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We consider continuously differentiable means, say C'-means. As for quasi-arithmetic
means Qf(xy,...,X,), we need an assumption that f has no stationary points so that Qy
might be continuously differentiable. Introducing quasi-weights for C!-means would give
a satisfactory explanation for the necessity of this assumption. As a typical example of a
class of C'-means, we observe that a skew power mean M; is a composition of power
means if £ is an integer.
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1. Introduction

Let M(x,...,%,) be a continuously differentiable n-variable positive function on (0, c)".
Then, throughout this paper, M is called a continuously differentiable mean, or shortly
C'-mean if M satisfies

(i) M is monotone increasing in each term;

(ii) M(a,...,a) = a for all positive numbers a.
A mean M is called homogeneous if M satisfies

M (axi,...,ax,) = aM (x1,...,x,) (1.1)

for all a,xx > 0. Almost all classical means are homogeneous C!-ones. The Kubo-Ando
(operator) means in [6] and chaotic ones in [2] are C!-means. Here note that (numerical)
Kubo-Ando means K¢(a, b) are defined by

Ky(a,b) =af(g> (12)
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2 Continuously differentiable means

for positive operator monotone functions f, which form a special class of numerical
means.

Let f be a continuously differentiable monotone function on (0, co) with no stationary
points, that is, f'(x) # 0 for all x > 0. In this case, f~! is also continuously differentiable.
Let w = {wx} be a weight, that is, a set of nonnegative numbers wy with >, wi = 1. For
such f and a weight w, it follows that a quasi-arithmetic mean Qs ,, defined by

Qfw (X150 5Xn) :fl<iwkf(xk)) (1.3)
k=1

is a typical C'-mean. As we will see later in the next section, the assumption that f has no
stationary points is necessary for continuous differentiability. Our main interest in this
paper is when integral functions

Myp (1) = £ (J: f(x)dPx,,,,,,x“(x)) (1.4)

..... . 1s a probability measure on (0,c0) for each xx. Note that
these functions differ from the continuous quasi-arithmetic means, cf. [4, 5], but they
include the above discrete quasi-arithmetic ones Qy,,. In fact, for a convex combination
for Dirac measures Py, ., = >r_; Wi0x,, we have Mgp=Qf .

In this paper, we discuss continuous differentiability of such integral functions as
means, and observe when (s pisa C '_mean, particularly as 2-variable functions. Many
mathematicians have been interested in means of positive numbers. But, even in a quasi-
arithmetic mean, odd properties appear as we will see in some examples later. We noticed
that the key in this problem is continuous differentiability for means. So we discuss con-
tinuously differentiable means and give some classes of such means. Finally, we discuss
skew power means including logarithmic one as a path of C!-means.

2. Quasi-weight for means

Power means defined by (see [3])

n 1/r
P (X15e.y%0) = <ZW1<X;Z> (2.1)
k=1

are quasi-arithmetic C'-means. Note that only homogeneous quasi-arithmetic means are
the power means, which is shown in [4]. Then, we have

oP; (
oxe

1/r—1
1{ < _
.a)=— ( > wkar> crwea ! = wk(ar)l/r P (2.2)
r
k=1

Moreover, we have the following property.

Lemma 2.1. All C'-means M satisty (OM/9xy)(a,...,a) = 0 and >;_,(0M/dxi)(a,...,a) =
1 foralla > 0.
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Proof. It follows from (ii) that

1:a+s—a:hmM(a+s,...,a+e)—M(a,...,a):zaﬂ(a) ) (2.3)
€ £~0 3 pu Xy
The assumption (i) implies (dM/dxk)(a,...,a) = 0. O

Thereby, we define a kth quasi-weight w(M)k(a) for a C'-mean M at a by (cf. [1])

M

w(M)i(a) = Eroy

(a,...,a). (2.4)

Note that it is a constant for all a if M is homogeneous-like power means. In fact,

M(a+e,a,...,a) — M(a,...,a)
£

w(M)(a) = lgigrol
(2.5)

. M(l1+¢/a,l,...,1)—M(1,...,1)
=lim

lim = = w(M)i(1).

Moreover, even for a nonhomogeneous case, it can be constant and coincides with the
weight.

TuEOREM 2.2. If f has no stationary point, then the kth quasi-weight w(Qy ., )x(a) of a
quasi-arithmetic mean Qy ,, is the kth weight wy.

Proof. Note that (0f o Qy,,,/0xk)(a,...,a) = wxf'(a). On the other hand, we have

0f o Qfy ) 0Q; . ,
fT?f’(a,...,a) = ' (Qfw(a,...,a)) S){k (a@,...,a) = f(@w(Qrw)(a),  (2.6)
and hence w(Qy,)k(a) = wx by f'(a) # 0. 0

When f has a stationary point, the following example shows that Qy,, is not always a
C'-mean.

Example 2.3. Let Qf = Qf.11/2,1/23. For a fixed a > 0, put f(x) = (x — a)’ + a*. Then we
have f~!(x) = (x —a®)" +a,

_ 3 _ 3\ 1/3
Qf(x’y):<(x a) ;(y a)) tal
(2.7)
a&(x ) = (x—a)’
ax T (—apt (y—ap)”

Thus it is not continuously differentiable at (a,a). In fact, we cannot define the quasi-
weights

0
£@8%(a+s,a) = lsiP&Tm =273 (2.8)
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while
. 0Qy 1 1
lsl_l.lgg(a‘f'&,a‘l'&)—m—z. (29)
Therefore, Qy is not a C'-mean.
If a C'-mean M satisfies
M (X5 os%X,) = M(X1,...Xn) (2.10)

for all permutation 7, then it is called symmetric. It is clear that all quasi-weights for all
symmetric C!-means are the same value 1/n. But the converse is false by the following
example.

Example 2.4. The first quasi-weight of the following arithmetic (resp., geometric) mean
A(a,b) = wia+wb (resp., G(a,b) = a"*b"") (2.11)

coincides with the first weight wy (resp., w,). Putting M(a,b) = (A(a,b) + G(a,b))/2, we
have

WMD), (a) = w(M)s(a) = 172 = % (2.12)

while M(a,b) is not symmetric if wy # w;.

3. Continuous differentiability

Since functions Jil r.pinclude Qy ,, as a case of singular measures, we should also assume
that f has no stationary points to discuss Jilsp. So we consider a case of absolutely con-

.....

Mg (1o ) =f‘1<J0mf(x)¢xl ..... xn(x)dx). (3.1)

The following example shows that we need the condition ¢(x) >0 for all x >0 in order
that /7,4 be a C'-mean.

Example 3.1. Consider the derivative

3(x — 1)y (ap) (%)

¢a,b(-x): (b_1)3_(a_1)3 (32)

(for convenience’s sake, y[a,b] = —X[b,a] if @ > b and ¢4(x) = a). Then we have ¢,,(1) = 0.
Since

- 3 b o (143b/4)(b—1)° = (1+3a/4)(a— 1)}

Mg(ab) = G35 a1y J *x = 1) dr = (b-1) —(a—1)} ’

(3.3)
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it follows that Ml 4(a,b) is symmetric. So quasi-weights are 1/2 if it is a C'-mean, while

./‘/‘/x 1 ,1 7-A/tx 1)]- . -
lim o(1+e1) o ):hm1+(3/4)£ 1:2 (3.4)

e—0 &€ e—0 ) 4

Now let p be a polynomial with a degree m > 0 which is monotone and convex on
(0,00). Then p’(x) >0 for all x > 0. For a continuously differentiable monotone function
f with no stationary points, we define

My p(a,b) = (J Jxp'o. p(x) ) (3.5)

for a # b and My ,(a,a) = a. We will prove that My, defined above is a C'-mean. To do
this, we first show the continuity of My ;.

LEMMA 3.2. My, is continuous.

Proof. For the interval I, between a and b, there exists &, € I, with

b
L FOP Ot = f(Ean) P (Enp) (b—a) (3.6)

by the mean value theorem. Moreover, Cauchy’s mean-value theorem says that there ex-
ists ¢, with

1 b—a
p'(cap)  p(b)—pla) (3.7)

fora # b. Put B,(c) = (c — &,c +¢) for a fixed ¢ > 0. Then, for a # b € B:(c),

S (7 f&)p'(x) ) i (f(fa,b)p’(fa,b))
_ 1 JWpx) _ -1 J\Sap)P (Sap)
Myp(@b) = f ( 0 @) T\ e ) CY

so that, as & — 0, we have &, 4,¢4, — ¢ and My ,(a,b) converges to

S (fp' (o) _
f ‘(71),(6) )—c, (3.9)

which implies My ;, is continuous. O
To verify that M, is a C'-mean, we first show that it satisfies (i).

LEMMA 3.3. My ,(a,b) is invariant for every affine transform of f — tf +s (t #0) and
My ,(a,b) is monotone increasing in each term.
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Proof. Since (tf +s)"'(x) = f~1((1/t)(x —5)), we have

b /

=(tf+s)” (J f p( )d +5pr7(b‘i;,£x;(a)dx>

(3.10)
f
1
=(tf+s)” ( J P( )dx+s>
b 4
o Jf(x)p(x) _
¢ <J b _p(a)dx) — My, (a,b).
Thus we may assume that f (and hence f~!) is monotone increasing. Since
O S0P @, (DY)~ p@) = £ f)p @) pl ()
X = 2
9y Ja p(y) = pla) (p(y) = p(a))
(3.11)

(f<y( (y)—pa) — f(y) V (x)dx)p’(y)
(p(y) - pa)’

=0,

we have [ (f(x)p’ (x)/(p(y) — p(a)))dx is monotone increasing for y. Therefore, My y(a,
b) satisfies (i). O

Next, to show the differentiability, we cite the following fundamental lemma (for the
sake of completeness, here we give a proof).

LEMMA 3.4. Let g be a C*-function on (0, ) and

gy —glx) .

- % b

G(x,y) = { y—x xry (3.12)
g (x) ifx=y.

Then G is a C'-function on (0,0)2.

Proof. Since G is symmetric, it suffices to show that Gy is continuous at the diagonal set
{(¢,¢) | ¢ > 0}. By the 'Hospital theorem,

. Glc+h,c)=Glc,e) . glcth)—g(c)—hg'(c) .. gcth)-g'(c) g"(c)
bim h = jim 12 = jim 2 T2

(3.13)
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that is, Gx(c,c) = g""(c)/2. Since g”" is continuous,

g'(cth) g"(c) .

%iir(}Gx(c+h,c+h) = Ef% 5 =" (3.14)
On the other hand, for x # y, we have
g8(y)—gx)\  gly)—gx)—g'(x)(y - X)
Gy(x,y) = x( ) ) = - x)2 (3.15)

Now what we must show is limyzx—o Gx(c + h,c + k) = Gy(c,¢). Let h # k € B.(0). By Tay-
lor’s expansion theorem, there exists &, x € Iip.c+k C Be(c) with

glc+h)=glc+k)+g (c+k)(h—k)+ g "(Ex) (h— k)% (3.16)
The mean-value theorem says that there exists cjx € Ieinerk C Be(c) with
g (c+k)—g' (c+h)=¢"(cniv)(k —h). (3.17)

Thereby, as ¢ — 0, we have &4, cpx — ¢ and

Gulcthctk) = gletk)—glct+h)—g'(c+h)(k—h)

(k—h)?
g c+k)k—h)—g" (&) (k—h)*/2—g (c+h)(k—h)
- (k—h)?
(3.18)
_gc+k)—g'(c+h)  g" (§nk)
k—h 2
:g// (Ch,k) . g (§h,k) . g//(c) _ g Z(C) _ g Z(C) ,
which implies G is continuously differentiable. O

Now we have the following theorem.
THEOREM 3.5. The above function My,,(a,b) defines a symmetric C'-mean.

Proof. Let Fj be primitive functions defined inductively

Fi,,=F, Fo=f (3.19)
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Since p"™(x) is a constant function, we have

Jf X)p (0)dx = [Fi (x JFl

= Fi(b)p'(b) ~ Fy(@)p' (a) - [Fa(x)p” (1)1, JFz )p® (x)dx

|
—

m

b
= (_l)kﬂ(Fk(b)P(k)(b)_Fk(a)P(k)(a))‘f'(—l)MHJ Frue1 () p!™ (x)dx
k a

Il
—

(=D (Fe(0)p® (b) - Fi(a)p™ (a)).

M=

b
Il
—_

(3.20)
It follows that
k+1 )
Moplat) =12 <2k S ((2 ((ba)> e (a)))- (3.21)
Here we put
_ Fi(b)pW (b) — Fx(a)p®(a)
b= (b) - p(a) : (3.22)

Note that a polynomial P(a,b) = (p(b) — p(a))/(b — a) no longer have a divisor b — a by
p'(x) >0, and hence P(a,b) # 0 for all a,b > 0. By Lemma 3.3, P is continuously differen-
tiable (by putting P(a,a) = p’(a)). Setting such functions

(k) _ plk _
PK](a,b) = %ﬁ“(‘”, Glkl(a,b) = W (3.23)
(where P[k](a,a) = p**V(a), G[k](a,a) = Fx_1(a)), we have
Hy(a,b) = Fi(b)P[k](a,b) + G[k](a,b) p¥(a) (3.24)

P(a,b) ’

and hence it is continuously differentiable by Lemma 3.3. Therefore, since f~! is also
continuously differentiable, My ,(a,b) is a symmetric C'-mean by Lemma 3.2. O

4. Skew power means

For positive numbers a and b, consider the following special case for Al ¢ (see [2]):

Mi(a,b) = (bfla bef dx> " (%) ) (4.1)
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Table 4.1
t —00 -2 -1 0 1 2 00
Minimum Geometric Logarithmic Identric ~ Arithmetic — Maximum
. _ a/(a—b) 1,b/(b—a) + 2 + + 2\ 172
min{a,b} Vab b-a a b axb (w) max{a,b}
logb —loga e 2 3

By definition, we call them skew power means which include various classical means, for
example, the logarithmic and identric ones as shown in Table 4.1.
Here we use 2-variable power means

P,y(a,b) = (1= w)a" +wb")"", (4.2)
and, in particular,

Py, (a,b) = lirr&Pr,W(a,b) =al=vp” (4.3)

is a weighted geometric mean. For the convenience’s sake, we omit w for w = 1/2 which
is a symmetric mean.

Let a, be the smallest number N such that M, is a composition of N power means
(ay = o if not). Putting

Ln,m(aa b) = (Mn (am)bm))l/m) (44)
we define f,,,, as the smallest number N such that L,,, is a composition of N power

means (f3,,, = o if not). Now we have the following theorem.

THEOREM 4.1. The mean function M, (a, b) is represented by a composition for finitely many
power means as follows.

(i) For all positive integers n, it is a composition of at most 2n — 1 power means.

(ii) For all integers n < —2, it is a composition of at most —2n — 3 power means.

Proof
Case 1. Let n be a fixed positive integer and k a fixed nonzero integer. By M; = Py, we
have

a =1, (4.5)

and also

a <3 (4.6)
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by
a2 +ab+b>\ 2 2a2+0* 1 12
M,(a,b) = ( _) = (_ + —ab) =P (Pz(a,b),Po(a,b)).
3 3 2 3
(4.7)
Since
@2 20 4 ... p2ntly VCntD) A4 - e b gt prtl V@D
Mspi1(a,b) ( ) = ( )
2n+2 n+1 2
= M, (a,b)" " VP, (a,b) /2D = py 1y onen) (Ma(a,b), Pasi (a,)),
(4.8)
we have
Woni1 S oy +2. (4.9)
Moreover,
0 S Bua+Pa-12+3, (4.10)
since
a2 4 @1 h 4 g 2\ V2
@2 202 L +b2n+(a2n72+a2n—4b2+_ . -+b2”’2)ab 1/2n
N ( 2n+1 )
- ((n+ DM, (a%,b2)" + nM,_, (a?,b?)" " b)”z”
a 2n+1 (4.11)
= PZn,n/(2n+l) ( \/Mn (az; bz))PO,l/n< Mn—l (az, b2),\/E))
= Pouw/2n+1) (Ln,z(ﬂ, b),Po,i/n (\/Mn—l (a2, bz),\/%»
= Pryn/n+1) (Ln2(a,0),Po1/n(Lu-12(a,b),Po(a,b))).
It follows from L1 5k (a,b) = M, (a?*,b*)" %) = P, (a,b) that
Biok = 1. (4.12)

Moreover we have

Brok =3 (4.13)
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by
Loai(a,b) = My (a*,b%) " = (W) B (Pa(ab) Poah).
(4.14)
Since
Lons1,25(a,b) = Moy (a2t,62%)
= Po,(ur1y/2ns1) (M (a%5,6%F), Pyt (a%F,0%)) 12K by (4.8)
(4.15)
= Po,(n+1)/(2n+1) (Mn (@, 6%) " Py (a2%,07%) mk)
= Po,(ns1)/n+1) (Ln2k (a8, ), Pok(ne1y (a5 ),
we have
Bons1,2k < Pk + 2. (4.16)
Also we have
Bonok < Buak + Pr-1,4k +3 (4.17)

by the following relation:

Lansk(a,b) = My, (2%, 57%)

1/2k
=Poun/2nt1) (\/Mn (a%k, b%k), Py 1/n (\/Mn—1 (a%k, bk) N a2k bz")) (by (4.11))

n+1 2n n oy V/4kn
= 4k |4k ak hak) kpk
B <2n+1 Mn(a ’b ) +2n+1P0’1/”( M"*l(a )b ),{l b ) )

n+l 4kn/4k n
= | =——M,(a*,b* + P M, (a%, b*),a* b
(27’1+1 n(a ) n+1 0,1/n< n l(a )a

< ,7a4k b4k) kbk>l/2k>
( 4k b4k 1/4k m))

= Painn/2n+1) (Lnak(a,0), Py 1/n (Ly-1,4k(a,b), Po(a,b))).

)4kn/2k> 1/4kn

= Pagnn/2n11) <Ln 4k(a,0),Po,1/n

= Pagnn/2nt1) (Ln 4(a,b),Poi/m

(4.18)
Now, we show that

An):Ppax<2n—1 (Vkez\{0}) (4.19)
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holds for all positive integers n. In fact, both A(1) and A(2) are true by (4.12) and (4.13).
Assume that A(n) holdsforall 1 S n <N (N = 2).If N = 2¢, then

BN+12k = Poeriok SPek +2=20-1+2=N+1=2(N+1) -1 (4.20)
holds by (4.16) and the assumption, so that A(N + 1) holds. Also if N = 2¢ + 1, then

Br+12k = Paer ok S Perrak +Peak +3S2(6+1) =142 143 =46+3=2(N+1) -1
(4.21)

holds by (4.17) and the assumption, so that A(N + 1) holds. Therefore, A(#n) holds for all
positive integers n by induction. We next show that the required inequality

B(n):a,<2n-1 (4.22)

holds for all positive integers #. In fact, both B(1) and B(2) are true by (4.5) and (4.6).
Assume that B(n) holds forall 1 S n < N (N = 2).If N = 2¢, then

ans = Qops Sap+2<20—142=N+1<2(N+1)—1 (4.23)
holds by (4.9) and the assumption, and hence B(N + 1) holds. Also if N = 2€ + 1, then

AN+1 = O2(¢+1) §ﬁg+1,2+[5[,2+3 §2(€+ 1) —14+26—-1+3=4£+3= 2(N+ 1) -1
(4.24)

holds by (4.10), A(n), and the assumption, so that B(N + 1) holds. Therefore, B(n) holds
for all positive integers # by induction. Thus we have Case 1.
Case 2. Let n be a fixed positive integer. By M_, = Py, we have

x_p = 1. (4.25)
It follows from L; —; = P; that
Bi1=1. (4.26)

Since

(a’z +(ab) ' +b2

1 1\!
Lz,fl(a,b)=M2(* *) = 3

a’b > :P72,1/3(sz(a,b))PO(a)b))’

(4.27)
we have
P21 =3 (4.28)
Moreover, we have

Bont1,-1 S Pu1+2 (4.29)
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by the following equation:

1 1\!
Lyps1,-1(a,b) = Moy <—, —>
a’' b

11 -1 n/(2n+1) (430)

= <Mn<;,z> ) P_(n+l)(a’b)(n+1)/(2n+l) by (48) .

= Po,(ns1)/2n+1) (Lny—1(a,b), P— 411y (a, b)).
Since

1 1\!
Loy-1(a,b) = Mm(;z)
11 11 1 1))\ "
= Pouwont) (Ln,z (5, E) »Po,1/m (an,z (;, E) , Py (5, E) ))
—1/2n

n+1 1 1\ n 11 1 1\\*
(3 el )
(2n+1 n’z(a b) 1 OV @ e )\ e b

n+l oy M o o\ (=D2n, o\ _1/am 2n>_1/2"
2n+1Ln)72(ll,b) +21’l+1 ((Mﬂfl(a )b )) (ab) )

—1/2n

@b ((M,H(a*z,b*z))‘“‘“””Po(a,b)”")‘”)

“on —1/2n
(a1, 2(a) " "oty r) )

=P onnwne1) (Ln-2(a,b),Po1/n(Lu-1,-2(a,b),Py(a,b))),
(4.31)

it follows from A(n) that

ﬁZn,—l §ﬁn,—2 +ﬂn—l,—2 +3 § 2n—1+2(n—-1)—-143=4n-1. (4.32)

Then we have

A (n2) S Pu-1 12, (4.33)
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since

b(ﬂ+1)_a(n+1))1/(”+2) (b*(n+l)_a7(n+l) —-1/(n+2)
-(; )

M_(n12)(a,b) = (m n+1)(1/b—1/a)ab

_ ((l/a)n+(1/a)n—1(1/b)+ . +(1/b)n)1/(n+2)

p— (ab)V(m+2) (4.34)

_ 1\ n/(n+2)
1 1\! 2/(n+2)
= (Mn (Z’ E) ) Vab - Po/n+2) (Ln,-1(a,b),Po(a,b)).

Now, we show that
Cn):fu-152n—-1 (4.35)

holds for all positive integers n. In fact, both C(1) and C(2) are true by (4.26) and (4.28).
Assume that C(n) holds forall 1 Sn < N (N = 2). If N = 2¢, then

/-;N+1,—1 = ﬁ2g+1)_1 §ﬁ€)_1 +2 é 20—-1+2=N+1 é 2(N+ 1) -1 (436)
holds by (4.29) and the assumption, so that C(N + 1) holds. Also if N = 2¢ + 1, then
ﬁN+l,—1 = ﬁz(€+1)’_1 § 4(€+ 1) —1=40+3= 2(N+ 1) -1 (437)

holds by (4.32) and the assumption, so that C(N + 1) holds. Therefore, C(n) holds for all
positive integers n by induction. Thereby, let m be an integer with m < —2. If m < -3,
then 1 £ —m — 2, and hence

Oy = O (—m-2+2) § ﬁ—m—Z,—l +2 § 2(—1’)’1 — 2) —14+2=-2m-3 (438)

by C(n). Also if m = —2, then the above inequality holds by (4.25). Thus we have Case &1
which completes the proof.
Finally we conjecture that the above relations hold for all rational numbers ¢ # 0, —1.
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