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We characterize the pairs of weights (v,w) for which the Hardy-Steklov-type operator
Tf(x)= g(x)f?(%)K(x,y)f(y)dy applies L?(v) into weak-L1(w), g < p, assuming certain
monotonicity conditions on g, s, h, and K.
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1. Introduction

Let us consider the Hardy-Steklov-type operator defined by

h(x)
wa):ﬂx)()K@J&ﬂyMy,.fZQ (1.1)

s(x

where g is a nonnegative measurable function, s and / are continuous and increasing
functions (x < y = s(x) < s(y), h(x) < h(y)) defined on an interval (a,b) such that s(x) <
h(x) for all x € (a,b), and the kernel K (x, y) defined on {(x,y) :x € (a,b) and s(x) < y <
h(x)} satisfies
(i) K(x,y) 2 0,
(ii) it is increasing and continuous in x and decreasing in y,
(iii) K(x,2z) < D[K(x,h(y)) +K(y,z)] for y < x and s(x) < z < h(y), where the con-
stant D > 1 is independent of x, y, and z.

Gogatishvili and Lang [3] characterized the pairs of weights for the strong- and weak-
type (p,q) inequalities for the operator T in the case p < q. Actually, in [3] the au-
thors deal with Banach functions spaces with some extra condition. On the other hand,
Chen and Sinnamon [2] have characterized the weighted strong-type inequality for 1 < p,
q < oo in terms of a normalizing measure. In both papers, they work with more general
functions s, h, and K.
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2 Generalized Hardy operators

The goal of this paper is to characterize the weighted weak-type inequalities in the case
q < p. It is well known that strong-type inequalities for the operator T can be deduced
directly from the corresponding ones for g(x) = 1, but this is not the case when we work
with weak-type inequalities. In [5] it was characterized the weighted weak-type inequality
in the case g < p for the operator T when s = 0, h(x) = x, and K = 1. The result was
obtained for monotone functions g. In fact, in the proof of the result the authors used the
condition

infg(x) = inf g(x) (1.2)

x€E x€(a,B)

for any bounded set E, where « = inf E and f8 = sup E. This property clearly holds if g is
monotone or if there exists x, such that g is increasing in (a,x,] and decreasing in [xo,b).
In our result, we will assume (1.2) and the same condition for the function g(x)K(x, y),
that is, for all y and every bounded set E, C {x:s(x) < y < h(x)},

inf [g(x)K(x,y)] = inf [g(x)K(x, )], (1.3)

x€E, x€(ay,fy)

where «, = infE, and 8, = supE,,.

Examples of Hardy-Steklov-type operators are the modified Riemann-Liouville oper-
ators defined for a >0 and 7 € R as x" [; (x — y)*f(y)dy or the more general version
X1 ff;‘(x —¥)*f(y)dy, with 0 < A < B < 1 and x > 0; the modified logarithmic kernel op-
erators x" [ logﬁ(x/y)f(y)dy, with 8 >0and 7 € R; the Steklov operator T f (x) = ;‘fll fs
and the Riemann-Liouville operators, with general variable limits fs}(’i’)‘) (x=p)*f(y)dy,
with s(x) < h(x) < x. This last operator was studied in [6] in the case —1 < a < 0.

As far as we know, our result is new even for the particular cases T f(x) = g(x) f; K(x,
y)f(y)dy and T f(x) = ff('f;)c)K(x,y)f(y)dy. For this last operator, conditions (1.2) and
(1.3) hold trivially because K(x, y) is increasing in x.

The notation is standard: w(E) denotes the integral [y w; if 1 < p < oo, then p” denotes
the conjugate exponent of p defined by 1/p +1/p’ = 1, and L?% (w) will denote the space
of measurable functions f such that

I f Nl gyoosw = iupl(w({x: | f(x)] >)L}))1/q < 00, (1.4)
>0

2. Statement and proof of the result
In the next theorem we state the result of this article.

TaEOREM 2.1. Let s and h be increasing continuous functions defined on an interval (a,b)
satisfying s(x) < h(x) for x € (a,b). Let K(x, y) be defined on {(x,y) : x € (a,b) and s(x) <
y < h(x)} satisfying (i), (ii), (iii) and let g be a nonnegative function defined on (a,b) satis-
fring (1.2) and (1.3). Let q, p, and r be such that 0 < g < p, 1< p< oo, and 1/r=1/qg—1/p.
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Let w and v be nonnegative measurable functions defined on (a,b) and (s(a),h(b)), respec-
tively. The following statements are equivalent.
(i) There exists a positive constant C such that

y h(b) Up
[w(lx € (ab): Tf(x) >A])]" < ( fP> 2.1)

s(a)

forall f = 0 and all positive real number A.
(ii) The functions

Oy (x) = sup { inf_ [g(0K (6h(@)] (de) v ( J’:;)) Vl—p') " } (2.2)

where the supremum is taken over all the numbers<c, ¢, and d suchthata <t <c<x<d<b
and s(d) < h(c) and

®z(x)=sup{<t€ig’fd)g(t)><J'd )UP(J’ K (¢, y)v' P ( )d;;)vp}, (2.3)

where the supremum is taken over all the numbers c and d such thata <c<x<d < b and
s(d) < h(c), belong to L™ (w).

Let us observe that if g = 1, we get that ®; < @,. Then, in this case, the weighted
weak-type inequality (i) is equivalent to ®, € L (w). On the other hand, if K = 1, then
®; = @, and we recover [1, Theorem 1.9].

To prove the theorem we will use the following lemma (see [1, Lemma 1.4] for the
proof).

LemMA 2.2. Let a and b be real numbers such that a < b. Let s,h : (a,b) — R be increas-
ing and continuous functions such that s(x) < h(x) for all x € (a,b). Let {(a;,b;)}; be the
connected components of the open set QO = {x € (a,b) : s(x) < h(x)}. Then
(a) (s(a;),h(b;j)) N (s(ai),h(bi)) = @ forall j +1i, ‘
(b) for every j there exists a (finite or infinite) sequence {my } of real numbers such that:
(i) a; < mi < miﬂ <b; forallk and j;
(i) (aj,bj) = Uk(mk,mLrl ) a.e. for all j;
(i) s(my,,) < h(m}) for all k and j and s(m}.,,) = h(m}) ifa; < m} < m],, <b;.
Proof of Theorem 2.1. (i)=(ii). First, we will prove that ®; € L"®(w), that is, we will
prove that

supA[w({x € (a,b) : 1 (x) > A} ] < . (2.4)
A>0

Let A >0and S) = {x € (a,b) : D, (x) > A}. For every z € S there exist ¢;, ¢, and d;, with
a<¢,<c,<z<d, <bsuchthats(d,) <h(c,) and

A< inf [g(t)K(t,h(zz))](Jdlw)l/p(Jh(CZ)vl-P’)W. (2.5)

te(czdz) [ s(dy,)



4 Generalized Hardy operators

Let J{ C S) be a compact set. Then there exist (¢;,,dz, ),. .., (s dz, ) which cover K. We may

assume without loss of generality that Z?:l){(czj,dzj) < 2 (eode ) Let f : (s(a),h(b)) —
j= Zj) Zj

R defined by

1/p
k VP (Y)X(std, he, ) ()
f=12+ N T B
= (infrete ) [8OK (h(E)] i) v'F)

(2.6)

If z € (¢;;,dz,), then (s(d;),h(c;;)) C (s(2),h(z)) and since K(z,y) is decreasing in y, we
get that

he.)) W)
Tf(2) = ¢(2) L(d | K@y f(dy = g@K (=h(e,)) L(d Cfdy=1 @)

Therefore, U?ZI(czj,dzj) C{x e (a,b): Tf(x) = 1}. Applying the weighted weak-type in-
equality and (2.5) we obtain

h(z:;) , a’p
k fs(dz.J) Vlip
w=<C Z ! -
USL (cz; e, = [ _ he) | \P
j=1(Czj>dz; j=1 (1nft€(czj,dzj) [g(l‘)K(t,h(CZj))] L(dzj) pl=p )
q/p
g 1
=C Z _
. _ h(c,.) APl
j=tinfree, d.) [g(t)K(t,h(cz,-))]"’(L(dzjg Vi) (2.8)
k d. q/p
C ( J’ 2 )
< — Z w
X e,
ST
MU )

Zj

The last inequality implies that A(f;; w)"" < C for any compact set X C S) which implies
(2.4). The proof of (2.4) for the function @, follows in a similar way applying (i) to the
function

p
£ K2 (2 y)v 2 (9)X(st e ) ()
fo=12- —— e 2 (29)
j=1 (mfte(czj,dzj)g(t) JS(dzJJ) KP (¢, )V (t)dt)
(ii)=(1). Let {aN}%_, and {bN}5_, be sequences in (a,b) such that
lim aV = a, lim &N = b. (2.10)

N—-o N—-oo
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In order to prove (i) it will suffice to show that
N N c
w({xe (a",b ):Tf(x)>/1})sm (2.11)

for all nonnegative function f bounded with compact support such that fs}f,(ﬁ) fPv=1
and with a constant C independent of N, A, and f.

Let us fix N € N. Observe thatif Oy = {x € (a¥,bN): Tf(x) >A} and U = {x € (a,b) :
D, (x) < A" Dy (x) <A77}, then

w(0)) = w(OyNU) +w({x € (a,b): D;(x) >A7"})

+w({x € (a,b) : Dy(x) >197})

r

(2.12)

r

||(D1||r,oo;w ||(D2||r,oo,;w
A4 pxi

<w(OynU)+

Therefore, the implication will be proved if we establish that w(Oy N U) < C/)A1. Let

(aj,b;) and {mi} be the sequences given by the lemma for the set Qy = {x € (aV,b"):
s(x) < h(x)}. Then, for fixed j,

w(OANUN (aj,b;)) = > w(Oyn U N (mhymi, ). (2.13)
k

Ifx € (mi,miﬂ), since s(miﬂ) < h(mi), we get that

s(mi.) h(m})
Tf) =g [ K[y | Ky f()dy
o (2.14)
h(x)
+g(x) L( ) K, ) f(y)dy = le,kf(x) + T]?)kf(x) + T;,kf(x).
my
It is clear that
w(Oy N UN (m),ml.))) <w(E") +w(E2) +w(E), (2.15)
where Ef = {x € (mi,miﬂ) NU: Tf)kf(x) >A/3},€=1,2,3.
First, notice that the property (iii) of the kernel K implies
K(x,y) < D[K (x,h(m])) +K (m, y)] (2.16)

forx € (mi,m£+1) and y € (s(miﬂ),h(m{;)).
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In order to estimate w(E") let us observe that

s(ml,)

T} () = DgK k() [ 7

X

. (2.17)
S(mkﬂ) .
+Dg(x) [ K(mly) f(y)dy = DT} f(x) + DT} )
s(x
Then, w(E') < w(EM) + w(E"), where
EM = {xe(mk,mkH)OU T‘,ff x)>—} £=1,2. (2.18)
Let us select an increasing sequence {x;};, x; € (m{;,m{; +1)> such that xg = mi and
J»S(Vniﬂ) J‘S(Xi)
= : (2.19)
s(xi) f s(xi-1) f

Let E/'' = EM A (x;,%:11), & = infE}"', and B} = supE}"". If /"' # @, let t € E'. Using
the property of the sequence {x;}; we have

s(xiv2)

A j J'
6D 4g( ) (t)h(mk)) s(x,ﬂ) f (2'20)
Now, by using (1.3) and Holder inequality we get
A . s(xiv2) A VP psxin) 1/p
— <4 inf [g(t)K(t,h(mi))](J vl’P) (J fpv) . (2.21)

6D te(al,Bh) (xir1) s(xis1)

Now, multiplying by (ff{l w)VP and using the inequalities s(B}) < s(xi+1) and s(xi2) <

s(miﬂ) < h(mi) we get that

A B! /p s(xis2) s(xi+2) 1/p
@(J w) s4<1>1(x)(J ff’v> <4w(j fpv) , (2.22)
of ( (

N X;+1 N Xx+1
. L1 . . .
where x is any element of E;*'; and summing up in i we obtain

C (s mkﬂ)

wiEM) <

va. (2.23)

To estimate w(E"?), we select an increasing sequence {z;};, z; € (mi, mi +1) such that zp =
mj, and

s(my ) . s(zi) )
L : K(mp,y) f(y)dy = L )K(mi,y)f(y)dy- (2.24)
NV S(Zi—1
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As before, let E* = EM2 N (2j,zi1), & = infE}*, and 7 = supE;”. If E]* # @, then
Holder inequality and (1.2) give

2 s(zie2) o Ly Up" , rs(ziva) . 1/p
— <4 inf t (J K? (my,t)v'~ tdt) (J v) . 2.25
6D re(a%ﬁ%)gu s(zinn) (o) “ s(zin) / (2:23)

Notice that s(87) < s(zi+1), m{( < a2, and s(zjy2) < s(m{;H) < h(mi) < h(a?). Then multi-

plying by (folj; w) VP both members of the above inequality we get

) B p s(zir2) 1/p s(ziv2) 1/p
@(JZ w) s4®2(x)<J fpv> s4/\q/r<f fpv) , (2.26)

a; s(ziv1) s(zis1)

where x is any element of E}**. Now, summing up in i and putting together with (2.23)
we obtain

o C ) ,
w(E') < i ol [P (2.27)

To estimate w(E?) we proceed in a similar way. In fact, by using (2.16) we get that

. (h(m))
T2, f(x) = Dg(x)K (x,h(m])) me Sy
, o (2.28)
hm) j 2,1 2,2
+Dg(x) [ K(ml,y) fy)dy = DT f(x) + DTH f (),

S(miﬂ)

which implies that w(E?) < w(E>!) + w(E>?), where the sets E>, £ = 1,2 are defined as
the sets E¢ with szf f instead of T]l,f f. Now, the estimates of w(E*!) and w(E>?) follow
as in the previous cases obtaining

s _ C (e
w(E%) < — ) V. 2.29
(B) = S(mi“)f (2.29)

Actually, the estimations are easier because we do not need to split the sets E>. For the
estimation of w(E?) let us define the function

hix)
Hx) = L(  K()f()dy. (2.30)

my

Since h is continuous and K is continuous in the first variable, we may select a decreasing
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sequence {x;}; in (mi,miﬂ) such that xg = karl and H(x;) = fh(x’ K(x,, »fydy =
(D+ 1)‘iH(m{;+1).We claim that

h(xis3) h(xis2)
H(x;) < (D+1)* <K(xi+2)h(xi+3)) Jh( j f(y)dy+L( K(xi+z,y)f(y)dy>.

my, Xit3

(2.31)
In fact, first notice that
h(xiy2)
He) = (D417 [ K (i) f()dy

‘ (2.32)

h(xi+3) h(xis2)
:(D+1)2[I , K(x,-+2,y)f(y)dy+Jh )K(xi+2,y)f(y)dy].

h(mi) Xit+3

Now, applying property (iii) of K we get that

h(xis3) h(xit3)
H(x;) <D(D+1)* |:K(xi+2)h(xi+3)) Jh(m)) fy)dy+ Jh(mj) K(xi+3)}’)f()’)d)’:|
h(xis2)
+(D+1)ZJ K (xit2,y) f(y)dy

h(xi+3) (233)

h(xit3) h(xit2)
<(D+1)° [K(xi+2,h(xi+3)) Jh(mj) f(y)dy+ L( ) K(xi+z,y)f(y)dy]

Xit+3

D
— H(x;
oA,

and the claim follows. Now, we have

w(E®) < > [w(EP) +w(E?)], (2.34)
i=0
where
- ’ h(xis3) p A
E” = 3x € (xir1,x1) N U : g(x)K (xis2,h(xis3)) L’(mb fy)dy > 6D+ 1) |’
(2.35)
32 U h(xi+z)K p 1
E" = 9x € (xit1,x) N -g(X)LZ » (xis2,y) f(y)dy > 6D+ |
Working as in previous cases we have
32 C mk+1)
> w(E") < fP. (2.36)

=0 ;)
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In order to estimate >, W(E3’1) we will apply the ideas of [4, Lemma 1]. Let {u;} be the
decreasing sequence in (m{c,mk +1) defined by u; = m{c 4+ and

Jh(us =2 Jmk“ (2.37)

h(my,)

and let {u,} be the subsequence of {u.} defined by uy = uy and if [ul,,ul) N {x;} = &
then we delete the term ul,; of {u}. Let E¥' = {J;1n,, wn=xncuy B @ = inf E>!, and
ﬁn = supﬁ,}l. If u} = U1 < Xiy3 < Uy, by the construction of the sequences we get that
Xiy3 < up and Uy < Uy, then

(xi43) h(”;rl) h(tpi1)
L ey f< 4J f (2.38)

(mk) h(mk h(“;ﬂ) h(uns2)

Let us assume that E>! # @&, By the above inequalities and the monotonicity of K we have
forall t € E}',

h(uy) h(tns1)

f< 4g(t)K(t,h(un+1))I £ (239

h(un+2)

6(D/\T)4 < 4g(t)K(t,h(xi+3))I

Ugy)

Now, multiplying by (fgn " w)VP, applying Hélder inequality, and using that s(ﬁn) <h(uus2)
we get that

2 Jﬁn Vp W)\ VP ¥ M) VP
— w <40(x (J v) <4 qr(J v) R 2.40
6(D+1)* ( & ) 1x) (1) f (un12) f ( )

where x is any point in E}!. Then

D> w(E") =2 2. w(E>")

i>0 n {i>0: Uy <Xip3<tin}
N3 i
<> w(E") < ZI& w (2.41)
n n n
h(ttsr) h(ml,,)
< < zj ' Py < < _k 1 v
A Thunen) A9 i)

Putting together the estimations of w(E!), w(E?), and w(E?) we have

C mk+1

i
w(OrnU N (my,my,,)) < 2 o

fPv. (2.42)
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Summing up in k in the above inequality and by (2.13) we get that

C h(bj)
w(OrnUnN (aj,bj)) <+ fPv. (2.43)
Al s(aj)

Keeping in mind the lemma and summing up in j we obtain the desired inequality. [
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