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Abstract
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1 Introduction

Generalized entropies have been studied by many researchers (we refer the interested
reader to [1, 2]). Rényi [3] and Tsallis [4] entropies are well known as one-parameter gen-
eralizations of Shannon’s entropy, being intensively studied not only in the field of classical
statistical physics [5-7], but also in the field of quantum physics in relation to the entangle-
ment [8—11]. The Tsallis entropy is a natural one-parameter extended form of the Shannon
entropy, hence it can be applied to known models which describe systems of great interest
in atomic physics [12]. However, to our best knowledge, the physical relevance of a param-
eter of the Tsallis entropy was highly debated and it has not been completely clarified yet,
the parameter being considered as a measure of the non-extensivity of the system under
consideration. One of the authors of the present paper studied the Tsallis entropy and the
Tsallis relative entropy from the mathematical point of view. Firstly, fundamental proper-
ties of the Tsallis relative entropy were discussed in [13]. The uniqueness theorem for the
Tsallis entropy and Tsallis relative entropy was studied in [14]. Following this result, an ax-
iomatic characterization of a two-parameter extended relative entropy was given in [15].
In [16], information theoretical properties of the Tsallis entropy and some inequalities for
conditional and joint Tsallis entropies were derived. These entropies are again used in the
present paper, to derive the generalized Han’s inequality. In [17], matrix trace inequalities
for the Tsallis entropy were studied. And in [18], the maximum entropy principle for the
Tsallis entropy and the minimization of the Fisher information in Tsallis statistics were
studied. Quite recently, we provided mathematical inequalities for some divergences in
[19], considering that it is important to study the mathematical inequalities for the de-
velopment of new entropies. In this paper, we define a further generalized entropy based
on Tsallis and Rényi entropies and study mathematical properties by the use of scalar in-
equalities to develop the theory of entropies.
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We start from the weighted quasilinear mean for some continuous and strictly mono-
tonic function v : I — R, defined by

M‘P(xhxb“«’xn) = 1/f_1 (ZP}W(’@’)): (1)
j=1

where Z;ilpj =1, p >0, % €l for j=12,...,n and n € N. If we take ¥(x) = x,
then My (%1,%5,...,%,) coincides with the weighted arithmetic mean A(x,%y,...,%,) =
2;1:1 pjx;. If we also take v/ (x) = log(x), then M, (x1,%,,...,%,) coincides with the weighted
geometric mean G(xy,xy,...,%,) = ]_[1" 1 f’.

If Y(x) =x and x; = lnq , then My, (x1,%5,...,%,) is equal to the Tsallis entropy [4]:

n n
1

Hq(ppr)""pn) = —Zpﬁlnqu = ijlnq; (qZ O’q 7'/1)’ (2)
j=1 j=1 /

where {p1,ps,...,p,} is a probability distribution with p, >0 forallj=1,2,...,n and the
x - 1

g-logarithmic function for x > 0 is defined by In,(x) = which uniformly converges
to the usual logarithmic function log(x) in the limit g — 1 Therefore, the Tsallis entropy

converges to the Shannon entropy in the limit g — 1:

hqu(plrpZy 1pn) HI(PI»PZ, ypn) = ZP/ IOgP] (3)
j=1

Thus, we find that the Tsallis entropy is one of generalizations of the Shannon entropy. It
is known that the Rényi entropy [3] is also a generalization of the Shannon entropy. Here,
we review a quasilinear entropy [1] as another generalization of the Shannon entropy. For
a continuous and strictly monotonic function ¢ on (0, 1], the quasilinear entropy is given
by

P(pupa,....pn) = ~log ¢ (Zp,qb(p,) (4)

If we take ¢(x) = log(x) in (4), then we have I'¢(py,ps,...,p,) = Hi(p1,p2, ..., Pn). We may
redefine the quasilinear entropy by

o sar (Env(2)
j-1 !

for a continuous and strictly monotonic function ¥ on (0, 00). If we take ¥ (x) = log(x)
in (5), we have I}Og(pl,pz,...,p,,) = Hy(p1,p2,...,pn). The case ¥ (x) = x17 is also useful
. . . . 1-q

in practice, since we recapture the Rényi entropy, namely If' " (p1,p2,...,pu) = Ry(p1, P2,
..,Pn) where the Rényi entropy [3] is defined by

1 n
Rq(Pl»PZyuupn)E Elog(zpj) (6)

j-1
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From a viewpoint of application on source coding, the relation between the weighted
quasilinear mean and the Rényi entropy has been studied in Chapter 5 of [1] in the follow-

ing way.

Theorem A ([1]) For all real numbers q > 0 and integers D > 1, there exists a code

(x%1,%2,...,%,) such that

L 7)

R, 5 PR R ) reees
q(Pl P2 Pn) <M P_qx(xhxz»n-,xn) < q(pl P2 Pn) N

logD D1 logD

1q
where the exponential function D@ * is defined on [1,00).

By simple calculations, we find that

n
mM 14 (x1,%2,...,%,) = E DX
a1 D4 -~

=

and

n

=-Y pjlog,p;.
j=1

. Rq(pl»pbn«,pn)
lim —————=
q—1 logD

Therefore, Theorem A appears as a generalization of the famous Shannon’s source coding

theorem:

- Zp/ lOgDpj = ijxj < - ij IOgDpj +1

j=1 j=1 j=1

Motivated by the above results and recent advances on the Tsallis entropy theory, we in-
vestigate the mathematical results for generalized entropies involving Tsallis entropies and

quasilinear entropies, using some inequalities obtained by improvements of Young’s in-

equality.
Definition 1.1 For a continuous and strictly monotonic function v on (0,00) and two

probability distributions {py,ps,...,p,} and {r,rs,...,7,} with p; >0, r; > 0 for all j =
1,2,...,n, the quasilinear relative entropy is defined by

n
7
Di[l(pl’pb“"pn I FLF2s ey ) = —log I/I_l (Zpﬂ/f <17])> (8)
j=1 /

The quasilinear relative entropy coincides with the Shannon relative entropy if v (x) =

log(x), i.e.,

n
7
Dllog(Phpz,-u;Pn | 71,725 estn) = —Zp;logj =Di(p1,p2s . sPu 115725, F).
j=1 !
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We denote by R, (p1,p2;...,Pn || 11,72, ..., 1) the Rényi relative entropy [3] defined by
_ 1 - q.,1-q
Ry(p1,p2s -1 P ||r1,r2,...,r,,):Flog ijrj . 9)
j=1

This is another particular case of the quasilinear relative entropy, namely for ¥ (x) =
x'77 we have

1-q 4 T - ﬁ 1 - 1
Df (pl’pZ""rpn ||r1,r2,...,r,,)=—10g Zp1<p_) =ﬁ10g I:ZIP,{IV, 1

j=1 /

:Rq(plrpbnupn ” r1,r2,...,rn).

We denote by

n n 7
Dyp1,02 s P | 115725y T0) = Zp?(lnqp,» —Ingr) =— ij In, —] (10)

j=1 j=1 4

the Tsallis relative entropy which converges to the usual relative entropy (divergence, K-L
information) in the limit ¢ — 1:

;i_I;I}Dq(perZr“ﬂpn ” 71:7'2:'”:7'}1) = Dl(Pl:Pan:Pn ” }"1,7'2,...,7‘,,)

= ij(logp, —logr)). (11)

Jj=1

See [2, 5-7, 13-20] and references therein for recent advances and applications on the
Tsallis entropy. We easily find that the Tsallis relative entropy is a special case of Csiszar
f-divergence [21-23] defined for a convex function f on (0, 00) with f(1) = 0 by

n p
Ds(p1,p2:- P4 | rl,rz,...,rn)Eerf(f), (12)
j

j=1
since f(x) = —xIn,(1/x) is convex on (0, 00), vanishes at x = 1 and
D_ying )1, P2 P | 1572505 70) = Dg(Prsp2s s P I 715725 ).
Furthermore, we define the dual function with respect to a convex function f by
f*(t)ﬂf(%) (13)
for ¢t > 0. Then the function f*(¢) is also convex on (0,00). In addition, we define the

f-divergence for incomplete probability distributions {a;,as,...,a,} and {b1,b;...,b,}
where a; > 0 and b; > 0, in the following way:

—~ e b;
Df*(ﬂl,(lz,...,(ln | b1, b,...,b,) = Zﬂlf*(a_1> (14)
j=1 /
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On the other hand, the studies on refinements for Young’s inequality have given a great
progress in the papers [24—35]. In the present paper, we give some inequalities on Tsallis
entropies applying two types of inequalities obtained in [29, 32]. In addition, we give the
generalized Han’s inequality for the Tsallis entropy in the final section.

2 Tsallis quasilinear entropy and Tsallis quasilinear relative entropy
As an analogy with (5), we may define the following entropy.

Definition 2.1 For a continuous and strictly monotonic function ¥ on (0,00) and ¢ > 0
with g # 1, the Tsallis quasilinear entropy (g-quasilinear entropy) is defined by

- 1
I 0ropneop) =g 7 (zw(-))’ )
EE

where {p1,p», ..., p,} is a probability distribution with p; >0 forallj =1,2,...,n.

We notice that if ¢ does not depend on g, then lim,_,; Ig’ (pv,p2 -2 bn) = I{/'(pl,pz,
e sPn)-

For x > 0 and g > 0 with g # 1, we define the g-exponential function as the inverse
function of the g-logarithmic function by exp,(x) = {1 + (1 - @x}0D if 1+ (1 - x>
0, otherwise it is undefined. If we take v (x) = In,(x), then we have I,linq (pLp2s---2Pn) =
Hy(p1,p2, ..., pn). Furthermore, we have

1 " a " =

-4 -1

I (pl,pz,...,pn)ﬂnq(Zp;pf) =1nq<2p,7>
-1

j=1

n L — n
[(qup?)l*q]l 7-1 Zj:l(p;'i _pj)
= = = q(Pl;l’Jz;--an)'
I-¢q I-¢q

Proposition 2.2 The Tsallis quasilinear entropy is nonnegative:
IZ(PhPZ, o ;Pn) = 0

Proof We assume that v is an increasing function. Then we have 1//(1%) > (1) from

pi,' >1for p; >0 for all j = 1,2,...,n. Thus, we have Z;’leﬂ//(}%) > /(1) which implies

w’l(z;’ﬂp,»w(%i)) > 1, since %! is also increasing. For the case that ¥ is a decreasing
function, we can prove it similarly. 0

We note here that the g-exponential function gives us the following connection between
the Rényi entropy and Tsallis entropy [36]:

eXqu(Pl;Pz; e rpn) = CXpy Hq(Pl:PZ: e ’pn)~ (16)

We should note here exp, H,(p1,p2, ..., P») is always defined, since we have
1+ (A -q)H,(p1,p2s...,Pn) = pr > 0.
j=1

From (16), we have the following proposition.
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Proposition 2.3 Let A={A;:i=12,...,k} be a partition of {1,2,...,n} and put p{* =
Z}'eAi pj. Then we have

M

k
Z (0<q=<1), (17)

k
Zp, Z (1<gq). (18)

Proof We use the generalized Shannon additivity (which is often called g-additivity) for
the Tsallis entropy (see [14] for example):

n
Xil Kim;
Hy(X11, .« Xnm,) = Hy(®1, ..., %) + E x?Hq<x—l‘,...,%), (19)
i=1 : ¢

m; . .
where x;; > 0, x; = Z/:’l xj(i=1,...,mj=1,...,m;). Thus, we have

Hq(pl:pZ;-“)pn) ZHq(pf"pf’;p;ﬁ)’ (20)

since the second term of the right-hand side in (19) is nonnegative because of nonnegativ-

ity of the Tsallis entropy. Thus, we have

eXqu(plipZ)"')pn) = equHq(pltp2)-")pn)
> exp, Hy(pi', 03" p1)

= expRy(pip3', - P70,

since exp, is a monotone increasing function. Hence, the inequality

Rq(pl’pz"u)pn) ZRq(pf‘;pfr'--,p]f‘) (21)
holds, which proves the present proposition. d

Definition 2.4 For a continuous and strictly monotonic function ¥ on (0,00) and two
probability distributions {p1,ps,...,p,} and {r,rs,...,r,} with p; >0, r; > 0 for all j =

1,2,...,n, the Tsallis quasilinear relative entropy is defined by
D;][/(pl;l?z;,pn ”rl)th"'rrn)E_lnqw (Z ;\0(19 )) (22)
j=1 J

For y(x) = Ing(x), the Tsallis quasilinear relative entropy becomes Tsallis relative en-

tropy, that is,

D (191’]92, <y Pn ” r,ry,. ,I"n)— ijlnqp —Dq(plvpz, > Pn ” 7'1,7"2,...,1";4),
j=1 j

Page 6 of 16
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and for v (x) = 179, we have

1

1
-9 I-q
D;I_q(plxp21uwpn ” rlyr2yo~1rn):_1nq<zp/< ) ) :—lnq<Z q 1 q)

_ - OL U XL@-pn

I-q I-q
:Dq(PhPZ»-u,pn ” 7'1,7'2,...,7‘,,). (23)

We give a sufficient condition on nonnegativity of the Tsallis quasilinear relative entropy.

Proposition 2.5 Ify is a concave increasing function or a convex decreasing function, then
we have nonnegativity of the Tsallis quasilinear relative entropy:

D'q/’(pl,pz,...,p,, | 1,725 ., 7) = 0.

Proof We firstly assume that v is a concave increasing function. The concavity of i shows
that we have w(z 1P1p Z] 1p]xb( ) which is equivalent to v (1) > Z;’lejl/f(%). From
the assumption, ¥ ! is also i mcreasmg so that we have 1 > 1//‘1(2;':1 piv( ;—i)). Therefore,
we have —In, w‘l(Z;’:lpjw(%)) > 0, since In, x is increasing and In,(1) = 0. For the case
that ¢ is a convex decreasing function, we can prove similarly nonnegativity of the Tsallis

quasilinear relative entropy. g

Remark 2.6 The following two functions satisfy the sufficient condition in the above
proposition.

(1) ¥(x) =Ilngxforg>0,q#1.

(ii) ¥(x)=xl"9forg>0,q#1.

It is notable that the following identity holds:
eXpR,(p1, P25 s Pn | T1s72s s T0) = exp2_qu(p1,p2,...,p,, | 71,72, s 7). (24)

We should note here exp,_, Dy(p1,p2s..sPn ll 11,125, 1) is always defined, since we have

1 + (q I)Dq(pl;pz; ;pn “ r,ro;,.. ,}"n) - Z q l ! O
j=1

We also find that (24) implies the monotonicity of the Rényi relative entropy.

Proposition 2.7 Under the same assumptions as in Proposition 2.3 and riA = Zje A, T we
have

Rq(pl’pz"u)pn ||l”1,r2, ;Vn)>Rq([91 ,p2; ’P/'?‘ ” r‘1A7r.2A,~H;r[~<A)- (25)

Proof We recall that the Tsallis relative entropy is a special case of f-divergence so that it

has the same properties with f-divergence. Since exp,_, is a monotone increasing function
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for 0 < g <2 and f-divergence has a monotonicity [21, 23], we have

eprq(pl»PZ»'“»pn ” rlrr2r~-«’rn) = expg_qu(Pth,«u;Pn ” rl)r21u')rn)

> expy_, Dy (P03 o Il st )

A A A A LA A
= expRy (P75 p3 -t N {1y,
which proves the statement. d

3 Inequalities for Tsallis quasilinear entropy and f-divergence

In this section, we give inequalities for the Tsallis quasilinear entropy and f-divergence.
For this purpose, we review the results obtained in [29] as one of generalizations of refined
Young’s inequality.

Proposition 3.1 ([29]) For two probability vectors p = {p1,pa2,...,pn} andr ={ri,ry,...,1,}
such thatp; > 0,7; >0, Z7=1P/‘ = Z]'?:l rj=land x = {x1,%,...,%,} such that x; > 0, we have

min{Q}T(f,x,p)sT(f,x,r)fmaX{E}T(f,x,p), (26)
1<i=n | pi 1<izn | pi
where
T(f,xp) = pf(x) —f(yﬂ (ijw(x»)), (27)
j=1 j=1

for a continuous increasing function  : I — I and a function f : I — ] such that

FH A=y @ +ryp (1) < A= 1)f (@) + Af(5) (28)
forany a,b eI and any A € [0,1].
We have the following inequalities on the Tsallis quasilinear entropy and Tsallis entropy.

Theorem 3.2 For g > 0, a continuous and strictly monotonic function v on (0,00) and a
probability distribution {r,ra,...,r,} withr; >0 forall j=1,2,...,n, we have

L1 1 I, 1
lnq<1/f <;121:1/f(r—]>>> - ;glnq;/

EI;/J(rlrrZ;uwrn)_Hq(rlvr21o--;r}’l)

—_—

0 <z min {r;
1<i<n

< (513 0(1))) - Some
m . p— j— —_— j—
_nlfza;;rl ng( ¥ n“ v T n“ Ilqr’
j=1 / j=1 /
Proof If we take the uniform distribution p = {2,..., 1} = u in Proposition 3.1, then we
have

n min {r;}T,(f,x,u) < T,(f,x,r) < n max{r;}T,(f,x,u) (29)
1<i<nmn 1<i<nmn
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(which coincides with Theorem 3.3 in [29]). In the inequalities (29), we put f(x) = —In,(x)
and x; = % for anyj=1,2,...,n, then we obtain the statement. O

Corollary 3.3 For q > 0 and a probability distribution {r\,ry,...,r,} with rj > 0 for all
j=1,2,...,n, we have

. 1
0< nlrélilsnn{ri}[lnq<n Z—) - —Zlnq } <Ingn-H,(r,ry,...,1,)

j=1
1
§n111§1i@a§>§l{ri}[lnq<n21:—)——21nq } (30)
j
Proof Put ¥ (x) =x in Theorem 3.2. O

Remark 3.4 Corollary 3.3 improves the well-known inequalities 0 < H,(r1,73,...,1,) <
Ing n. If we take the limit ¢ — 1, the inequalities (30) recover Proposition 1 in [25].

We also have the following inequalities.

Theorem 3.5 For two probability distributions p = {p1,p2,...,Pn} and v = {r,ra,..., 1y},
2

and an incomplete probability distribution t = {t;,t,,...,t,} with t; = I%, we have
J

o<1%{ }(Df*(tnp) f(Z%))

j=1

= Dy(p |l r) < max {p } (Df* (tp) f(z t;)) (31)

Proof Put x; = ? in Proposition 3.1 with ¥ (x) = x. Since we have the relation
]

2or(3) 2o ()2 ()
we have the statement. 0

Corollary 3.6 ([25]) Under the same assumption as in Theorem 3.5, we have

O<1‘2‘<“n{ }<log<2t) D1p||r)
<D1(r||p)<1rgfl<>;{ }(10g<zt) DIP”I')

Proof 1f we take f(x) = —log(x) in Theorem 3.5, then we have

n

p, n r
Dyplim==) rlog= = Zr,log;{ =Di(r | p).

j=1 S = J

Page9of 16
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2
Since f*(x) = xlog(x) and ¢; = 3 we also have
Df*(t||p (Zt) Zt log +10g<2t>
n r: n
= ij log ~ +log (Z t;)
j=1 b j=1
n p n n
=—Zp,10gf+log<25) :log(Zt,) —Di(p || x). .
j=1 J j=1 j=1

4 Inequalities for Tsallis entropy
We firstly give Lagrange’s identity [37], to establish an alternative generalization of refined
Young’s inequality.

Lemma 4.1 (Lagrange’s identity) For two vectors {ay,ay,...,a,} and {b1,b,,...,b,}, we
have

n n n 2 n n
() (5 - (L) =333 -
k=1 k=1 k=1

i=1 j=1

= Z (dibj—djbi)z. (32)

1<i<j<mn

Theorem 4.2 Let f : I — R be a twice differentiable function such that there exist real
constants m and M so that 0 < m < f"(x) <M for any x € I. Then we have

Z ptp/(x} xl) <Zp;f(x]) f<Zplxl>

1<z</<n

- Z pipj(x; — %), (33)

1<i<j<nm
where p; > 0 with Z;’zlpj =landxjelforallj=1,2,...,n

Proof We consider the function g : I — R defined by g(x) = f(x) — Z. Since we have
g"(x) =f"(x) —m > 0, g is a convex function. Applying Jensen’s inequality, we thus have

Y piglx) > ¢ (Zp;x;), (34)
1 =

where p; > 0 with 27:119/ =landx; el forallj=1,2,...,n From the inequality (34), we

have
anpjf(x/) —f<zn:pjx;‘> > g{ip;xf - (Zn:l’/’@) }
() (20)- () |
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DN RN N,

1<i<j<nm

m
D) Z Pin(x/—xi)zo

1<i<j<n

In the above calculations, we used Lemma 4.1. Thus, we proved the first part of the in-
equalities. Similarly, one can prove the second part of the inequalities putting the function
h:I— R defined by h(x) = A—Z/Ixz — f(x). We omit the details. O

Lemma 4.3 For {p1,p3,...,pn} With p; > 0 and Z;’le, =1, and {x1,%,...,%,} with x; > 0,
we have

n n 2
> pip,(x,«—xi)2=Zp,~<x,—2pixi> : (35)
1 i=1

1<i<j<n j=

Proof We denote

n
X = E DiXi.
i=1

The left-side term becomes

> pip—x) = % 2. D _pipe - )’

l<igj<n i=1 j=1
1 n n
=3 Z Zpip, (o7 + ] — 225;)
i=1 j=1
1 n n 1 n n n n
D) Z Zpipjx? + 3 Z Zpip/x,g - Z Zpipjxjxi
i=1 j=1 i=1 j=1 i=1 j=1
1 n n 1 n n n n
=5 Zpi ijsz 3 Zpix? ZP;‘ - prxi Zpix/
=1 j=1 i=1 j=1 i=1 j=1

n
_ )
= E pix; — %"
j-1

Similarly, a straightforward computation yields

n n 2 n
ij (x,» - Zp,»xi) = ij (xl2 — 2x% + 9_62)
j=1 i-1

j1

n
_ W2 _09z2 =2
= E pix; —2X" + X
j=1

n
_ 2 =2
= E pix; — %"
Jj=1

This concludes the proof. O
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Corollary 4.4 Under the assumptions of Theorem 4.2, we have
n n 2 n n
m
) > p (xj - Zpixi) <> pfl)-f (Zp,-x,)
j=1 i=1 j=1 j=1
M n n 2
=5 > b (xi - Zpixi) . (36)
j=1 i=1
Remark 4.5 Corollary 4.4 gives a similar form with Cartwright-Field’s inequality [38]:

n n 2 n n
7 2P (xf - ZM) =2 p-[1+
j=1 i=1 j=1 j=1

1

2
n n
- Ly (zp) , @)
j=1 i=1

where p; > 0 for all j = 1,2,...,n and 27=1P1' =1, m = min{xy, xy,...,%,} > 0 and M' =

max{xi,X2,...,%,}.
We also have the following inequalities for the Tsallis entropy.

Theorem 4.6 For two probability distributions {p,ps,...,pu} and {r,rs,...,r,} with p; >
0,7;>0and Y pj= 7 1= 1, we have

" p; m 1 1\* M 1 1)\?
lnq(Zﬁ)—lnqn+7q Z p,-p,»(———) _Tq il ———
]

. . v
j=1 1<i<j<mn pj  Ppi 1<i<j<n / ¢

J

" p M 1 1)\’
§lnq<2%>—lnqn+7q Z pm,»(———)
j

1 l<i<j<n pj  Pi

m 1 1\?
-5 pipj(———) : (38)
Ty

— T
1<i<j<n

- 1 < 1
= ZP/’ In, P ZP/‘ In, —
j=1 j=1 Pi

where mg and My are positive numbers depending on the parameter g > 0 and satisfying
my < qu,_q_l <M, and my; < qpi_q_1 <M, forallj=1,2,...,n.

Proof Applying Theorem 4.2 for the convex function —In,(x) and x; = rl,’ we have

m 1 1)\° “ 1 " pi
T (i) f‘zf”fl“qflnq(zr—f)
] i j=1 ]

1<i<j<n j=1 "/

M 2
5 > pip,(l - l) , (39)

ri 1
1<i<j<n J !
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since the second derivative of —In,(x) is gx™7~!. Putting r; = p; for all j = 1,2,..., in the

inequalities (39), it follows

my 1 1\ - 1
5 2 ey ) =i i
fu

1<i<j=n pj P
M, 11\’
57 Ppj\ ——— |-

1<i<j<nm

From the inequalities (39) and (40), we have the statement.

(40)

O

Remark 4.7 The first part of the inequalities (40) gives another improvement of the well-

known inequalities 0 < H(r1,73,...,7,) <Ing n.

Corollary 4.8 For two probability distributions {p1,pa,...,pn} and {ri,ry,...,r,} with p; >

0,7;>0and Y pj= 3 1 =1, we have

n 2
bj nm 1 1 M, 1 1
10g<§ %)—logn+—2 > Pin(f—f) -5 > pipj =

j=1 j 1<i<j<n J ! 1<i<j<n i i

“ R 1

< E pjlog — - E pjlog —
— rp e V4
j=1 j=1

" pi M, 1 1\?
510g<2f)—logn+7 Z Pipj<———

=1 I<i<j<n pj  Pi
2
12451 1 1
. Zl%(r, Sk
1<i<j<m

where my and M, are positive numbers satisfying m; < rj‘z <M and m; < p].‘2 < M, for

allj=1,2,...,n.

Proof Take the limit ¢ — 1 in Theorem 4.6.

Remark 4.9 The second part of the inequalities (41) gives the reverse inequality for the

so-called information inequality [39, Theorem 2.6.3]
- 1 ¢ 1
0< ijlog — - ijlog —
[ L=
which is equivalent to the non-negativity of the relative entropy

Di(p1,p2s..spn | 71572505 7) = 0.

Using the inequality (42), we derive the following result.

(41)

O

(42)
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Proposition 4.10 For two probability distributions {p1,pa,...,pn} and {r,ra,...,r,} with
0<pi<1,0<r <1andzl’7:1pj: 27:1’”1’ =1, we have

n n
1 1
>_(1-p)log = = >_(1-p)log T—. (43)
j=1 Y j=1 J
Proof In the inequality (42), we put p; = % and 7; = t%r{ which satisfy Z;’zl % =
Z;;l ln%rl’ = 1. Then we have the present proposition. O

5 A generalized Han’s inequality
In order to state our result, we give the definitions of the Tsallis conditional entropy and
the Tsallis joint entropy.

Definition 5.1 ([16, 40]) For the conditional probability p(x;|y;) and the joint probability
p(x;,y;), we define the Tsallis conditional entropy and the Tsallis joint entropy by

Hy(xly) == plxiy)* Ing p(xilyy)  (q=0,q71) (44)
y

and

Hy(x,y) ==Y plx;3)"Ing plxi, ) (q>0,q#1). (45)
%

We summarize briefly the following chain rules representing relations between the Tsal-
lis conditional entropy and the Tsallis joint entropy.

Proposition 5.2 ([16, 40]) Assume that x,y are random variables. Then
H,(x,y) = Hy(x) +Hq(y|x). (46)
Proposition 5.2 implied the following propositions.

Proposition 5.3 ([16]) Suppose x1,Xa,...,X, are random variables. Then
n
Hq(x11x2:~~»xn) = ZHq(xilxi—lwu;xl)~ (47)
i=1
Proposition 5.4 ([16, 40]) For q > 1, two random variables x and'y, we have the following
inequality:
H,(xly) < Hy(x). (48)

Consequently, we have the following self-bounding property of the Tsallis joint entropy.

Theorem 5.5 (Generalized Han’s inequality) Let X;,Xa,...,X, be random variables. Then
for g > 1, we have the following inequality:

n

1
Hq(xl, cee ,X,,) < m ZHq(Xl, o Xis Xily e e X)-
i=1
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Proof Since the Tsallis joint entropy has a symmetry H(x,y) = H,(y, x), we have

Hq(Xl,...,Xn) = Hq(xl,...,xi_l,xm,...,xn) +Hq(xilxl,...,xi_l,xm,...,x,,)

= Hq(X1, e Xt Xl .. rxn) + Hq(xi|x1! oo ’xi—l)

by the use of Proposition 5.2 and Proposition 5.4. Summing both sides on i from 1 to #,

we have

n n
}’lHq(Xl, . ,Xn) = ZHq(Xl’ D €IS TP, €75 PRI ,Xn) + ZHq(Xib(l: e Xic1 X1 e e e ,Xn)
i=1 i=1

n
< ZHq(xb e Xis1 Xigl5 e e ;xn) + Hq(xl: o Xp),s
i=1

due to Proposition 5.3. Therefore, we have the present proposition. d

Remark 5.6 Theorem 5.5 recovers the original Han’s inequality [41, 42] if we take the

limit as ¢ — 1.

6 Conclusion

We gave an improvement of Young’s inequalities for scalar numbers. Using this result,
we gave several inequalities on generalized entropies involving Tsallis entropies. We also
provided a generalized Han’s inequality, based on the conditional Tsallis entropy and the

joint Tsallis entropy.

Competing interests
The authors declare that they have no competing interests.

Authors’ contributions

The work presented here was carried out in collaboration between all authors. The study was initiated by SF. The author
SF also played the role of the corresponding author. All authors contributed equally and significantly in writing this article.
All authors have contributed to, seen and approved the manuscript.

Author details

"Department of Computer Science and System Analysis, College of Humanities and Sciences, Nihon University, 3-25-40,
Sakurajyousui, Setagaya-ku, Tokyo, 156-8550, Japan. 'Dimitrie Cantemir’ University, Brasov, 500068, Romania.
3Department of Mathematics, University of Craiova, Street A. I. Cuza 13, Craiova, RO-200585, Romania.

Acknowledgements

We would like to thank the anonymous reviewer for providing valuable comments to improve the manuscript. The
author SF was supported in part by the Japanese Ministry of Education, Science, Sports and Culture, Grant-in-Aid for
Encouragement of Young Scientists (B), 20740067. The author NM was supported in part by the Romanian Ministry of
Education, Research and Innovation through the PNIl Idei project 842/2008. The author FCM was supported by CNCSIS
Grant 420/2008.

Received: 18 February 2012 Accepted: 25 September 2012 Published: 9 October 2012

References

1. Aczél, J, Daréczy, Z: On Measures of Information and Their Characterizations. Academic Press, San Diego (1975)

2. Furuichi, S: Tsallis entropies and their theorems, properties and applications. In: Abdel-Aty, M (ed.) Aspects of Optical
Sciences and Quantum Information, pp. 1-86. Research Signpost, Trivandrum (2007)

3. Rényi, A: On measures of entropy and information. In: Proc. 4th Berkeley Symp., Mathematical and Statistical
Probability, vol. 1, pp. 547-561. University of California Press, Berkeley (1961)

4. Tsallis, C: Possible generalization of Bolzmann-Gibbs statistics. J. Stat. Phys. 52, 479-487 (1988)

5. Tsallis, C et al: In: Abe, S, Okamoto, Y (eds.) Nonextensive Statistical Mechanics and Its Applications. Springer, Berlin
(2001). See also the comprehensive list of references at http://tsallis.cat.copfbr/biblio.htm

6. Tsallis, C: Introduction to Nonextensive Statistical Mechanics: Approaching a Complex World. Springer, Berlin (2009)

7. Tsallis, C: Entropy. In: Encyclopedia of Complexity and Systems Science. Springer, Berlin (2009)


http://www.journalofinequalitiesandapplications.com/content/2012/1/226
http://tsallis.cat.cbpf.br/biblio.htm

Furuichi et al. Journal of Inequalities and Applications 2012, 2012:226
http://www.journalofinequalitiesandapplications.com/content/2012/1/226

16.
17.
18.

19.
20.

21.
22.

23.

24.
25.
26.
27.

28.
29.

30.
. Furuichi, S: Refined Young inequalities with Specht’s ratio. J. Egypt. Math. Soc. 20, 46-49 (2012)
32.
33.
34.
35.
36.
37.
38.

39.
40.
41.
42.

. Sebawe Abdalla, M, Thabet, L: Nonclassical properties of a model for modulated damping under the action of an

external force. Appl. Math. Inf. Sci. 5, 570-588 (2011)

. El-Barakaty, A, Darwish, M, Obada, A-SF: Purity loss for a cooper pair box interacting dispersively with a nonclassical

field under phase damping. Appl. Math. Inf. Sci. 5, 122-131 (2011)

. Sun, L-H, Li, G-X, Ficek, Z: Continuous variables approach to entanglement creation and processing. Appl. Math. Inf.

Sci. 4,315-339(2010)

. Ficek, Z: Quantum entanglement processing with atoms. Appl. Math. Inf. Sci. 3, 375-393 (2009)
. Furuichi, S: A note on a parametrically extended entanglement-measure due to Tsallis relative entropy. Information 9,

837-844 (2006)

. Furuichi, S, Yanagi, K, Kuriyama, K: Fundamental properties of Tsallis relative entropy. J. Math. Phys. 45, 4868-4877

(2004)

. Furuichi, S: On uniqueness theorems for Tsallis entropy and Tsallis relative entropy. IEEE Trans. Inf. Theory 47,

3638-3645 (2005)

. Furuichi, S: An axiomatic characterization of a two-parameter extended relative entropy. J. Math. Phys. 51, 123302

(2010)

Furuichi, S: Information theoretical properties of Tsallis entropies. J. Math. Phys. 47, 023302 (2006)

Furuichi, S: Matrix trace inequalities on Tsallis entropies. J. Inequal. Pure Appl. Math. 9(1), Article 1 (2008)

Furuichi, S: On the maximum entropy principle and the minimization of the Fisher information in Tsallis statistics. J.
Math. Phys. 50, 013303 (2009)

Furuichi, S, Mitroi, F-C: Mathematical inequalities for some divergences. Physica A 391, 388-400 (2012)

Furuichi, S: Inequalities for Tsallis relative entropy and generalized skew information. Linear Multilinear Algebra 59,
1143-1158 (2012)

Csiszar, I: Axiomatic characterizations of information measures. Entropy 10, 261-273 (2008)

Csiszar, I: Information measures: a critical survey. In: Transactions of the Seventh Prague Conference on Information
Theory, Statistical Decision Functions, Random Processes, pp. 73-86. Reidel, Dordrecht (1978)

Csiszér, |, Shields, PC: Information theory and statistics: a tutorial. Found. Trends Commun. Inf. Theory 1, 417-528
(2004)

Bobylev, NA, Krasnoselsky, MA: Extremum analysis (degenerate cases), Moscow. Preprint (1981), 52 pages (in Russian)
Dragomir, S: Bounds for the normalised Jensen functional. Bull. Aust. Math. Soc. 74, 471-478 (2006)

Kittaneh, F, Manasrah, Y: Improved Young and Heinz inequalities for matrices. J. Math. Anal. Appl. 36, 262-269 (2010)
Aldaz, JM: Self-improvement of the inequality between arithmetic and geometric means. J. Math. Inequal. 3, 213-216
(2009)

Aldaz, JM: Comparison of differences between arithmetic and geometric means. Tamkang J. Math. 42, 445-451
(2011)

Mitroi, FC: About the precision in Jensen-Steffensen inequality. An. Univ. Craiova, Ser. Math. Comput. Sci 37, 73-84
(2010)

Furuichi, S: On refined Young inequalities and reverse inequalities. J. Math. Inequal. 5, 21-31 (2011)

Minculete, N: A result about Young inequality and several applications. Sci. Magna 7, 61-68 (2011)

Minculete, N: A refinement of the Kittaneh-Manasrah inequality. Creat. Math. Inform. 20, 157-162 (2011)

Furuichi, S, Minculete, N: Alternative reverse inequalities for Young's inequality. J. Math. Inequal. 5, 595-600 (2011)
Minculete, N, Furuichi, S: Several applications of Cartwright-Field's inequality. Int. J. Pure Appl. Math. 71, 19-30 (2011)
Masi, M: A step beyond Tsallis and Rényi entropies. Phys. Lett. A 338, 217-224 (2005)

Weisstein, EW: CRC Concise Encyclopedia of Mathematics, 2nd edn. CRC Press, Boca Raton (2003)

Cartwright, DI, Field, MJ: A refinement of the arithmetic mean-geometric mean inequality. Proc. Am. Math. Soc. 71,
36-38 (1978)

Cover, TM, Thomas, JA: Elements of Information Theory, 2nd edn. Wiley, New York (2006)

Daréczy, Z: General information functions. Inf. Control 16, 36-51 (1970)

Han, T: Nonnegative entropy measures of multivariate symmetric correlations. Inf. Control 36, 133-156 (1978)
Boucheron, S, Lugosi, G, Bousquet, O: Concentration inequalities. In: Advanced Lectures on Machine Learning,

pp. 208-240. Springer, Berlin (2003)

doi:10.1186/1029-242X-2012-226
Cite this article as: Furuichi et al.. Some inequalities on generalized entropies. Journal of Inequalities and Applications
2012 2012:226.

Page 16 of 16


http://www.journalofinequalitiesandapplications.com/content/2012/1/226

	Some inequalities on generalized entropies
	Abstract
	MSC
	Keywords

	Introduction
	Tsallis quasilinear entropy and Tsallis quasilinear relative entropy
	Inequalities for Tsallis quasilinear entropy and f-divergence
	Inequalities for Tsallis entropy
	A generalized Han's inequality
	Conclusion
	Competing interests
	Authors' contributions
	Author details
	Acknowledgements
	References


