(1—a2)§l—aorv(a—Z)O(az)zaforally>0.
Clearly,

(1—a+§)*(1—a2)§1—aor<a+)2/)<>(a2)zaforally>0. (3.11)
Now

1—a;=su thor infot

— = —L; = v — Ly

1 tPM & 2 o1 ] & 3

where a, € (0, 1) and which satisfy (3.7) and (3.9).
From (3.11) we conclude that 1 - a4, is another value satisfying (3.7) and (3.9).
Hence

l—ay<1—ayora; < a;.

This contradicts (3.10). Hence 1 —a; =infiu(x, — L; ;) or a; =sup,v(x, —L; })
satisfying conditions (3.8) and (3.9).

Therefore the inequality becomes true for all a > a; € (0, 1), because 1 - a; is the
greatest lower bound, and hence

S| 1k: L-t <1 L-t < =0
s\ Xk — )= —oaorv|x,— iy <« =0,

for each ¢t >0 and a € (0, 1). Therefore

Sty - limx = L.

This completes the proof of the theorem.
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