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Oscillation criteria for PDE with p-Laplacian div(A(x)‖Du‖p−2Du) + p(x)|u|p−2u = 0
are obtained via Riccati inequality. Some of them are extensions of the results for the
second-order linear ODE to this equation.
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1. Introduction

In this paper, we are interested in obtaining oscillation criteria for the solutions of the
second-order partial differential equation (PDE) with p-Laplacian

div
(
A(x)‖Du‖p−2Du)+ p(x)|u|p−2u= 0 (1.1)

in the exterior domain Ω(1) := {x ∈ RN : ‖x‖ > 1}, where p > 1, x = (x1, . . . ,xN ) ∈ RN ,
N ≥ 2, Du= (∂u/∂x1, . . . ,∂u/∂xN ), ‖x‖ is usual Euclidean norm in RN .

Throughout this paper we will assume that
(A1) p ∈ C

μ
loc(Ω(1)), 0 < μ < 1, and p > 1 constant,

(A2) A = (Aij(x))N×N is a real symmetric positive define matrix function with Aij ∈
C
1+μ
loc (Ω(1)), i, j = 1, . . . ,N , and 0 < μ < 1.

Denote by λmin(x) the smallest eigenvalue of A. We suppose that there is a function
λ∈ C([1,∞),R+) such that

min
|x|=r

λmin(x)
‖A‖q ≥ λ(r) for r > 1, (1.2)

where ‖A‖ denotes the norm of the matrix A, that is, ‖A‖ = [
∑N

i, j=1A
2
i j(x)]

1/2, and q is
the conjugate number to p, that is, q = p/(p− 1).

By a solution of (1.1), we mean a function u(x) ∈ C
2+μ
loc (Ω(1)) which satisfies (1.1)

almost every on Ω(1). We restrict our attention to the nontrivial solution u(x) of (1.1),
that is, to the solution u(x) such that supx∈Ω(1){|u(x)|} > 0. A nontrivial solution of (1.1)
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2 Riccati inequality and oscillation criteria

is said to be oscillatory if u has zero on Ω(a) for every a > 1. Equation (1.1) is said to be
oscillatory if every solution (if any exists) is oscillatory. Conversely, (1.1) is nonoscillatory
if there exists a solution which is not oscillatory.

PDE with p-Laplacian have wide applications in various physical and biological prob-
lems. These equations describe the behavior of the systems whose energetic functional is
of degree p. Further let us mention the equation

div
(‖Du‖p−2Du)+ λu= 0, (1.3)

which appears in the study of non-Newtonian fluids. (Non-Newtonian fluids are typically
the fluids which are a suspension of particles, deformed by the acting of forces, in liquid.
Most biological fluids, like blood, have this property.) Other relevant applications of the
equations with p-Laplacian are in the glaciology and slow diffusion problems (the flow
through porous media, e.g., a dam filled by rocks). For more examples of applications the
reader is referred to [1] and the references therein.

In the qualitative theory of nonlinear partial differential equation, one of the impor-
tant problems is to determine whether or not solutions of the equation under considera-
tion are oscillatory. For the quasilinear elliptic equation

div
(‖Du‖p−2Du)+ p(x)|u|p−2u= 0. (1.4)

Recently, taking advantage of the oscillation analysis of the second-order linear ordi-
nary differential equation (see, [3, 5, 6])

(
r(t)y′(t)

)′
+ p(t)y(t)= 0, (1.5)

Usami [4], Xu and Xing [7] have established some oscillation criteria for (1.4). In this
paper, we will continue in this direction and study the oscillatory properties of the gen-
eral equation (1.1). By using the generalized Riccati inequality established in Section 2
(Lemma 2.1), we try to extend the results in [2, 5] to (1.1), which include and improve
the results of Usami [4]. We are especially interested in the case where p(x) has a variable
sign on Ω(1).

2. Preliminaries

In the sequel, we say that a function H =H(r,s) belongs to a function class �, denoted
by H ∈�, if H ∈ C(D, [0,∞)), where D = {(r,s) :−∞ < s≤ r <∞}, which satisfies

H(r,r)= 0, H(r,s) > 0 for r > s, (2.1)

and has partial derivatives ∂H/∂r and ∂H/∂s on D such that

∂H

∂r
= h1(r,s)H(r,s),

∂H

∂s
=−h2(r,s)H(r,s), (2.2)

where h1,h2 ∈ Lloc(D,R).
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Let any functions ρ ∈ C([1,∞),R+) and κ∈ C([1,∞),R), we take two integral opera-
tors X

ρ
τ and Y

ρ
τ , which are define in [6], in terms of H(r,s) and ρ(s) as

X
ρ
τ (κ;r)=

∫ r

τ
H(s,τ)κ(s)ρ(s)ds, r ≥ τ ≥ 1,

Y
ρ
τ (κ;r)=

∫ r

τ
H(r,s)κ(s)ρ(s)ds, r ≥ τ ≥ 1.

(2.3)

To formulate our results, we will the following notations. For a given function ϕ ∈
C(R+,R+), we define

g(r)= p

2
λ(r)

[
ωrN−1ϕ(r)

]1−q
,

Θ(r)= ϕ(r)
∫

Sr
p(x)dσ − 1

p
g1−p(r)

∣
∣
∣
∣
ϕ′(r)
ϕ(r)

∣
∣
∣
∣

p

,
(2.4)

where Sr = {x ∈ RN : ‖x‖ = r}, dσ denotes the spherical integral element in RN , and ω
represents the surface measure of unit sphere.

In what follows, we will prove three lemmas, which will be useful for establishing os-
cillation criteria for (1.1). The first is modified version of [4, Lemma 1]. The second and
the third are the direct extensions of [2, Lemmas 2.2 and 2.3] to the case of (1.1).

Lemma 2.1. Let u= u(x) be a nonoscillatory solution of (1.1). For an arbitrary given func-
tion ϕ∈ C1(R+,R+), then the function Z(r) defined by

Z(r)= ϕ(r)
∫

Sr
W(x) · ν(x)dσ for r ≥ a≥ 1 (2.5)

satisfies the generalized Riccati inequality

Z′(r)≤−Θ(r)− 1
q
g(r)

∣
∣Z(r)

∣
∣q for r ≥ a, (2.6)

where

W(x)= ‖Du‖
p−2A(x)Du
|u|p−2u , (2.7)

and ν(x)= x/‖x‖, ‖x‖ �= 0, denotes the outward unit normal.

Proof. Without loss of generality, we may assume that u = u(x) > 0 for ‖x‖ ≥ a ≥ 1. In
view of (1.1), a directly computation yields that

divW(x)=−p(x)− (p− 1)u−p‖Du‖p−2(Du)TA(x)Du. (2.8)

Since

∥
∥W(x)

∥
∥≤ u1−p‖Du‖p−1‖A‖, (2.9)
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then

‖Du‖p−2(Du)TA(x)Du

≥ λmin(x)‖Du‖p ≥ upλmin(x)

[∥
∥W(x)

∥
∥

‖A‖

]q

≥ upλ
(‖x‖)∥∥W(x)

∥
∥q.

(2.10)

Using Green’s formula in (2.5), observing (2.8) and (2.10), we have

Z′(r)= ϕ′(r)
ϕ(r)

Z(r) +ϕ(r)
∫

Sr
divW(x)dσ

≤ ϕ′(r)
ϕ(r)

Z(r)−ϕ(r)
[∫

Sr
p(x)dσ + (p− 1)λ(r)

∫

Sr

∥
∥W(x)

∥
∥qdσ

]
.

(2.11)

By Hölder’s inequality

∣
∣
∣
∣

∫

Sr
W(x) · ν(x)dσ

∣
∣
∣
∣≤

[∫

Sr

∥
∥ν(x)

∥
∥pdσ

]1/p[∫

Sr

∥
∥W(x)

∥
∥qdσ

]1/q

= [ωrN−1]1/p
[∫

Sr

∥
∥W(x)

∥
∥qdσ

]1/q
,

(2.12)

and by Young’s inequality

∣
∣
∣
∣
ϕ′(r)
ϕ(r)

Z(r)
∣
∣
∣
∣≤

1
p
g1−p(r)

∣
∣
∣
∣
ϕ′(r)
ϕ(r)

∣
∣
∣
∣

p

+
1
q
g(r)

∣
∣Z(r)

∣
∣q. (2.13)

Thus, inequality (2.6) follows from (2.11)–(2.13). The proof is complete. �

Lemma 2.2. Let u = u(x) be a solution of (1.1) such that u(x) �= 0 for ‖x‖ ∈ (a,c]. For
any ϕ ∈ C1([1,∞),R+), let Z(r) be defined on (a,c] by (2.5). Then, for any H ∈� and
ρ ∈ C1([1,∞),R+), we have

X
ρ
a

(
Θ− 1

p
g1−p

∣
∣
∣
∣h1 +

ρ′

ρ

∣
∣
∣
∣

p

;c
)
≤−H(c,a)ρ(c)Z(c). (2.14)

Proof. By Lemma 2.1, we have that, for s∈ (a,c],

Θ(s)≤−Z′(s)− 1
q
g(s)

∣
∣Z(s)

∣
∣q. (2.15)

Applying the operator X
ρ
r (a≤ r ≤ c) to (2.15), using (2.1) and (2.2), we find

X
ρ
r (Θ;c)≤−H(c,r)ρ(c)Z(c) +X

ρ
c

(∣∣
∣
∣h1 +

ρ′

ρ

∣
∣
∣
∣|Z|;c

)
−X

ρ
r

(
1
q
g|Z|q;c

)
. (2.16)

According to Young’s inequality

∣
∣
∣
∣h1 +

ρ′

ρ

∣
∣
∣
∣|Z| ≤

1
p
g1−p

∣
∣
∣
∣h1 +

ρ′

ρ

∣
∣
∣
∣

p

+
1
q
g|Z|q, (2.17)
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then, (2.16) can be simplified to

X
ρ
r

(
Θ− 1

p
g1−p

∣
∣
∣
∣h1 +

ρ′

ρ

∣
∣
∣
∣

p

;c
)
≤−H(c,r)ρ(c)Z(c). (2.18)

Letting r → a+ in the above, we obtain (2.14). The proof is complete. �

Similarly as in the proof Lemma 2.2, we have the following lemma.

Lemma 2.3. Let u = u(x) be a solution of (1.1) such that u(x) �= 0 for ‖x‖ ∈ [c,b). For
any ϕ ∈ C1([1,∞),R+), let Z(r) be defined on [c,b) by (2.5). Then, for any H ∈� and
ρ ∈ C1([1,∞),R+), we have

Y
ρ
c

(
Θ− 1

p
g1−p

∣
∣
∣
∣h2−

ρ′

ρ

∣
∣
∣
∣

p

;b
)
≤H(b,c)ρ(c)Z(c). (2.19)

3. Main results

The first theorem presents an oscillation criterion for (1.1) which is an analogue of Wint-
ner’s criterion [5] for (1.5).

Theorem 3.1. Assume that there exist functions ϕ,ρ ∈ C1([1,∞),R+) such that

∫∞∣
∣ρ′(s)

∣
∣p[ρ(s)g(s)

]1−p
ds <∞, (3.1)

∫∞
ρ(s)Θ(s)ds=∞, (3.2)

∫∞
g(s)ρ1−q(s)ds=∞, (3.3)

then (1.1) is oscillatory.

Proof. Let u = u(x) be a nonoscillatory solution of (1.1). Without loss of generality let
us consider that u = u(x) > 0 for ‖x‖ ≥ l for some sufficient large l > 1. Let Z(r) be well
defined on [l,∞) by (2.5), from Lemma 2.1, we have that

Z′(r) +Θ(r) +
1
q
g(r)

∣
∣Z(r)

∣
∣q ≤ 0 for r ≥ l. (3.4)

Multiplying (3.4) by ρ(s), and integrating both sides of the results on [l,r], we have

ρ(r)Z(r) +
∫ r

l
ρ(s)Θ(s)ds+

1
q

∫ r

l
ρ(s)g(s)

∣
∣Z(r)

∣
∣qds≤ C1 +

∫ r

l
ρ′(s)Z(s)ds, (3.5)

where C1 is a constant. Hölder’s inequality gives

∫ r

l

∣
∣ρ′(s)Z(s)

∣
∣ds≤

[∫ r

l

∣
∣ρ′(s)

∣
∣p[ρ(s)g(s)

]1−p
ds
]1/p[∫ r

l
ρ(s)g(s)

∣
∣Z(s)

∣
∣qds

]1/q

≤ C2

[∫ r

l
ρ(s)g(s)

∣
∣Z(s)

∣
∣qds

]1/q
,

(3.6)
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where C2 =
∫∞ |ρ′(s)|p[ρ(s)g(s)]1−pds is finite by (3.1). Thus, by (3.5) and (3.6), we have

ρ(r)Z(r) +
∫ r

l
ρ(s)Θ(s)ds+

1
q
H(r)−C2H

1/q(r)≤ C1 for r ≥ l, (3.7)

where

H(r)=
∫ r

l
ρ(s)g(s)

∣
∣Z(s)

∣
∣qds. (3.8)

Note that for q ≥ 1, the function 1/(2q)H(r)− C2H1/q(r) is bounded from below on
[0,∞). By (3.2), (3.7) implies that

ρ(r)Z(r)≤− 1
2q

H(r) for some sufficiently large l1 ≥ l. (3.9)

So

∣
∣Z(r)

∣
∣≥ 1

2q
1

ρ(r)
H(r) for r ≥ l1. (3.10)

Thus, we obtain, by (3.10)

H′(r)= ρ(r)g(r)
∣
∣Z(r)

∣
∣q = 1

(2q)q
g(r)ρ1−q(r)Hq(r) for r ≥ l1. (3.11)

Dividing the both sides by Hq(r) and integrating it, we have

1
q− 1

H1−q(l1
)≥ 1

(2q)q

∫ r

l1
g(s)ρ1−q(s)ds, (3.12)

which contradicts (3.3). The proof is complete. �

Remark 3.2. Let ϕ(r)≡ 1, Theorem 3.1 improves in [4, Theorem 4] for (1.4).
The next theorem is an immediate consequence of Lemmas 2.2 and 2.3, which pro-

vides the domain oscillation criteria for (1.1) and extends [2, Corollary 2.1].

Theorem 3.3. Assume that for some c ∈ (a,b) and for some H ∈�, ϕ,ρ ∈ C1([1,∞),R+)
such that

1
H
(
c,a
)X

ρ
a

(
Θ− 1

p
g1−p

∣
∣
∣
∣h1 +

ρ′

ρ

∣
∣
∣
∣

p

;c
)
+

1
H(b,c)

Y
ρ
c

(
Θ− 1

p
g1−p

∣
∣
∣
∣h2−

ρ′

ρ

∣
∣
∣
∣

p

;b
)
> 0,

(3.13)

then every solution u(x) of (1.1) has at least one zero on Ω(a,b)= {x ∈ RN : a < ‖x‖ < b}.
Proof. Equation (3.13) implies that both (2.14) and (2.19) do not hold for the given c, and
hence every solution u(x) of (1.1) has at least one zero in Ω(a,b). The proof is complete.

�
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Theorem 3.4. Assume that for some H ∈�, ϕ, ρ ∈ C1([1,∞),R+) such that for each l ≥ 1

limsup
r→∞

X
ρ
l

(
Θ− 1

p

∣
∣
∣
∣h1 +

ρ′

ρ

∣
∣
∣
∣

p

g1−p;r
)
> 0, (3.14)

limsup
r→∞

Y
ρ
l

(
Θ− 1

p

∣
∣
∣
∣h2−

ρ′

ρ

∣
∣
∣
∣

p

g1−p;r
)
> 0, (3.15)

then (1.1) is oscillatory.

Proof. For any T ≥ 1, let a = T . In (3.14), we choose l = a. Then there exists c > a such
that

X
ρ
a

(
Θ− 1

p
g1−p

∣
∣
∣
∣h1 +

ρ′

ρ

∣
∣
∣
∣

p

;c
)
> 0. (3.16)

In (3.15), we choose l = c. Then there exists b > c such that

Y
ρ
c

(
Θ− 1

p
g1−p

∣
∣
∣
∣h2−

ρ′

ρ

∣
∣
∣
∣

p

;b
)
> 0. (3.17)

Combining (3.16) and (3.17), we obtain (3.13). The conclusion thus comes from Theo-
rem 3.3. The proof is complete. �

Let

H(r,s)= (r− s)α, ρ(s)≡ 1 for r ≥ s≥ 1, (3.18)

where α > 1. Theorem 3.4 reduces to following corollary.

Corollary 3.5. Assume that there exist a function ϕ ∈ ([1,∞),R) and a constant α > 1
such that for each l ≥ 1

limsup
r→∞

∫ r

l

[
(s− l)αΘ(s)− αp

p
(s− l)α−pg1−p(s)

]
ds > 0,

limsup
r→∞

∫ r

l

[
(r− s)αΘ(s)ds− αp

p
(r− s)α−pg1−p(s)

]
ds > 0,

(3.19)

then (1.1) is oscillatory.

Let

G(r)=
∫ r

1
g(s)ds for r ≥ 1. (3.20)

Then, we have the following.
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Corollary 3.6. Let G(∞) = ∞ and α > p− 1. Assume that there exists a function ϕ ∈
C1([1,∞),R+) such that for each l ≥ 1

limsup
r→∞

1
Gα−p+1(r)

∫ r

l

[
G(s)−G(l)

]α
Θ(s)ds >

αp

p(α− p+1)
, (3.21)

limsup
r→∞

1
Gα−p+1(r)

∫ r

l

[
G(r)−G(s)

]α
Θ(s)ds >

αp

p(α− p+1)
, (3.22)

then (1.1) is oscillatory.

Proof. Let

H(r,s)= [G(r)−G(s)
]α
, ρ(s)≡ 1 for r ≥ s≥ 1. (3.23)

Then

h1(r,s)= h2(r,s)= α
[
G(r)−G(s)

]−1
g(s). (3.24)

Noting that

X
ρ
l

(
g1−p

∣
∣
∣
∣h1 +

ρ′

ρ

∣
∣
∣
∣

p

;r
)
= αp

∫ r

l

[
G(r)−G(l)

]α−p
g(s)ds

= αp

α− p+1

[
G(r)−G(l)

]α−p+1
,

(3.25)

from (3.21) and (3.25) we have that

limsup
r→∞

1
Gα−p+1X

ρ
l

(
Θ− 1

p
g1−p

∣
∣
∣
∣h1 +

ρ′

ρ

∣
∣
∣
∣

p

;r
)

= limsup
r→∞

{
1

Gα(r)

∫ r

l

[
G(r)−G(l)

]α
Θ(s)ds− αp

p(α− p+1)

}
> 0.

(3.26)

It follows that

limsup
r→∞

X
ρ
l

(
Θ− 1

p
g1−p

∣
∣
∣
∣h1 +

ρ′

ρ

∣
∣
∣
∣

p

;r
)
> 0, (3.27)

that is, (3.14) holds. Similarly, (3.22) implies that (3.15) holds. By Theorem 3.4. Equation
(1.1) is oscillatory. This completes the proof. �

If p = 2 and A(x)= I , then (1.1) reduces to the linear equation

Δu+ p(x)u= 0. (3.28)

Let ϕ(r)= 1/(ωrN−1), then g(r)= 1/N . We have the following corollaries.

Corollary 3.7. Let α < 1. If

lim
r→∞

∫ r

1
sαΘ0(s)ds=∞, (3.29)
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where

Θ0(r)= 1
ωrN−1

∫

Sr
p(x)dσ − N(N − 1)2

2r2
. (3.30)

Then (3.28) is oscillatory.

Proof. Note that Θ(r) = Θ0(r). Let ρ(r) = rα, it is easy to show that all conditions of
Theorem 3.1 are satisfied. Thus (3.28) is oscillatory. �

Let

H(r,s)= (r− s)α, ρ(s)≡ 1 for r ≥ s≥ 1, (3.31)

where α > 1. Similar to the proof of Corollary 3.6, we can prove the following corollary.

Corollary 3.8. Let α > 1 be a constant. If for all l ≥ 1

limsup
r→∞

1
rα−1

∫ r

l
(s− l)αΘ0(s)ds >

α2

2(α− 1)
, (3.32)

limsup
r→∞

1
rα−1

∫ r

l
(r− s)αΘ0(s)ds >

α2

2(α− 1)
, (3.33)

where Θ0(r) is as in Corollary 3.7. Then (3.28) is oscillatory.

Finally, we give two examples to illustrate our results. To the best our knowledge, no
previous criteria for oscillation can be applied to these examples.

Example 3.9. Consider the equation

div
(
A(x)‖Du‖p−2Du)+ 1+ k sin‖x‖

‖x‖ |u|p−2u= 0, ‖x‖ ≥ 1, (3.34)

where p ≥ 2, N = 2, A(x)= diag(‖x‖,‖x‖), k ∈R, λ(r)= 2−q/2r1−q.
Let ϕ(r)= 1/(ωr), then

g(r)= p2−p/2−1, Θ(r)= 1+ k sinr
r

− 1
pp

23/2p−1r1−p. (3.35)

Let ρ(r) = 1. It is easy to show that all conditions of Theorem 3.1 are satisfied, hence
(3.34) is oscillatory.

Example 3.10. Consider the equation

Δu+
γ

‖x‖2 u= 0, ‖x‖ ≥ 1, (3.36)

where N = 2, and

p(x)= γ

|x|2 , γ >
3
2
, Θ0(r)= γ− 1

r2
. (3.37)
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Note that for α > 1 and all l ≥ 1

limsup
r→∞

1
rα−1

∫ r

l
(s− l)αΘ0(s)ds= γ− 1

α− 1
. (3.38)

For any γ > 3/2, there exists α > 1 such that (γ− 1)/(α− 1) > α2/(α− 1). This means that
(3.32) holds. By [2, Lemma 3.1], (3.33) holds for the same α. Applying Corollary 3.8, we
find that (3.36) is oscillatory for γ > 3/2.
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