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We establish L? estimates for certain class of maximal functions with kernels in L9(S"~1).
As a consequence of such L? estimates, we obtain the L? boundedness of our maximal
functions when their kernels are in L(logL)"?(S""!) or in the block space Bg"l/z(S”‘l),
q > 1. Several applications of our results are also presented.
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1. Introduction and statement of results

Let R", n > 2, be the n-dimensional Euclidean space and let S"~! be the unit sphere in
R" equipped with the normalized Lebesgue measure do. For nonzero y € R”, we will let
y" = ly|~1y. Let Q be an integrable function on $"~! that is homogeneous of degree zero
on R" and satisfies the cancelation property

SnilQ(y')da(y')zo. (1.1)
Consider the maximal function Jlqg,
Mo(H@) =sup | [ fx= Iyl h(1y)00dy, (1.2)
heU "

where U is the class of all h € L2(Ry,r " 'dr) with [|hll 2w, r-1dr) < 1.

The operator JMq was introduced by Chen and Lin [7]. They showed that Jlq is
bounded on L?(R") for all p >2n/(2n — 1) provided that Q € €(S"!). Recently, we
have been able to show that the LP(R") boundedness of .Ilq still holds for all p = 2 if
the condition Q € €(S"!) is replaced by the more natural and weaker condition Q €
L(logL)V?(S"~1) [2]. Moreover, we showed that if the condition Q € L(logL)V?($"1) is
replaced by any condition in the form Q € L(logL)"(S"~!) for some r < 1/2, then Jlq
might fail to be bounded on L?.
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On the other hand, when Q lies in B>~/2(§"~1), s > 1, which is a special class of block
spaces Bg’“(S”‘l) (see Section 5 for the definition), we were able to show that Jlq is
bounded on L? for all p = 2 [3]. Moreover, we showed that the condition Q €
BY~12(§"71), s > 1 is nearly optimal in the sense that the exponent —1/2 cannot be re-
placed by any smaller number for the L? boundedness of Jlq to hold. We remark here
that block spaces have been introduced by Jiang and Lu to improve previously obtained
L? boundedness results for singular integrals [7]. It should be noted here that the relation
between the spaces B> ~"2(S"~!) and L(logL)"?(S"~") is unknown.

However, it is known that L(S""!) is properly contained in L(logL)"?(S""!) n
B%~V2(§"-1) for all q, s > 1. Moreover, it is not hard to see that every Q in
L(logL)V?(S"~1)u B%~12(§"~1) can be written as an infinite sum of functions in L4(S"~1).
This gives rise to the question whether the results pertaining the L? boundedness of Jilq in
[2, 3] can be obtained via certain corresponding L? estimates with kernels in L9(S"~1). Tt
is one of our main goals in this paper to consider such problem. It should be pointed out
here that a positive solution for this problem will not only make life easier when dealing
with kernels in L(logL)"?(8"~!) or B»~/2(§"~1), but also will pave the way for extending
several results that are known when kernels are in L9(S"~1).

Our work in this paper will be mainly concerned with the following general class of
maximal functions:

Ma,p(f)(x) = sup
heU

[ e r = iy mtiyhao)dy |, (13)

where P: R"” — R is a real-valued polynomial.

Clearly, if P(y) = 0, then Jq,p = Mq. For the significance of considering integral op-
erators with oscillating kernels, we refer the readers to consult [1, 4, 11, 16, 19, 22-24],
among others.

Our result concerning L? estimates with kernels in L9(S"~!) is the following theorem.

THEOREM 1.1. Let Q € L1(S"" 1), q > 1, be a homogeneous function of degree zero on R"
with [|Qll; < 1. Let P: R" — R be a real-valued polynomial of degree d. Let Mq,p be given
by (1.3). Then

Map(fll, < {1+1og" (e+11Qllg)} Cpqll £l (1.4)

for all p = 2, where Cp g = (2/4/(2V4 — 1))C,. Here 1/q' = 1 — 1/q and C, is a constant
that may depend on the degree of the polynomial P but it is independent of the function Q,
the index q, and the coefficients of the polynomial P.

We remark here that the constant C, 4 in Theorem 1.1 satisfies C, 4, — 00 as g — 1%.
That is, the constant C, 4 diverges when g tends to 1. This behavior of C,, is natural
since, by [2, Theorem B(b)], the special operator Jlg = Jlq is not bounded on L? if the
function Q is assumed to satisfy only the sole condition that Q € L'($"7!) (i.e., g = 1).

By a suitable decomposition of the function Q) and an application of Theorem 1.1, we
prove the following theorem which is a proper extension of the corresponding result in
[2].
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TueoreM 1.2. Suppose that Q € L(log" L)V*(8"!) satisfying (1.1). Let P: R" — R be a
real-valued polynomial. Then Mq,p is bounded on LP(R") for all p > 2 with LP bounds
independent of the coefficients of the polynomial P.

We should point out here that an alternative proof of Theorem 1.2 can be obtained
by observing that C, 4, = C,/(q — 1), where C, 4 is the constant in Theorem 1.1, and then
using a Yano-type extrapolation technique [27].

By another suitable application of Theorem 1.1, we will prove the following extension
of [3, Theorem 1.2].

TueOREM 1.3. Suppose that Q € BY~V2(S"1), q > 1, satisfying (1.1). Let P: R" — R be
a real-valued polynomial. Then Mq,p is bounded on LP(R") for all p = 2 with LP bounds
independent of the coefficients of the polynomial P.

As an immediate consequence of Theorem 1.1 and the observation that

| Tapn()X) | < IAll2®, r1anMap(f)(x), (1.5)

we obtain the following result concerning oscillatory singular integrals.

Tueorem 1.4. Let Q € L1(S"7), g > 1, be a homogeneous function of degree zero on R"
with |Qll; < 1. Let P: R" — R be a real-valued polynomial of degree d and let h €
L*(Ry,r7Ydr). Then the oscillatory singular integral operator Mq,p;

Topn(f)(x)=p- VJW "0 flx = y)lyIh(IyDQ(y)dy (1.6)
satisfies
I Tapn(HIl, < {1 +1og"” (e + 1Q1q) }Ihll 2, 1) Cpgll £ (1.7)

for all p =2, where C, 4 = (2V4/(2"4 —1))C,. Here 1/q' = 1 —1/q and C, is a constant
that may depend on the degree of the polynomial P but it is independent of the function Q,
the index q, and the coefficients of the polynomial P.

By Theorem 1.4, we obtain the following two results.

CororLARry 1.5. Let Q € L(logL)2(S""') be a homogeneous function of degree zero on
R" and satisfies (1.1). Let P : R" — R be a real-valued polynomial of degree d and let h €
L*(Ry,r~Ydr). Then the oscillatory singular integral operator Mq,p;

Tapn(f)(x)=p- VJW PO fx =y IRy QG )dy (1.8)

is bounded on L? for all p > 2 with LP bounds that may depend on the degree of the polyno-
mial P but they are independent of the coefficients of the polynomial P.

CoROLLARY 1.6. Let Q € Bg””z(S”’l), s> 1, be a homogeneous function of degree zero
on R" and satisfies (1.1). Let P: R" — R be a real-valued polynomial of degree d and let
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h € L?(Ry,r~'dr). Then the oscillatory singular integral operator M, p;

Tapp(f)(x) =p- vfw P fx =yl h(1yDQy )dy (1.9)
is bounded on L? for all p = 2 with LP bounds that may depend on the degree of the polyno-
mial P but they are independent of the coefficients of the polynomial P.

Further applications of the results stated above will be presented in Section 6.
Throughout this paper, the letter C will stand for a constant that may vary at each
occurrence, but it is independent of the essential variables.
2. Preliminary estimates

We start by recalling the following result in [10].

LeEmMMA 2.1 (see [10]). Let P = (Py,...,P4) be a polynomial mapping from R" into R
Suppose that Q € L'(S"~1) and

Mo f (x) = sup [ fe=2) [y Q") [dy. (2.1)

jez J2i<|yl<2i"!

Then for 1 < p < oo, there exist a constant C, >0 independent of Q) and the coefficients of
Pi,..., Py such that

||MQ,@f||p < CollQllsmnll £l (2.2)

for every f € LP(R?).

LemMA 2.2 (van der Corput [26]). Suppose ¢ is real valued and smooth in (a,b), and that
|¢®)(t)| = 1 for all t € (a,b). Then the inequality

b
J e MOy (t)dt| < C|A|7VF (2.3)

a

holds when
(1) k=2, or
(ii) k = 1 and ¢' is monotonic.
The bound Cy. is independent of a, b, ¢, and A.

LeEmMA 2.3. Let Q € L1(S" 1), q > 1, be a homogeneous function of degree zero on R" with
QU < 1. Let P(x) = 2.\4/<q AaX® be a real-valued polynomial of degree d > 1 such that
|x|9 is not one of its terms. For k € Z, let Exq : [1,1og(e + [|Q]l4)] x P(S" )X R — C and
let J,o : R" — R be given by

Ek Q(r P(y,) 5) _ 67i[P(zf(kH)log(eHqu)’,yr)+27(k+1)10g(e+HSlHq)v]
22|0g(e+\|QHq)

2 (2.4)
Jeal®) = | d

Q(y")Exa(r,P(y'),E - y")da(y") e

Sn-1
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Then, Ji,q satisfies

—&/q
sup Jia(§) < 204104 log (e + 1|0l { 2. Iaul} ¢ (2.5)
{err la|=d

for some 0 < e < 1, where C is a constant that may depend on the degree of the polynomial P
but it is independent of the function Q, the index q, and the coefficients of the polynomial P.

Proof of Lemma 2.3. First, we notice the following:

Jra(&) <log(e+1Qll4), (2.6)
H2log(e+l|Qllg)

Jka(®)? < 102 ﬂ H Ea(rP(y),€ - y)
(2.7)

x Exo (1, P(2 gz)r’ da(y')do(z').

Next, notice that

P27 7ory" ) +270(E -y )r = P(27%rz") + 2770 (E- 2 )r
. (2.8)
=27 madpd 3 N gy @ — N anZ L4278 - (y' — 2 r + Hi(r,y', 2, €)

la|=d la|=d

with (d9/dr®)H. = 0, where yq = (k+1)log(e+ |Qll4). Thus, by Lemma 2.2, we have

Eea(r,P(y),€ -y ) B (r,P(2),§ - 2) - | < |27 {P(y) - P(2)} | .

‘ 2log(e+lIQllg)
1

(2.9)

Now, by (2.9) and the inequality

<Clog(e+11Qll4), (2.10)

‘ 22lag(e+HQHq)

Era(r,P(y'),&- y')Exa(r,P(z), - Z’)?

1

we obtain

2log(e+lIQllq)

Ul Eeo(r,PO/),E ) Bra (P2, E - 2) )

dr

(2.11)
< |27me (P(y') - P(2)} |~ Cllog e+ 101l } '

Therefore, by (2.7), (2.11), and [12, (3.11)], we obtain

Jea(&) < 2o | QII37 Cllog (e+11Q1l,)} 7. (2.12)
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Hence, by (2.6) and (2.12), we get

Jr.(£) < 2rea/dloger|0l)q’ ||Q||2/10g(ﬁumlq)10g (e+lal,)
(2.13)
< (k+1)/4q' log (e +1|Ql4)C.

This completes the proof. O
Now, we will need the following lemma.

LEMMA 2.4. Let Q € L1(S" 1), q > 1, be a homogeneous function of degree zero on R" with
1Ql; < 1. Then

%
||JM«Q(f)|| 10g1/2 (e+1Qll ){W}Cp\lfﬂp (2.14)

for all p = 2 with constants C,, independent of the function Q and the index q.

We remark here that since L4(S"!) C Llogl/ 2L, it follows from [2, Theorem B(a)] that
I Mall, < 1Q11,C, for all p = 2. But, clearly the constant {1+log"*(e + |Ql4)} in (2.14)
is sharper than the constant [|Q|, that can be deduced from [2, Theorem B(a)]. However,
the former constant can be obtained by following a similar argument as in the proof of
Theorem B(a) in [2] and keeping track of certain constants. For completeness, we, below,
present the main ideas of the proof.

Proof of Lemma 2.4. Choose a collection of €% functions {wi}rez on (0,00) with the
properties sup(wg) < [27108(e+IQI)U+D) H=logletll Q=D 0 < @ < 1, Dpeqwi(u) = 1,
[(d*wr/du)(u)| < Cu~*, where C; is a constant independent of log(e + [|Q]l4). For k € Z,
let Gi be the operator defined by (Gk(f))A(f) = wk(lfl)f(f). Let

2log(e+lIQlq) 2 172
Ej(f)() = (Z | Q)G (f) (x — 2E 1200 ) g ) d) |
kez”! st
(2.15)
Then

< > Ei(f)(x). (2.16)

jez

By exactly the same argument in [2], we obtain
1E/ ()]l = C27FUT log” (e + 1Q114) 1 f 2 (2.17)

On the other hand, by a duality argument; see (3.24)-(3.25) for similar argument, we get
1E;(£)ll, < Clog” (e+ I12lg) I £, (2.18)
for all 2 < p < c0. Thus, by interpolation between (2.17) and (2.18), we have

IE; (], = C27Ui 10g"? (e + Q1) I £, (2.19)
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for some € >0 and forall 2 < p < o0, and j € Z with constant C independent of Q, k, and
j. Hence, (2.14) follows by (2.16) and (2.19). This completes the proof. O

3. Proof of Theorem 1.1

Proof of Theorem 1.1. We will argue by induction on the degree of the polynomial P. If
d = deg(P) = 0, then (1.4) follows easily from Lemma 2.4. In fact, if d = 0, then by duality
it can be easily seen that

Mao,p(f)(x) < Cla(f)(x). (3.1)
Thus, by Lemma 2.4, we have
21/q
Mop (], = jlzl/q/ _17g10g”2 (e+1Q1,)C,llf1,
S o (3.2)
S{zl/q’_l}{1+10g (e‘l'”Q”q)}Cp”f”p
forall p > 2.
Now, if d = 1, that is, P(y) = @ - y for some @ € R", then by (3.2), we have
2 12
Mtas (D, < {57 | H1og" 1011 Cyliglly
N (3.3)

214 12
:{m}{lﬂog (e+ 120} Coll £l

where g(y) = e PV f(y).
Next, assume that (1.4) holds for all polynomials Q of degree less than or equal to
d>1.Let

P(x) = Z AgXx® (3.4)

lal<d+1

be a polynomial of degree d + 1. Then by duality, we have

5 12
rldr> ) (3.5)

Mop(f)(x) = (J: LH Py f(x =1y )da(y")

We may assume that P does not contain |x|9*! as one of its terms. By dilation invari-
ance, we may also assume that

> a] =1 (3.6)

lal=d+1
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We now choose a collection {wg}xez of €% functions defined on (0,0c0) that satisfy the
following properties:

supp (i) < [27loslerliQll)krD) H~logletQU)E-D] 0 < yy < 1,

Z we(u) = (3.7)
kez
Set
0 o0
= > ww),  now) =D w(w). (3.8)
k=—o0 k=1
Then,
Moo (u) +170(u) =1,
(3.9
supp (oo (1)) C [27108€ 1209 00), supp (1o(u)) C (0,1].
Define the operators ¥ p . and Fqpo by
) 2 1/2
Fopelf)(x) = (J ) 1) [0 5 - 1y do(y) r_ldr> )
o~ log(e+IQllq) gn-1
5 12
Fopo()x) = ( j mr) [ P00 = ry)doty) r-ldr) .
(3.10)
Thus, by (3.9), we have
Far(f)(x) = Fapo(f)(x)+Fape(f)lx) (3.11)
Now, we estimate || Fqpollp.
Let
Qx) = > agx™. (3.12)
lal<d
Assume that deg(Q) = [, where 0 < I < d. Define the operators 9’8}}7,0 and Ef’g}Q,O by
1 ) 12
oo = ([} [, € =200 1oty )
(3.13)

12
1dr> )

Now, by the observation that 7o(r) < 1 and by Minkowski’s inequality, we obtain

Paro(/)x) < 0 o(H)x) + Lo f)x (3.14)

1
Foao(N)0 = (J . @00 ry)doty

0
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By induction assumption, it follows that

1/q9
190D, = (1 +log e+ NQIH s [l fl, 1)

forall p > 2.
On the other hand, by Cauchy-Schwarz inequality, by the fact that [|Q]]; < 1, and the
inequality

| (eiP(ry’) _ eiQ(f}")) } < pdtl Z a(x)/,a

la|=d+1

(3.16)

< C(Ma(1f12)"(x)
(3.17)

where Mg, is the operator given by (2.1) with P(y) = y. Thus, by (3.17), by the fact that
Q] <1, and Lemma 2.1, we obtain

196p0(Hll, < Coll £l (3.18)

for all p > 2 with constant C, independent of the function () and the coefficients of the
polynomial P. Therefore, by (3.14), by Minkowski’s inequality, by (3.15), and (3.18), we
obtain

1/q'
Farol £, < 11 +10g" e+ 191} 5 [ ol £l (3.19)

forall p > 2.



10 A unifying approach for certain class of maximal functions

Finally, we prove the L? boundedness of ¥q p . By generalized Minkowski’s inequal-
ity, we can write ¥ p o as

N 5 1/2
Fape(f)lx)= (leog(e+nq) oo (1) LH eip(ry’)Q(yf)f(x —ry)da(y') r—ldr>
T 2 172
k=—c0
0
< D Farei(f)(x)
k=—0o0
(3.20)
where
o~ log(e+l1Qllg)(k-1) 172
Fapek(fx) = (Jl J elP(ry)Q(y')f(x—ry’)d(I( ' ldr> .
9~ log(etlIQllg) (k+1) Sn—1
(3.21)

By Plancherel’s theorem, Fubini’s theorem, and Lemma 2.3, we have

1S 0por(HII; = j @ PIka®)d <264 log (e + Q1) IFI3. (3.22)
Thus,
[Faper(HIl, < 25178 1og"? (e + Q) | 2. (3.23)
Now, for p > 2, choose g € L'?/?" with ||g|l 52y = 1 such that

[Fapei( I

2log(e+11Qllq) 5
J J o Bea(nPOD,0Q0N f (x=27%0ry )do(y) | r~ldr|g(x) | dx
2log(etQllg) J Nd
SJ | f(2)] J J Qiy"| |g(Z+2_yk’“ry')|wdz

< Clog (e + 11) I F112|Mag(2)| sy
(3.24)

where Mg, is the operator given by (2.1) with P(y) = y. Thus, Lemma 2.1 and (3.24)
imply that

1S apek(Hl, <log”* (e+1Q14)ClI £, (3.25)
which when combined with (3.23) implies

1Fap,0k (I, < 2508 Tog! "2 (e + [1Q1l4) Cll £ 1l (3.26)
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where § is a constant that is independent of the essential variables. Thus, by (3.20), (3.26),
and Minkowski’s inequality, we get

1/q'
Fara(Dll, < Clog” (e+ 101 { 52— 1ol £ (3.27)

for all p > 2. Hence, by Minkowski’s inequality, (3.11), (3.19), and (3.27), we obtain (1.4)
for the given polynomial P. This completes the proof. O

4. Proof of results concerning L(logL)"/?(S"!)

Proof of Theorem 1.2. Given Q € L(logL)"?(§""!), then we decompose Q as a sum of
functions in L?(S""!'). More precisely, there exists a sequence {Q,, : m =0,1,2,...} of
functions in L!(S"~ 1) with

Q= i Qu (4.1)
m=0

such that

[ 0ot =0, aull=c  apers),
o (4.2)
[[Qmll.,, <2*"C form=1,2,3,...,

> | Q] < 120 20gryv2(s1)C. (4.3)
m=1

For a detailed proof of the existence of the decomposition (4.1), one might look into
(2, 5].
Now, by (4.1), we have the following:

Mop()(x) < Mayp(£)(x) + D [[Qul], Ma,,p(f)(2). (4.4)
m=1

By Lemma 2.4, we have

Moy p (], = {1+1og" (e+][Qoll,) } Cpll £l (4.5)

forall p = 2.
Next, by observing that

1+1log"? (e+|| Q) < 1+log"? (e+2*") < 4/m (4.6)
for all m = 1, Theorem 1.1 implies that
[, »(f)l], < 4/mC,l £, 47)

for all p > 2 with constant C, independent of m.
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Thus, by Minkowski’s inequality, (4.4), (4.5), (4.7), and (4.2), we obtain

[l Map(HIl, < Coll fll (4.8)

for all p > 2. This completes the proof. O
Proof of Corollary 1.5. By the inequality (1.5) and the decomposition (4.1), we have

| Tapn(£)©)] < | Tauen(HE) |+ D 1|Qull, | Ta,pn(H)]. (4.9)

m=1

Thus, by Theorem 1.4, (4.9), and a similar argument as in the proof of Theorem 1.2, the
proof is complete. O

5. Proof of results concerning block spaces

We start this section by recalling the definition of block spaces introduced by Jiang and
Lu (see [16]).

Definition 5.1. (1) For xj € §" ! and 0 < 6y < 2, the set B(x),6p) = {x’ € $" ' : |x' — x| <
6o} is called a cap on "1,

(2) For 1 < q < o0, a measurable function b is called a g—block on §"~! if b is a function
supported on some cap I = B(xg,6y) with [|b]l1e < |I|~¥4, where |I| = o(I) and 1/q +
1/q" = 1.

(3) Bg’“(S”’l) ={Qel(s"H:Q= Z;Ozl cuby, where each ¢, is a complex number;
each b,, is a g-block supported on a cap I, on S*1: and Mg'“({c#}, 1) = 2;11 | cul(1+
bro(11,])) < 00, where ¢, (£) = [, =" *log"(u™")du if 0 < t < 1 and ¢y, (t) = 0 if ¢ = 1}.

Notice that ¢,,(t) ~ t *log"(t™!) as t — 0 for k >0, v € R, and ¢, (t) ~ log"*" (t71)
as t — 0 for v > —1. Moreover, among many properties of block spaces [17], we cite the
following which are closely related to our work:

By’ C By (g >1),
Bg;“ c B(q);“ (1<q1<q),
L9(s") < BYU(S™!)  (forv>—1), (5.1)

UBg’“(S”’l) ¢ JLr(s™!) foranyv>-—1.
q>1 p>1

Proof of Theorem 1.3. Assume that O € B$~"2(S""1), g > 1. Then

Q= > c.b, (5.2)
u=1
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where each ¢, is a complex number; each b, is a g-block supported on a cap I, on §"°!;
and

[

MO 1/2 CM} I} z <1+10g1/2(|1,4|_1))<00. (5.3)

Without loss of generality, we may assume that |I,| < 1. For each y, let

B (x) = b(x) —J bu(wdu (5.4)
gn-1
Then, it follows that
||BH||45C|I|71/Q’> 1Ball; < C. (5.5)

By the decomposition (5.3), we have

Mop(f)(x) < 2 el My, p()(). (5.6)

u=1

Thus, by Minkowski’s inequality, (5.5), and Theorem 1.1, we have

Mtas(Pll, < Cp S Ll {1+10g” e+ 11701

u=1
. 1/2 -1 (5.7)
<Cpg 2 leul (1+10g" (12,17) )11,
u=1
< Cogllflp
for all p = 2, where the last inequality follows by (5.3). This completes the proof. O

A proof of Corollary 1.6 can be obtained by a similar argument as in the proof of
Corollary 1.5. We omit the details.
6. Further applications

This section is devoted to present some results that follow by applying our results in
Section 1.

Parametric Marcinkiewicz integral operators. The parametric Marcinkiewicz integral op-
erator related to the operator Jlq,p is defined by
12
) , (6.1)

#?1,pf(x)=<J 2*PtJ ePw
—o0 |yl<2t

where p is a positive real number. Clearly, when P = 0, the operator uf, = ‘ufm is the well-
known parametric Marcinkiewicz integral operator introduced by Hérmander [15].
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Now, it is straightforward to see that

W pf(x) < Clp)Map f(x). (6.2)

Therefore, by (6.2), Theorem 1.1, and the decompositions (4.1) and (5.2), we can easily
obtain the following theorem.

THEOREM 6.1. Suppose that p >0 and that Q € L(logL)?(S""') satisfying (1.1). Then
the parametric Marcinkiewicz integral operator ‘uflp is bounded on LP for all p > 2 with LP
bounds that may depend on the degree of the polynomial P but they are independent of the
function Q and the coefficients of the polynomial P.

THEOREM 6.2. Suppose that p >0 and that Q € BY~V2(8"1), g > 1, satisfying (1.1). Then
the parametric Marcinkiewicz integral operator g, p is bounded on L? for all p > 2 with L?
bounds that may depend on the degree of the polynomial P but they are independent of the
function Q and the coefficients of the polynomial P.

We remark here that by specializing to the case P = 0 and p = 1, the resulting operator
Yo = ,ulQ,O is the classical Marcinkiewicz integral operator introduced by Stein [25]. Thus,
Theorems 6.1 and 6.2 generalize as well as improve the result in (see [25]). Furthermore,
Theorems 6.1 and 6.2 generalize the corresponding results in [2, 3, 8]. For more back-
ground information and related results about Marcinkiewicz integral operators, we refer
the readers to consult [6, 8, 15, 25], and the references therein.

Morrey spaces. In [20], Mizuhara introduced the following generalized Morrey spaces.

Definition 6.3. Let ¢ : (0,00) — (0,00) be an increasing function that satisfies ¢(2r) <
D¢(r) for any r > 0, where D is a constant independent of r. Let 1 < p < co. A locally
integrable function f € LP¢ if

[ 1rPde< crgin) (63)
B, (x(,)

for all x € R” and r > 0, where B, (xp) is the ball with center xy and radius r.

It is worth pointing out here that Morrey spaces have been used to study several prob-
lems in harmonic analysis, such as studying the local behavior of solutions to second-
order elliptic partial differential equations and measuring the regularity of the solution
to an elliptic second-order equation with discontinuous coefficients; see [13, 21], and
references therein.

By Theorem 1.1, the decompositions (4.1) and (5.2), and following a similar argument
as in the proof of Theorem 5 in [13], we obtain the following theorem.

THEOREM 6.4. Suppose that Q € L(log"L)2(S"" 1) u BY~V2(8"1), g > 1, satisfying (1.1).
Let P: R" — R be a real-valued polynomial. Then Mq,p is bounded on LP¢(R") for all p > 2
with LP bounds independent of the coefficients of the polynomial P.

Hence, by (6.2) and Theorem 6.4, we obtain that the operator yg)P is bounded on
LP¢(R") for all p > 2 with L? bounds independent of the coefficients of the polynomial
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P. Moreover, by (1.5) and Theorem 6.4, it follows that the operator T p, is bounded on
LP¢ forall 1 < p< oo and h € L*(Ry,r~dr).

L? estimates with radial weights. The results in this paper can be easily extended to the
radial weights setting introduced by Duoandikoetxea [9]. In order to state our weighted
LP estimates, we recall the definition of the radial weights [9, 13].

Definition 6.5. Suppose that w(t) > 0 and w € L}, (R*). For 1< p< o, w € Ap(RY) if
there is a constant C > 0 such that for any interval I < R™,

<|1|-1J w(t)dt) (|1|-1J w(t)-V(P-Udt) <C<o. (6.4)
T i
If there is a constant C > 0 such that

w*(t) < Cw(t) forae.te R, (6.5)

where w* is the Hardy-Littlewood maximal function of w on R, then w € A;(R*).

We let Ep([R*) be the class of functions w that can be written as follows: w(x) =
vi(Ix)v2(1x])' =P, where either v; € A;(R*) is decreasing or v; € A;(R"), i = 1,2. Also,
for 1 < p < oo, we let

Ap(RY) = {w(x) = w(lx]) : w(t) >0, w(t) € L, (R"), w*(t) € Ap(R)} (6.6)

and let Aﬁ,([R”) be the weighted class defined by using all n-dimensional intervals with
sides parallel to coordinate axes. The weighted L? space LP(R",w(x)dx) associated to the
weight w is defined to be the class of all measurable functions f with || f1lzr() < oo, where

1/p
Il = (| 17601 0wdx) (67)

It is known that A,(R") < KP(HV); see [13]. Moreover, if w(t) € A,(R"), then w(|x|) is
in Muckenhoupt weighted class A,(R") whose definition can be found in [14].

By the same argument in this paper with minor modifications, it can be easily shown
that the weighted version of all L? estimates obtained in this paper holds. In particular,
we have the following theorem.

THEOREM 6.6. Suppose that p >0 and that Q € L(log" L)"2(S"" 1) u By V(8" g >1,
satisfying (1.1). Let P : R" — R be a real-valued polynomial. If w € Kp/z N Aé/z, 2<p<oo,
then the operators Ma,p and uf, p are bounded on LF(w) with LP bounds independent of the
coefficients of the polynomial P.

A special class of radial weights that have received a considerable amount of attention
is the class of power weights |x|*. For background information and related results on
power weights, we refer the readers to consult [9, 13], among others. By the observation
that |x|* € Kp/z N A;/z ifa € (—1,p/2 — 1), it follows from Theorem 6.6 that the following
holds.
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COROLLARY 6.7. Suppose that p >0 and that Q € L(log" L)"?(S"~ 1) U By V(8" 1), g > 1,
satisfying (1.1). Let P : R" — R be a real-valued polynomial. Then the operators Mq,p and
‘uap are bounded on LP(|x|*) if « € (—1, p/2 — 1) with LP(|x|%) bounds independent of the
coefficients of the polynomial P.
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