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1 Introduction
Throughout this paper, we adopt the following notations:

R = (—00, 00), Rp=[0,00), and R, =(0,00). (1.1)
We recall some definitions of several convex functions.

Definition 1.1 A function f : 7 € R — R is said to be convex if

FOx+@=2)y) <2 () + 1= 1)F ) (12)
holds for all v,y € I and X € [0,1].

Definition 1.2 ([1]) Forf:[0,b] — R and m € (0,1], if

SOx +m(1-1)y) < Af(x) + m(1 = L)f (y) (1.3)

is valid for all x,y € [0, 5] and A € [0,1], then we say that f(x) is an m-convex function on
[0,0].

Definition 1.3 ([2]) Forf:[0,b] - R and o, m € (0,1], if

F(Ax+ m(1 - 1)y) < 2% (x) + m(1-1%)f(y) (1.4)

is valid for all x,y € [0, ] and X € [0,1], then we say that f(x) is an (&, m)-convex function
on [0, b].
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In recent decades, plenty of inequalities of Hermite-Hadamard type for various kinds of
convex functions have been established. Some of them may be reformulated as follows.

Theorem 1.1 ([3, Theorem 2.2]) Letf :I° C R — R be a differentiable mapping and a, b €
I° with a < b. If |f'(x)| is convex on [a, b], then

o) f o] < L= @ 0D s

Theorem 1.2 ([4, Theorem 2]) Let f : Ry — R be m-convex and m € (0,1]. If f € L[a, b]
for0 <a<b<oo,then

f(@) + mf (blm) mf(alm) +f(b) } (L6)

R .
m/;f(x)dxgmm{ 5 , 5

Theorem 1.3 ([2, Theorem 2.2]) Let I D Ry be an open interval and let f : I — R be a
differentiable function such that f' € Lla,b] for 0 < a < b < co. If |[f'(x)|? is m-convex on
la, b] for some m € (0,1] and g > 1, then

b
(E52) sta o

_b ; a {[Lf/(a)lq + rgv«b/mw]“{ [mtf/(a/m)lz" + W(b)q“q }

(1.7)

Theorem 1.4 ([2, Theorem 3.1]) Let I 2 Ry be an open interval and let f : I — R be a
differentiable function such that f' € L{a,b] for 0 <a < b < 0. If [f'(x)]? is (o, m)-convex
on [a, b] for some o, m € (0,1] and q > 1, then

’f (@) +f(b)
2

/f(x)dx
S
[

where
) 1 1 L8
and
~ 1 o> ra+2 1 19)
VZ_(oz+1)(oe+2)< 2 _27)' ‘

For more and detailed information on this topic, please refer to the monograph [5] and
newly published papers [6-16].
In this paper, we establish some Hermite-Hadamard type integral inequalities for n-time

differentiable functions which are («, #1)-convex.
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2 Alemma
In order to find inequalities of Hermite-Hadamard type for («, m)-convex functions, we
need the following lemma.

Lemma 2.1 ([17, Lemma 2.1] or [18, Lemma 2.1]) Let f : [a,b] € R — R be an n-time
differentiable function such that f"(x) for n € N is absolutely continuous on [a,b). Then
the identity

A0

/bf(x) e n-1 (b- t)k+1 i (—l)k(t _ a)k+1

= (k+1)!

b
+(=1)" / Ky (£,2)f " (x) dx (2.1)

holds for all t € [a, b], where the kernel K,, : [a, b] x [a,b] — R is defined by

(x—a)"

Klt,x)=1 "

n

, x€la,t], 2.2)

xe[t,b).

3 Hermite-Hadamard type inequalities for (¢, m)-convex functions
We now set off to establish some new integral inequalities of Hermite-Hadamard type for
n-time differentiable (o, m)-convex functions.

Theorem 3.1 Let f: Ry — R be an n-time differentiable function for n € N and let 0 <
a<b<ooanda,me (0,1]. Iff"(x) € Lla, %] and |f"(x)|7 for q > 1 is (a, m)-convex on
[0, %], then

0 (e)

1 G- 4 (DA - a)t!
P

1 b
E/ﬂﬂx)dx—b (k+1)!

! n+ n
= m{(t—a) l[aB("+2’“)lf( )(a)‘q

1
+m(l-aB(n+2,a)) P(”) (i) q] !
m

1
+ (b - t)”*l[; ((n + 1)[f(")(t)|q + am"[(") (2) "I)] q}, (3.1)
n+a+1 m

where t € [a, b] and B(a, B) is the beta function

k=0

1
B(a, B) = fo 7t -ftd, «,B8>0. (3.2)

Proof If a < t < b, by Lemma 2.1, Holder’s integral inequality, and the («, m)-convexity of
[f" (x)], we have

a0

n-1
(b _ t)k+1 + (—l)k(t _ a)kﬂ
2

1 P 1
m/af(x)dx_b—a (k+1)!

1 ¢ b
= m[ﬁ (x_“)”[f(”)(x)|dx+/t (b_x)nlf(n)(x”dx]

k=0
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1 ¢ I-lgr et Uq
Sm”:[; (x—a)ndx:| |:/ﬂ (x—a)”[f(")(x)|qu]
b 1-1/ b U
+ [/ (b—x)ndx:| q|:/ (b—x)nlf(n)(x”qu] q}
1 (C—aya TVt
:“’-ﬂ)"!” n+l } [/u(x‘“)p (m“
X—a t\ 4 Yq (b —t)"! 1-1/q
el 2
t-—a m n+1l
1/
[fomre(ziemizod) o] )
(t—ay ) [ (E22) (00 (g1
S(19—01)14!”: n+1 :| </ x-a) [( > [F"(a)|
+m<1_<t_—x>a> (n)(i) q] dx>1/q+ I:(b—t)””]ll/q
t-a m n+1
’ n b-x « (n) q
X ( t (b-x) [(ﬁ) [F )|
A1)
b-t m

Substituting
for(i2) o (22
(t_a)nﬂ g ¢ q
) |8+ 2,0l @[ (1 -t +2,00) (2 )]
n+ m
and

b b-x\" b—x\" b
/t (b—x)"{(b—_f> Lf(”)(t)|q+m|:1—(b—_9;> ]'/(’4)(;)
Cindid |:(n +1)Lf(n)(t)|q +amP(”)(%) q]

- nm+1)(n+a+1)
into the above inequality leads to the inequality (3.1) for ¢ € (a, b).

q
}dx

If £ = a or t = b, by virtue of Lemma 2.1 and the property that |[f"(x)|? is («, 7)-convex

on [0, %], we have

nl b Ll)
b— /f )d - Tl)f (d)'

b — a)™! 1-1/q b
S(b—la)n!|:( nf)l } {/ (b~ x)n|:< x) [fn)(“)r]
b-x\* ) lq
(- (=) ) () )
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and
(a - b)
/f()dx e )‘
1 T(b- a)”“ g a[ (B=%\" | i 0
S(b—a)n!|: n+1 :| /a(x—a) (b—ﬂ) V (a)|
_ o q 1/q
(=) )Gl
b-a m

The inequality (3.1) for ¢ = a or ¢ = b follows. Theorem 3.1 is thus proved. d

Corollary 3.1 Under the conditions of Theorem 3.1,
(1) when q =1, we have

1t 1 &bt 4 (D)
m/af(x)dx_b—ag k+1)! A0

L n+ .
< m{(t—a) 1|:aB(n+2,a)lf( (@)

m(l-aB(n+2,a)) PW) <%) H
+(b- t)"+1[n +i — ((n +1) | (1) +amP(”)(%> m };

(2) when a = 1, we have

1o *)
E/ﬂf(x)dx_b— k+1)! S

- 1 ( 1 )1/q (t—ﬂ)n+1 V‘(”)(a)|q+n’I(n+1) (”)(i)

T (b-a)n+1)!\n+2 ;
b q 1/q
+(b_t)n+1[<(n+I)V(”)(t)|q+m}/(n)<i) )] };

(3) when m =1, we have

1 & (b=t + (<DF (e —a)k!
2

q:|1/q

1 & (b—tf + (<DF (e - a)k!

! ’ (x)d ) (£)
b—a/;fx x_b—a]g(; k+1)! S

{(t —a)"aB(n +2,0)|f"(a)|*

1
<
T b-a)(n+1)!

+ (1- B0 +2,0)) [P 0]

1/
(00 el |

1
+(b—t)””[
n+uo+
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(4) when m = a = q = 1, we have

1 1 &b+ (DA -
b-a ff(x)dx_b al (k+1)! S

0

1
< -
T b-a) (n+2)!

+ -0 [+ D|f )] + [fB)[])-

{t=a[|f" (@) + (n+ D" @)]]

Corollary 3.2 Under the conditions of Theorem 3.1,

(1) when t = a, we have

o [ S0
(b-ay| 1 ()| w(ﬁ) ’f“”",
= (n+1)!{n+a+1|:(n+l)v (a)’ +am}/ m ’ (3.3)
(2) when t = %2, we have
[1 (-D(b-a) 4y (a+b
/f()d - 2k (k + 1) A ( 2 )
(b-a)" )
< m{[aB(n+2,a)[f( )(a)‘q

q]l/q
1 b

+ amP(") (—)
m

m(l —aB(n+2, a)) p(") <a2;b)

L (o0 (57)
n+o+1 2

(3) when t = b, we have

Wt

bk
ff()dx (o ;fk)()|

< (([jq:j))}: |:aB(n + 2,a)[f(")(a)‘q + m(l —aB(n+ 2,a)) }/(”) (é)

m

q:| l/q
Theorem 3.2 Let t € [a,b] and f : Ry — R be an n-time differentiable function for n € N,

and let 0 < a < b < 00 and a,m € (0,1]. If f"(x) € Lla, %], If?x)|2 for g > 1 is (a, m)-

convex on [0, %], and nqg > p > 0, then

1 b- t)k+1 n (—l)k(t _ a)k+1
flao)de— @)
/ ; (k+1)!

q 1 1-1/q 1 1/q
t— n+l
(b—u)n!<nq+q—p—1> <p+1) {( “
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£\ |7 1/q
g ["‘BW2:a>v<"><a>|‘f+m(1—a3@+z,a>>P(")<z> }

1/
+(b—t)"+1[ ((p+1)[f ()| +amp<">(f> q)] q}. (3.4)
pta m

Proof When a < t < b, by Lemma 2.1 and Holder’s integral inequality, we have

1 b 1 n-1 (]9— t)k+1 + (—l)k(t—d)kﬂ ®
’b—a/af(x)dx_b—a; k1) S

G a)n' [ / (x—a)"|[f" (x)| dx + / b- x)"[f<">(x)|dx]
1 t 1-1/q t g 1/q
c[ens] o]

b 1-1/gq b 1/q
+[ / (b — x)na-Pla-D) dx] [ / (b-x)qf(")(x)yqu} } (3.5)

where
! -1
/ (x— a)(anp)/(q—l) dx = qi(t _ a)(nq+q—p—1)/(q71) (3.6)
a ng+q-p-1
and
b -1
/ (h—x)raPlaD gy 972 pyoara-p-Dilg-, (3.7)
t ng+q-p-1

Since [ (x)|7 is (c, m)-convex on [0, %], we have
t
/ (x—a) |[f" (x)|" dx

¢ t—x\“ t—x\“ ¢
s/ﬂ (x_ayﬂ{(é) [f(")(a)|q+m[1—(£) “’()(E)
(t—a)y*!

= |:0‘B(10 +2,0)|f"(@)|" + m(1 - aB(p + 2,a)) }/(”) (i)

p+1

1o
]

and
b
/ (b - x| (x)|" dx
b b-x\“ b-x\* b
< [o-wr{(5=) ol emi-(3=) |7 (3)
B (b -ty )/ |4 o) b\ |2
= m[(‘v+l)v (t)| +o¢m‘/ (%) :|
Hence, the inequality (3.4) follows.

When t = a or t = b, the proof of the inequality (3.4) is similar to the above argument.
The proof of Theorem 3.2 is complete. 0

Page 7 of 11


http://www.journalofinequalitiesandapplications.com/content/2012/1/267

Bai et al. Journal of Inequalities and Applications 2012, 2012:267 Page8of 11
http://www.journalofinequalitiesandapplications.com/content/2012/1/267

Corollary 3.3 Under the conditions of Theorem 3.2,
(1) ifa =1, then

1 b- t)k+1 n (—l)k(t _ a)kﬂ
— >

k+1)! 0

1 b
—b_alf(x)dx—b
k=0

1 q—l 1-1/q 1 1/q
5<b—a)n!<nq+q—p—1> [<p+1><p+2)]

1/
x {(t oy |:[f(”)(a)|q m(p+ 1)P<") (%) q] '

1/
e (oo ]

(2) if m =1, then

b L AR L (DR (F — g)k
e L B G

k=0

- 1 q—l 1-1/q 1 1/q (t )n+1
“b-an'\ng+q-p-1 p+1 N

x [aB(p +2,0)|f"(@)|"+ (1-aB(p +2,a)) [f(")(t)‘q]l/q

1/
+(b- t)”*ll:;((p+ l)lf(n)(t)rl +av(n)(b)|q)] LI};

p+ra+l

(3) if m=a =1, we have

n-1
(b _ t)k+1 + (—l)k(t _ ﬂ)k+1
2

k+1)! 00

1 [t 1
b—/f(x)dx—b
4 Ja 4

- 1 q- 1 1-1/q 1 1/q ; )n+1 " .
_(b—a)n!<nq+q—p—1> [(p+1)(p+2)} {(e-arl @)

+ @+ D@+ b [+ D@ + |[fP )]

Corollary 3.4 Under the conditions of Theorem 3.2,
(1) ift = a, then

1 b n-1 b—a)k
b-a ,/a ) de - kZO ((k +j))!f(k)(a)'

(b—a)” q—l 1-1/q 1 1/q
<
- on <nq+q—p—1> [(p+1)(p+oz+1)]

b\ |7 1/q
x[(p+1)[f<">(a)|q+amp<">(a> ] ; (3.8)
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(2) ift = “L, then

1 [t [0+ (DG -a)f oy atb
‘b—a/af(x)dx_k;: ke ( 2)

Y _ 1-1/q 1/q
- (b-a) qg-1 1
— 2yl \ng+q-p-1 p+1

x {[aB(m 2,0)|f"(@)|" + m(1-aB(p + 2,a))'/<n><” i ”)

2m
+[ . ((P+1)P(n)( ’ ) q+amp(n)(—b)
pra+l 2 m

N
(3) ift = b, then

qj| l/q

1 b n-l . b)k
b e 1;!f‘k’(b)‘

(b _ a)n q- 1 1-1/q 1 1/q o g
B 2, "
= n! <nq+q—p—1 p+1 «Bp+ ot)[f (a)|
qi|1/q

Corollary 3.5 Under the conditions of Theorem 3.2,
(1) ifp=0, then

b

+m(l-aB(p + 2,a))P(”> <;>

L p Z AR L (CDR (= )k
y oy Zk(j;!(t D ()

1 b 1
dw —
b—a/af(x) * b_ak:o

1 g-1 \'™" 1 Ve nel| o) |4
5<b—a)n!<nq+q—1> [(a+1)(a+2)} {(H) [Lf @
NG b\ |17V
+am‘f(n)(_) :| +(b—t)n+1|:v(n)(t)|q+(XW1‘/(”)<_> i| };
m m

(2) if p = q, then

1t 1 bt 4 (D)
EL f(x)dx_b—a; k+1)! A0

- 1 q—l 1-1/q 1 1/q (t )n+1
“(b-an'\ng-1 qg+1 -4

£\ 4 1/q
x |:aB(q+2»05)lf(n)(ﬂ)|q+m(l—aB(q+2,a))P(n)(Z) ]

i
o fgsilaoror e )T
g+a+1 m
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(3) if p = ng, then

1 b 1 n-1 (b- t)k+1 n (—l)k(t _ a)k+1
m/;f(x)dx_b—ukgo (k+1)!

1 1 v n+l
“Ganla) {0

X |:05B(nq +2,0)|f"(a)|" + m(1 - aB(ng +2,a)) P(”) <£>

m

a0

q:|1/q
Y
+(b- t)””[é ((nq +1) V(n)(t)|q + am"/(”) (E) ‘q)} q}.
ng+o+1 m
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