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We consider subdivisions of a convex body G in two subsets E and G \ E. We obtain several
inequalities comparing the relative volume: (1) with the minimum relative inradius, (2)
with the maximum relative inradius, (3) with the minimum relative width, and (4) with
the maximum relative width. In each case, we obtain the best upper and lower estimates
for subdivisions determined by general hypersurfaces and by hyperplanes.
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reproduction in any medium, provided the original work is properly cited.

1. Introduction

Let G be an open bounded convex set. Let us consider subdivisions of G in two connected
subsets E and G\ E in such a way that the relative boundary (JE N G) is a connected
topological hypersurface.

Relative geometric inequalities compare functionals that give information about the
geometry of the subdivision; we call these functionals relative geometric measures.

This kind of inequalities provides either lower or upper estimates of the ratio between
appropriate powers of two of those relative geometric measures. In case that these upper
(or lower) estimates exist, we call the sets for which the equality sign is attained maximiz-
ers (or minimizers).

The oldest relative geometric inequalities that were investigated are the so-called rel-
ative isoperimetric inequalities. They provide upper estimates of the ratio between ap-
propriate powers of the relative volume (the minimum between the volume of E and the
volume of its complement) and the relative perimeter (the length of the relative bound-
ary). Many results about relative isoperimetric inequalities are included in [3, 5].

Recently some results have been obtained by comparing the relative perimeter and the
minimum relative diameter (the minimum between the diameter of E and the diameter of
its complement) for subdivisions of planar convex sets (see [2]), and the relative volume
with the maximal and the minimal relative diameters (see [1]).
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2 Comparing some relative geometric measures

The aim of this paper is to study relative geometric inequalities concerning the relative
volume, the relative inradius, and the relative width of a subset of a convex body. We
define these notions in the following way.

Let G be an open bounded convex set in R” and E C G a subset of G such that E
as well as G\ E are connected, have nonempty interior, and their relative boundary is a
connected topological hypersurface.

The inradius p(K) of a convex body K is the greatest value for which there is a ball B
with radius p(K) contained in K.

The minimal width w(K) of a convex body K is the shortest distance between pairs of
parallel supporting hyperplanes.

(i) The relative volume is the minimum between the volume of E and the volume of
its complement

V(E,G) = min {V(E), V(G\ E)}. (1.1)

(i1) The minimum relative inradius is the minimum between the inradius of E and
the inradius of its complement

pu(E,G) = min{p(E), p(G\ E)}. (12)

(iii) The maximum relative inradius is the maximum between the inradius of E and
the inradius of its complement

pu(E,G) = max {p(E), p(G\ E)}. (1.3)

(iv) The minimum relative width is the minimum between the width of E and the
width of its complement

w,(E,G) = min{w(E), w(G\ E)}. (1.4)

(v) The maximum relative width is the maximum between the width of E and the
width of its complement

wp(E,G) = max{w(E), w(G\ E)}. (1.5)
We are going to obtain global upper and lower estimates of the ratios

V(E,G) V(E,G) V(E,G) V(E,G)
pm(E,G)"’ pm(E,G)"’ wm(E,G)"’ wym(E,G)"’

(1.6)

We consider divisions by general hypersurfaces, but due to their interest—in the cases
in which the estimates are different—we also consider divisions by hyperplanes.

2. Relative geometric inequalities concerning the relative volume and the minimum
relative inradius of a subset of an open bounded convex set

The aim of this section is maximizing and minimizing the ratio between the relative vol-
ume and the nth-power of the minimum relative inradius of a subset of an open bounded
convex set.
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ProrosiTioN 2.1. Let G be an open bounded convex set in R" and E a subset of G such that
E and G\ E are connected. Then there is no upper bound for the ratio

V(E,G)

p—m(E,G)”' (2.1)

Proof. Let G be the n-dimensional unit hypercube. We consider a sequence {II;} of hy-
perplanes parallel to one of the facets, where x; = 1/i is the distance from IT; to the nearest
facet of G parallel to it, i > 2 (Figure 2.1).

Then,

lim V(Ei’G)nzlim Y . (2.2)

i~ p (B, G)" i~ (x;/2)" 0

ProrosITION 2.2. Let G be an open bounded convex set in R" and E a subset of G obtained
by dividing G by a general hypersurface such that E and G\ E are connected. Then,

V(E,G) - 2

pm(E,G)" ~ T(n/2+1) (2.3)

The equality is attained when the hypersurface is the boundary of the inball.

Proof. Let G be an open bounded convex set and let E be a subset of G obtained by
dividing G by a general hypersurface. If we consider the inball B of E, this ball has the
same inradius as E and less volume, so

V(EG) _ V(BG _ "

Pm(E,G)n - Pm(B,G)” - I(n/2+1) (2.4)

O

ProrosITION 2.3. Let G be an open bounded convex set in R" and E a subset of G obtained
by a hyperplane cut. Then,

V(E, G) - n.n/Z ﬂ(nfl)/Z

pm(E,G)* = 2T(m/2+1)  T((n-1)/2+1) (2.5)

where the equality is attained, for instance, for the optimal set described in Figure 2.2.
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Proof. (1) Suppose that p,,,(E,G) = p(E) and V(E,G) = V(E).

Let E be a subset of G obtained by dividing G with a hyperplane IT such that p,,,(E, G) =
p(E). Let Bg be an inball of E and let B;\g be an inball of G\ E. Let x be the center of
Bg\g. Let B be a ball with center xy and radius p(E). Then B C Bg\g. We consider C the
convex hull of Bg U B. By the convexity of G, C C G. Then IT divides C into two subsets E’
and C\ E’ such that p,,(E’,C) = p,(E,G) and V(E',C) = V(E') < V(E,G) (Figure 2.3).
So,

V(E,G) - V(E',C)
Pm(E>G)n B Pm(El,C)n.

(2.6)

The boundary of C consists of two half spheres and a piece of cylinder. Let II" be a
hyperplane tangent to By and spanned by all the normal vectors to the cylindrical hyper-
surface which bounds C. Then IT" divides C into two subsets E”” and C \ E”” both of them
with the same inradius p,,(E, G), and such that V(E”,C) < V(E’,C) (Figure 2.4). So,

V(E',C) - V(E',C) = na"? N g(n=172
pm(E, O = pu(E”,C)r  2T(n/2+1)  T((n—1)/2+1)

(2.7)

The example in Figure 2.2 shows that this is the best possible lower bound.

(2) Suppose that p,,(E,G) = p(E) and V(E,G) = V(G \ E).

In this case we can translate the hyperplane IT obtaining a new subset E’ such that
V(E',G) = V(G\E') < V(G\E) = V(E,G) and p,(E',G) = p(E') = p(G\ E') = p(E) =
pm(E,G) (Figure 2.5). Then we stay in the previous case and so,

V(E,G) - V(E',G) - "2 . (=172
pm(E,G)" ~ pu(E,G)" = 2T(n/2+1)  T((n—1)/2+1)"

(2.8)
]
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3. Relative geometric inequalities concerning the relative volume and the maximum
relative inradius of a subset of an open bounded convex set

Now we are going to study the problem of maximizing and minimizing the ratio between
the relative volume and the nth-power of the maximum relative inradius of a subset of an
open bounded convex set.

ProrosiTioN 3.1. Let G be an open bounded convex set in R" and E a subset of G such that
E and G\ E are connected. Then there is no upper bound for the ratio

V(E,G)
—_— 3.1
pM(Ea G)n ( )
Proof. Let G be aboxin R"” with edge lengths x1,x,,...,x,, such thatx; = - -+ = x,_1, X, =

x1/2. We consider a division into two subsets of equal volume by a hyperplane parallel to
a facet which contains the edge of length x;,.
Then,

V(E,G) (xl)n_lxn/z _4"x,

_ " , 3.2
(BEGY ~ (/)" 2m 3.2)
If we fix x;, when x,, — o, we have
lim L BG g, A (3.3)

xnaooPM(E,G)n Xn— 2.x1
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Figure 3.1

ProrosiTioN 3.2. Let G be an open bounded convex set in R" and E a subset of G such that
E and G\ E are connected. Then, the ratio V(E,G)/pu(E,G)" is obviously nonnegative and
it is possible to find subdivisions of G for which this ratio is as small as required.

Proof. We consider a sequence {II;} of hyperplanes intersecting G which determines a
sequence {E;} of subsets of G such that V(E;,G) — 0 and py(E;,G) — p(G) when i — co
(Figure 3.1). Then,

VUEG) -, (34)

O

lim
i~ pyr(Ei, G)

4. Relative geometric inequalities concerning the relative volume and the minimum
relative width of a subset of an open bounded convex set

In this section we replace the inradius by another geometric functional, the minimal
width, which for the sake of simplicity we will call the width, and we are going to compare
the ratio between the relative volume and the nth-power of the minimum relative width
of a subset of an open bounded convex set.

ProrosiTiON 4.1. Let G be an open bounded convex set in R" and E a subset of G such that
E and G\ E are connected. Then there is no upper bound for the ratio

V(E,G)

wn(B.G)"" (4.1)

The proof of this result follows from Proposition 2.1 (the counterexample considered
in the proof is a centrally symmetric convex body so that the relative width equals twice
the relative inradius).

ProrosiTiON 4.2. Let G be an open bounded convex set in R" and E a subset of G such
that E and G \ E are connected. Then one can always find subsets E of G for which the ratio
V(E,G)/ww(E,G)" is as small as it is required.

Proof. Without loss of generality we can suppose that 0 € G. Let {E;}cn be a sequence of
subsets of G such that E; = (1 — 1/i)G, where i > 2 (Figure 4.1).
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Then, for i sufficiently large, V(E;,G) = V(G \ E;) and w,,(E;,G) = w(E;). So, when
i — oo we have that V(E;,G) — 0 and w,,(E;, G) — w(G). Hence,

V(EG) 0
| 7= =0. 4.2
R an(E,G) @(G) "

To prove the next proposition we need the following result.
THEOREM 4.3 (see [4]). Let G be a bounded planar convex set and let A(G) be the area of
G, then,

w(G)?
\/§ b

A(G) = (4.3)

where the equality sign is attained if G is an equilateral triangle.

PROPOSITION 4.4. Let G be an open bounded convex set in R? and E a subset of G obtained
by dividing G with a straight line segment. Then,

AEG) _ 1
on(EGR = 3 (4.4)

Proof. We first assume that A(E,G) = A(E) and w,,(E,G) = w(E). Then, as the subset E
is a bounded convex set, applying Theorem 4.3, we obtain

A(E) = wffg)z or equivalently ﬁ((EE))z > % (4.5)
Hence,
AEG) _AB) _ 1
wn(E,G)?  w(E)? ~ /3 (4.6)

If A(E,G) = A(E) and w,(E,G) = w(G \ E), we translate the straight line segment
that divides G towards the half-plane containing E until we obtain a new subdivision
{E',G\ E'} such that A(E',G) = A(E') < A(E) and w,(E',G) = w(E') = w(G\ E). O

This proof cannot be extended to higher dimensions because Pal’s problem is still open
for n > 3.
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5. Relative geometric inequalities concerning the relative volume and the maximum
relative width of a subset of an open bounded convex set

Finally, we will maximize and minimize the ratio between the relative volume and the
nth-power of the maximum relative width of a subset of an open bounded convex set.
Using the same arguments as in Propositions 3.1 and 3.2, we can state the following.

ProposiTioN 5.1. Let G be an open bounded convex set in R" and E a subset of G such that
E and G\ E are connected. Then there is no upper bound for the ratio

V(E,G)

won(E.G)"" (5.1)

ProrosITION 5.2. Let G be an open bounded convex set in R" and E a subset of G such that
E and G\ E are connected. Then the ratio V(E,G)/wn(E, G)" is obviously nonnegative and
it is possible to find subdivisions of G for which this ratio is as small as required.
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