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Oscillation criteria for PDE with p-Laplacian div(A(x)||DullP~2Du) + p(x)|ul?~2u =0
are obtained via Riccati inequality. Some of them are extensions of the results for the
second-order linear ODE to this equation.
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1. Introduction

In this paper, we are interested in obtaining oscillation criteria for the solutions of the
second-order partial differential equation (PDE) with p-Laplacian

div (A(x)[|Dull?~*Du) + p(x)|ul?2u =0 (1.1)

in the exterior domain Q(1) := {x € RN : ||x|| > 1}, where p > 1, x = (x1,...,x5) € RV,
N =2, Du = (0u/dx;,...,0u/dxn), || x| is usual Euclidean norm in RN.

Throughout this paper we will assume that

(A) pe Cﬁ,c(Q(l)), O<wu<1,and p >1 constant,

(Az) A = (A;jj(x))Nxn is a real symmetric positive define matrix function with A;; €

G 01)),ij=1,...,N,and 0 < < 1.
Denote by Amin(x) the smallest eigenvalue of A. We suppose that there is a function
A e C([1,0),RT) such that

min Amin(x)
Ixl=r [|All9

>AMr) forr>1, (1.2)

where ||A|| denotes the norm of the matrix A, that is, ||A]| = [zzzlA%j (x)]V2, and q is
the conjugate number to p, thatis, g = p/(p — 1).
By a solution of (1.1), we mean a function u(x) € CZW(Q(I)) which satisfies (1.1)

loc
almost every on Q(1). We restrict our attention to the nontrivial solution u(x) of (1.1),

that is, to the solution u(x) such that sup,co)tl u(x)|} > 0. A nontrivial solution of (1.1)

Hindawi Publishing Corporation

Journal of Inequalities and Applications
Volume 2006, Article ID 63061, Pages 1-10
DOI 10.1155/J1A/2006/63061


http://dx.doi.org/10.1155/S1025583406630610

2 Riccati inequality and oscillation criteria

is said to be oscillatory if u has zero on Q(a) for every a > 1. Equation (1.1) is said to be
oscillatory if every solution (if any exists) is oscillatory. Conversely, (1.1) is nonoscillatory
if there exists a solution which is not oscillatory.

PDE with p-Laplacian have wide applications in various physical and biological prob-
lems. These equations describe the behavior of the systems whose energetic functional is
of degree p. Further let us mention the equation

div (|[Dul|?~*Du) + Au = 0, (1.3)

which appears in the study of non-Newtonian fluids. (Non-Newtonian fluids are typically
the fluids which are a suspension of particles, deformed by the acting of forces, in liquid.
Most biological fluids, like blood, have this property.) Other relevant applications of the
equations with p-Laplacian are in the glaciology and slow diffusion problems (the flow
through porous media, e.g., a dam filled by rocks). For more examples of applications the
reader is referred to [1] and the references therein.

In the qualitative theory of nonlinear partial differential equation, one of the impor-
tant problems is to determine whether or not solutions of the equation under considera-
tion are oscillatory. For the quasilinear elliptic equation

div (|| DullP~>Du) + p(x)|ul?>u = 0. (1.4)

Recently, taking advantage of the oscillation analysis of the second-order linear ordi-
nary differential equation (see, [3, 5, 6])

(r(t)y' (1) + p(t)y(t) =0, (1.5)

Usami [4], Xu and Xing [7] have established some oscillation criteria for (1.4). In this
paper, we will continue in this direction and study the oscillatory properties of the gen-
eral equation (1.1). By using the generalized Riccati inequality established in Section 2
(Lemma 2.1), we try to extend the results in [2, 5] to (1.1), which include and improve
the results of Usami [4]. We are especially interested in the case where p(x) has a variable
sign on Q(1).

2. Preliminaries

In the sequel, we say that a function H = H(r,s) belongs to a function class €, denoted
by H € ¥, if H € C(D, [0, 0)), where D = {(r,s) : —00 < s < r < oo}, which satisfies

H(r,r)=0, H(r,s)>0 forr>s, (2.1)
and has partial derivatives dH/dr and dH/ds on D such that

oH _ hy(r,s)H(r,s), oH _ —hy(r,s)H(r,s), (2.2)
or os

where hy,h; € Lioc(D, R).
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Let any functions p € C([1,0),R*) and k € C([1, ), R), we take two integral opera-
tors X? and Y7, which are define in [6], in terms of H(r,s) and p(s) as

XP(xr) = JrH(S,T)K(s)p(s)ds, r>71>1,
(2.3)
Y7 (7 J H(r,s)x(s)p(s)ds, r=71>1.

To formulate our results, we will the following notations. For a given function ¢ €
C(R*,R"), we define

GE §A<r>[wrN-lgo<r)]“‘f,
(2.4)

g
o) =9 pdo— g L1

where S, = {x € RN : ||lx|| = r}, do denotes the spherical integral element in RN, and w
represents the surface measure of unit sphere.

In what follows, we will prove three lemmas, which will be useful for establishing os-
cillation criteria for (1.1). The first is modified version of [4, Lemma 1]. The second and
the third are the direct extensions of [2, Lemmas 2.2 and 2.3] to the case of (1.1).

LEMMA 2.1. Let u = u(x) bea nonoscillatory solution of (1.1). For an arbitrary given func-
tion ¢ € C'(R*,R"), then the function Z(r) defined by

2(r) = go(r)J W) -vx)do forr=a>1 (2.5)
S,
satisfies the generalized Riccati inequality
Z'(r) < @(r)—ag N Z(r)|T forr=a, (2.6)

where

| Dul|?~2A(x)Du

Wix) = a2

> (2.7)

and v(x) = x/||x||, ||x|| # 0, denotes the outward unit normal.

Proof. Without loss of generality, we may assume that u = u(x) >0 for ||x|| = a = 1. In
view of (1.1), a directly computation yields that

div W (x) = —p(x) — (p — Du || Dul|?2(Du) T A(x)Du. (2.8)
Since

|W(x)]] < u' P || DullP~| Al (2.9)
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then
| Du||P~2(Du)" A(x)Du

W)l
IA]

q
= /\min(x)”D“Hp = up/\min(x)|: i| = up)‘(”x”)HW(-x)”q

Using Green’s formula in (2.5), observing (2.8) and (2.10), we have

_9'(r)

o(r)
_ ¢
~ ()

7(r) Z(r) + (r) L div W (x)do

200 -9 [ pdo+(p -1 [ W0l fdo .

By Holder’s inequality
' L, W(x) - v(x)do‘ < HS ||v(x)||pd0] UP[L ||W(x)||qda] "

= Lo [ [ Iweolao]

and by Young’s inequality

" Lz
q

21| = 20| 25

’ ¢'(r)
o(r)

Thus, inequality (2.6) follows from (2.11)—(2.13). The proof is complete.

(2.10)

(2.11)

(2.12)

(2.13)

O

LemMA 2.2. Let u = u(x) be a solution of (1.1) such that u(x) # 0 for ||x|| € (a,c]. For
any ¢ € C'([1,00),R"), let Z(r) be defined on (a,c] by (2.5). Then, for any H € ¥ and

p € C([1,00),R"), we have
p [ p |7
Xt (@ LS ;c) < “H(e,a)p(0)Z(c).

p P

Proof. By Lemma 2.1, we have that, for s € (a,¢],
, 1

O(s) < -Z'(s) - ag(s) | Z(s)]%.

Applying the operator X (a<r <o) to(2.15), using (2.1) and (2.2), we find

XP(®;¢) < —H(c,r)p(c)Z(c) +Xf(

m|1z1e) - xt (Lglzine).
p q
According to Young’s inequality

h1+p—
p

]’11+P—
p

1
|1Z| < —g'™F
pg

iz
+ — >
qg

(2.14)

(2.15)

(2.16)

(2.17)



ZhitingXu 5
then, (2.16) can be simplified to
P/

o+t p;c) < —H(e,Np(0)2(0). (2.18)

1
X7 (@ ——gir
o8

Letting r — a* in the above, we obtain (2.14). The proof is complete. O
Similarly as in the proof Lemma 2.2, we have the following lemma.

LemMmA 2.3. Let u = u(x) be a solution of (1.1) such that u(x) + 0 for ||x|| € [¢,b). For
any ¢ € C'([1,00),R"), let Z(r) be defined on [c,b) by (2.5). Then, for any H € ¥ and
p € C([1,0),R"), we have

Yé’(@ _ %gl—f' hy — Z’ 'P;b> < H(b,c)p(c)Z(c). (2.19)

3. Main results

The first theorem presents an oscillation criterion for (1.1) which is an analogue of Wint-
ner’s criterion [5] for (1.5).

THEOREM 3.1. Assume that there exist functions ¢,p € C'([1,0),R") such that

[ e @1 e Fds< s, (1)
Jw p(5)0(s)ds = oo, (3.2)
ng(s)pl_q(s)ds = o0, (3.3)

then (1.1) is oscillatory.
Proof. Let u = u(x) be a nonoscillatory solution of (1.1). Without loss of generality let
us consider that u = u(x) >0 for ||x|| = I for some sufficient large [ > 1. Let Z(r) be well
defined on [/, ) by (2.5), from Lemma 2.1, we have that

Z'(r)+0(r) + ég(r) 1Z()]9<0 forr>1. (3.4)
Multiplying (3.4) by p(s), and integrating both sides of the results on [/, 7], we have

p(r)Z J p(s)O(s)ds+ — J p(s)g(s)| Z(r) |1ds < C, +J p'(s)Z(s)ds, (3.5)
where C, is a constant. Holder’s inequality gives
1—p 1/p r q 1/q
J lp'(s)Z(s) | ds < U 1p' ()P [p(s)g(s)] dS] UI p(s)g(s) | Z(s) | dS]

5 (3.6)
< CzUI p(s)g(s)| Z(s) |qu] ,
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where C; = [ |p'()|P[p(s)g(s)]1~Pds is finite by (3.1). Thus, by (3.5) and (3.6), we have
p(NZ(r)+ Jlrp(s)®(s)ds+ éH(r) _CHM(r) <C forr=], (3.7)

where
H = || po)g9)] 209 "as. (3.8)

Note that for g > 1, the function 1/(2q)H(r) — C;HY4(r) is bounded from below on
[0,00). By (3.2), (3.7) implies that

p(r)Z(r) < —%H(r) for some sufficiently large [, > 1. (3.9
So
1 1
|Z(r)| = ———H(r) forr=>1,. (3.10)
2q p(r)

Thus, we obtain, by (3.10)

1
(29)1

H'(r)=p(r)g(r)| Z(r)|? = g(r)p' " Ur)Hi(r) forr=1,. (3.11)

Dividing the both sides by H4(r) and integrating it, we have

1 g 1 J g
—q — lH (L) = 20y llg(s)p (s)ds, (3.12)
which contradicts (3.3). The proof is complete. O

Remark 3.2. Let ¢(r) = 1, Theorem 3.1 improves in [4, Theorem 4] for (1.4).
The next theorem is an immediate consequence of Lemmas 2.2 and 2.3, which pro-
vides the domain oscillation criteria for (1.1) and extends [2, Corollary 2.1].

THEOREM 3.3. Assume that for some ¢ € (a,b) and for some H € ¥, ¢,p € C'([1,00),R")
such that

’

-2
p

h+‘D—,’P-c>+ ! Y”(@—l -p P-b)>0
1 p > H(b,C) c pg 5 >

(3.13)

L_t(o- Lo
Hia) \%7 58

then every solution u(x) of (1.1) has at least one zero on Q(a,b) = {x € RN :a < ||x|| < b}.

Proof. Equation (3.13) implies that both (2.14) and (2.19) do not hold for the given ¢, and
hence every solution u(x) of (1.1) has at least one zero in Q(a,b). The proof is complete.
O
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THEOREM 3.4. Assume that for some H € ¥, ¢, p € C'([1,00),R") such that for each | > 1

r—o00

P
limsuleP (@—% hy + ‘%' glfp;r> >0, (3.14)

limsup Y/ (@ - %

r—00

p |7
hy — ;' glﬂ”;r> >0, (3.15)

then (1.1) is oscillatory.

Proof. For any T > 1, let a = T. In (3.14), we choose | = a. Then there exists ¢ > a such
that

xg’(@—lglfp‘hﬁ’i/ p;c) >0, (3.16)
P P

In (3.15), we choose [ = c. Then there exists b > ¢ such that

’

Yf(@—lgl’p’hz—lj— p;b) > 0. (3.17)
p p

Combining (3.16) and (3.17), we obtain (3.13). The conclusion thus comes from Theo-
rem 3.3. The proof is complete. O

Let
H(r,s)=(r—s)% p(s)=1 forr=s>1, (3.18)

where a > 1. Theorem 3.4 reduces to following corollary.

CoROLLARY 3.5. Assume that there exist a function ¢ € ([1,0),R) and a constant o > 1
such that for each [ = 1

r—o00

limsup lr [(s— 1e@(s) - “?f(s— l)""f’gl’f’(s)]ds >0,

. o (3.19)
lim sup [(r —5)*O(s)ds — ?(r - s)“*PgI*P(s)]ds >0,
r— 00 l
then (1.1) is oscillatory.
Let
G(r)=| g(s)ds forr=1. (3.20)
1

Then, we have the following.
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COROLLARY 3.6. Let G(o0) = o0 and a > p — 1. Assume that there exists a function ¢ €
C'([1,00),R") such that for each 1 > 1

lmsup W L [G(s) - G(D)]*O(s)ds > p(oc—ai;—kl)’ (3.21)
limsup = | 160) - G0 (0)ds > p(af‘ifm (3.22)
then (1.1) is oscillatory.
Proof. Let
H(r,s) =[G(r)-G(s)]%, p(s)=1 forr=s=>1. (3.23)
Then
i (r,5) = a(r,5) = [ G(r) — G(s)] 'g(s). (3.24)
Noting that
X7 (g“f’ h + r ;r> =af J [G(r) - G()]" Pg(s)ds
p ; , ) (3.25)
= a1 G-I
from (3.21) and (3.25) we have that
lir:ljrp ﬁx{’(@ - %gl_P hy + % P;r)
Lo ap (3.26)
_ mgs;lp{Ga(r) L (G(r) — G()]“O(s)ds m} >0,
It follows that
lirrrisotlef (@ - %gl_P h +% P;r) >0, (3.27)

that is, (3.14) holds. Similarly, (3.22) implies that (3.15) holds. By Theorem 3.4. Equation
(1.1) is oscillatory. This completes the proof. O

If p =2 and A(x) = I, then (1.1) reduces to the linear equation
Au+p(x)u=0. (3.28)

Let ¢(r) = 1/(wrN~1), then g(r) = 1/N. We have the following corollaries.

CorOLLARY 3.7. Leta< 1. If

r

lim | s*@q(s)ds = oo, (3.29)

r—o Jq
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where

N(N —1)?
o (3.30)
Then (3.28) is oscillatory.

Proof. Note that O(r) = @y(r). Let p(r) = r%, it is easy to show that all conditions of
Theorem 3.1 are satisfied. Thus (3.28) is oscillatory. O

Let
H(r,s)=(r—s)% p(s)=1 forr=s=1, (3.31)

where a > 1. Similar to the proof of Corollary 3.6, we can prove the following corollary.
CoROLLARY 3.8. Let a > 1 be a constant. If for all | = 1

2

. I (7 . o

limsup— | (s =D @a(s)ds > 3 5 (3.32)

lim if( —@u(s)ds > (3.33)
r_.s;lp a1 . r—=s ols)as 2(0(—1)’ .

where ®(r) is as in Corollary 3.7. Then (3.28) is oscillatory.

Finally, we give two examples to illustrate our results. To the best our knowledge, no
previous criteria for oscillation can be applied to these examples.

Example 3.9. Consider the equation

1+ ksin ||x]|

lulP~2u=0, |xll=1, (3.34)
B

div (A(x)|Dul|?2Du) +
where p = 2, N =2, A(x) = diag(llx|l, Ix]}), k € R, A(r) = 2792714,
Let ¢(r) = 1/(wr), then

_ 1+ksinr 1

23/2p=1yl=p, 3.35
; I r (3.35)

g(r) = p27P*, O(r)

Let p(r) = 1. It is easy to show that all conditions of Theorem 3.1 are satisfied, hence
(3.34) is oscillatory.

Example 3.10. Consider the equation

Au+ ”xszu:o, lxll = 1, (3.36)

where N = 2, and

_ Y 3 _r-
PO =75 r>y Ol =5 (3.37)
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Note that fora >1andall/ > 1

' -1
timsup = | (s~ D@u(ds = L. (3.38)

For any y > 3/2, there exists a > 1 such that (y — 1)/(a — 1) > a?/(a — 1). This means that
(3.32) holds. By [2, Lemma 3.1], (3.33) holds for the same «. Applying Corollary 3.8, we
find that (3.36) is oscillatory for y > 3/2.
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