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pretation, we know the best possibility of those inequalities.
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1. Introduction
In 1965, L. Keng Hua discovered the following inequality.
TaeoreM 1.1 [2]. If§,A >0 and x1,...,x, € R, then

S—ix 2+Aix'2>ﬁ. (1.1)
a7 S A
In (1.1), the equality holds if and only if x; = - - - = x, = §/(A +n).

This inequality played an important role in number theory and has been generalized
in several directions [1, 3-6]. One of its generalizations states the following.

TaeoreM 1.2 [5, Corollary 2.7]. Let X be a real or complex normed space with dual X*,
and suppose p,q >1and 1/p+1/q=1.If5,A >0, x € X, and f € X*, then

p-1
18- f P+ AP 1P > (ﬁw) 5. (1.2)

In (1.2), the equality holds if and only if f(x) = || f x|l and ||x|l = &Il flT71/(A+ || f1|9).

In this paper, we give a new interpretation of the inequality (1.2) and consider whether
the coefficients A?~! and (A/(A+ || f1|7))?~! are best possible. For this purpose, we divide
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both sides of (1.2) by (\/(A+ [ f117))?~18?, and then replace x/8 by x. Thus we obtain a
replica of Theorem 1.2.

TaeoreM 1.3. Let X be a real or complex normed space with dual X*, and suppose p,q > 1
and 1/p+1/q=1.1IfA>0,x € X, and f € X*, then

<A+|/|1f“q)p—l | 1 _f(x) |P+ (A_'_ ||f||q)P*1||x||P > 1. (13)

In (1.3), the equality holds if and only if f(x) = || f |l llx|l and l|x|| = | fI[97Y/A+ | f1|9).

Clearly, Theorems 1.2 and 1.3 are equivalent. So, we turn our attention to Theorem 1.3,
which is more convenient for us. Put

Q={([1-fx)],lxl) :x € X}. (1.4)
Then Q is a subset of Rt x R™, where R™ = {s € R:s > 0}. Moreover, we have
Qc {(s,t) eRT xR :s+ fll t =1}, (1.5)

because [1 — f(x)|+ [ fllllxll = 1—|f(x)[+ I fllllx]l| = 1 forall x € X. While the inequal-
ity (1.3) has the form

asP +btP =1 V(s,t) €Q, (1.6)

where a and b are nonnegative constants. If we know all the nonnegative constants a and
b such that (1.6) holds, then we may determine whether the coefficients (A + || f[|9)/1)P~!
and (A+ || f1|9)P~1 in (1.3) are best possible.

2. General theory

Let k and ¢ be positive numbers. Let Q be an index set such that
Qc{(st) eR* xR :ks+ 0t > 1}. (2.1)
For such an index set Q2 and any p >0, we consider the domain
D(p;Q) = {(a,b) e R* X R* :as? + bt? > 1 V(s,t) € Q}. (2.2)
We wish to identify the domain D(p; Q).
We first consider the case p > 1. We define a function hjx ¢ on the open interval (k?, «)
by

Pa

W (a > kp), (23)

hp,k,f(a) =
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where g is the number satisfying 1/p + 1/g = 1. It is easily seen that the function h, ¢ is
decreasing and strictly convex, and that the graph of b = h, x ¢(a) has the asymptotic lines
a = kP and b = €P. Next, we put

Sk, ) = {(s,t) e R* X RY 1 ks+ £t = 1}. (2.4)

In other words, S(k,#) is the line segment connecting two points (1/k,0) and (0,1/¢).
Also, we write Q for the closure of Q in the Euclidean plane R X R.

THEOREM 2.1. Let k and € be positive numbers and let Q) be an index set such that Q C
{(s,1) € R X R* : ks + €t = 1}. Suppose that p > 1 and 1/p+1/q = 1. Then the following
assertions hold.

(1) If a > kP, then

asf +hpre(a)tf =1 V(s,t) € Q. (2.5)

In (2.5), the equality holds if and only if (s,t) = (k/a)d™!,(a?™! — k1)/€a971) € Q.
This attaining point (s,t) lies on the line segment S(k, €).

(ii) D(p;Q) O {(a,b) € R* xR* :a>kP, b= hyre(a)}.

(iii) If S(k, &) C Q, then

D(p;Q) = {(a,b) e R* xR :a > kP, b= hpye(a)}. (2.6)

The formula (2.6) says that when a > k? and b = h, x ¢(a), the pair (a,b) is one of the
best possible constants such that (1.6) holds.

Before proving Theorem 2.1, we make some remarks on the domains which appear in
(ii) and (iii). Evidently, the domain D(p;()) has the property that

(a,$) eD(p;Q), az=a, b=p = (a,b) € D(p;Q). (2.7)
Next, for each (s,t) € S(k,£), we put

L(pss,t) = {(a,b) e RX R:as? +bt? =1},
(2.8)
A(ps;s,t) = {(a,b) e RX R :asP +bt? > 1}.

In the ab-plane, L(p;s,t) denotes a straight line, and A(p;s,t) denotes the closed upper
half plane whose boundary is the line L(p;s,t), while the domain {(a,b) € R* xR*:a >
kP, b = hpre(a)} consists of the points above or on the curve b = h, . ¢(a) (a > k). These
domains have a relation in the following sense.

LemMA 2.2. For positive numbers k and ¢, the following assertions hold.
(i) If £ is a family of the lines {L(p;s,t) : (s,t) € S(k,£)}, then the envelope of £ is given
by b =hyke(a) (a>kP).

(ii) {(a,b) € R* X R* :a> kP, b= hypp(a)} = Nspeske Apssb).
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Proof. (i) Since S(k,€) = {(s,(1 —ks)/€) : 0 < s < 1/k}, the family of lines & is represented
by

s\ P

spa-f—(l eks) b=1 (0&5%). (2.9)

We here remark that each line of & has no singular point. Now, put
— p
Flab) = sta+ 115y (2.10)

Then

oF _ pk(1 — ks)P~!

e = psplg_ £ T

o (a,b,s) = pst™a 7 b. (2.11)

Consider the simultaneous equations F(a,b,s) = 0 and (dF/0ds)(a,b,s) = 0. If 0 < s < 1/k,
then the equation (dF/0s)(a,b,s) = 0 yields

ppsp—1
=———a, 2.12
b= ks 1 (2.12)
and so the equation F(a,b,s) = 0 becomes
1 —
sPa+sP*1Tksa—1 =0, (2.13)

or, equivalently, a = k/sP~!, which implies b = €7/(1 — ks)P~!. Let us delete the letter s in
the resulting equations

p
a=i, b= ¢ (

1
1 m 0<S<*). (214)

k
Since the former equation yields s = (k/a)q™!, the latter equation becomes

b= z = ta = hpke(a) (2.15)
I R ) :

Also, 0 < s < 1/k if and only if a = k/sP~! > kP. Thus the envelope of £ is given by b =
hpke(a) (a>kP).

(ii) Visualize the domains {(a,b) € R* X R* :a > kP, b= h,y(a)} and A(p;s,t) for
(s,t) € S(k, ), in the ab-plane. Next, note that the first domain is strictly convex set. Then
we can see (ii) directly from (i). O

We are now in a position to prove Theorem 2.1.

Proof of Theorem 2.1. (i) Suppose & > kP and 8 = hye(a). To see (2.5), we show that
asP + BtP > 1 for all (s, 1) € Q. Choose (s,t) € Q arbitrarily. Then we have ks + €t > 1. So,
we can easily find the point (o,7) in S(k,€) such that ¢ < sand 7 < t. By Lemma 2.2(ii),
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we have

(ap) € {(a,b) ER* xR :a>kP, b=hpre(a)} = (] Alpss,t) C Alpso,1).
(s1)eS(k0)
(2.16)

Hence ao? + 7P > 1. Thus we have
aslP + BtP = ag? + prf > 1, (2.17)

which was to be proved for (2.5).

Let us check the equality condition of (2.5). Suppose that as? + StP = 1 for some
(s,t) € Q. Then two inequalities in (2.17) become the equalities. Hence (s,t) = (0,7) €
S(k,2) and ao? + 1P = 1. The last equation means that the point (a, 3) lies on the straight
line

oPa+1Pb=1, (2.18)

which is a member L(p;0,7) of £. Also, the point (a, ) lies on the graph of b = h, . ¢(a)
(a > kP), because « > kP and f = hyxe(a). Here we recall from Lemma 2.2(i) that the
curve b = hyie(a) (a > kP) is the envelope of . These facts and the strict convexity of
hy ke imply that the line (2.18) is tangent to the graph of b = h x ¢(a) (a > k) at the point
(a,8). Let us find this tangent line. Since a routine computation shows that h"D,k,e(a) =
—k9€P/(a?"! — k)P, the desired tangent line is formulated as

Pa kiep
b - (“Q*l B kq)p—l == ((Xq_l _ kq)P (a - “)) (219)
that is,
q q-1 _ jq)?
(g) a+ %b=l. (2.20)

Since this denotes the line (2.18), we have

- p
ob = (E)q’ P = M’ (2_21)

lo4 0P

and so 0 = (k/a)?"!, T = (a4! — k1)/€a?~'. Thus we obtain (s,t) = (c0,7) € S(k,£) and
(s,1) = ((k/a)T71, (ad7 ! — k9)/€a71).
Conversely, if (s,£) = ((k/a)1™!,(a7"! — k1)/€a?7"), then

ta (a7 - ka)?
(aq—l _kq)P*1 P a4

N
asP +hyre(a)t? = a(;) +
(2.22)

q q-1 _ J4q
k a k _1,

T gl ad1

which is the equality in (2.5).
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(ii) By (i), we see that if « > k? and 8 = h,x,(a), then (a, ) € D(p,Q2). Hence (ii)
follows immediately from the property (2.7).

(iii) By (ii), it suffices to show that D(p; Q) C {(a,b) € R* x R* :a > kP, b= h,y,(a)}.
Pick (a,8) € D(p; Q). For each (s,t) € S(k,£), there exists a sequence {(s,,#,)} in Q such
that s, — s and ¢, — t, because S(k,¢) C Q. Noting that (a,8) € D(p;Q) and (s, t,) € Q,
we have as,? + t,? > 1. Letting n — oo, we obtain as? + f§t? > 1. Hence (a, ) € A(p;s,1).
Since this holds for all (s,t) € S(k,£), it follows that (a,3) € s eske) Alpss,t). Hence
Lemma 2.2(ii) shows that («,) € {(a,b) € R* X R" :a > kP, b = h,xe(a)}. Thus (iii) is
proved. g

Next, we consider the case 0 < p < 1.

THEOREM 2.3. Let k and € be positive numbers and let Q) be an index set such that Q C
{(s,1) € R* X R* : ks + €t = 1}. Suppose that 0 < p < 1. Then the following assertions hold.
(i) The inequality kPsP + €PtP > 1 holds for all (s,t) € Q. If 0 < p < 1, then the equality
holds if and only if (s,t) = (1/k,0) or (0,1/¢).
(ii) D(p; Q) D {(a,b) e R* X R* :a = kP, b = ¢€P}.
(iii) If (1/k,0) and (0,1/€) belong to Q, then D(p; Q) = {(a,b) € R* x R* :a > k?, b >
ery.

Proof. (i) Since the case p = 1 is trivial, we assume that 0 < p < 1. For any (s,t) € Q,
we have ks, €t > 0 and ks + €t > 1. By Minkowski’s inequality, we obtain kPs? + €PtF > 1.
Also, an easy consideration implies that the equality holds precisely when (ks, €t) = (1,0)
or (0,1), namely (s,t) = (1/k,0) or (0,1/¢).

(ii) The inequality in (i) implies (k?,£€P) € D(p;€)). Hence (ii) follows from (2.7).

(iii) By (ii), it suffices to show that D(p; Q) C {(a,b) € R* x R*:a > kP, b > ¢P}. Pick
(a,8) € D(p;Q2). We must show that & > kP and = €7. Since (1/k,0) € Q, we can find
the sequence {(s;,#,)} in Q such that s, — 1/k and #, — 0. Noting that (&, 5) € D(p; Q)
and (s,,t,) € Q, we see that as,? + t,? > 1. Letting n — oo, we have a/k? > 1, namely
« > kP. Similarly, we obtain 8 > €. Thus we proved (iii). O

We close the general theory with the opposite inequalities obtained similarly.

THEOREM 2.4. Let k and € be positive numbers and let Q' be an index set such that Q) C
{(s,t) e R* X R* : ks + €t < 1}. Suppose that 0< p <1 and 1/p+1/q = 1. Put

D'(p;Q) = {(a,b) e R* xR* :as? +bt? <1 V(s,t) € Q'}. (2.23)

Define hyke(a) = €7 (1 — kia'~1)'? for 0 < a < kP. Then the following assertions hold.

(i) If 0 < a < kP, then asP + hyxe(a)t? <1 for all (s,t) € Q. Here, the equality holds if
and only if (s,t) = ((a/k)'79,(1 — k1a'~1)/€) € ). This attaining point (s,t) lies on
the line segment S(k,£).

(i) D'(p; Q') D {(a,b) e R* x R* :a< kP, b < hpre(a)}.

(i) If S(k,€) C &, then D' (p; Q') = {(a,b) € R* X R :a < kP, b < hpye(a)}.
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THEOREM 2.5. Let k and € be positive numbers and let Q' be an index set such that Q' C
{(s,1) € R* X R* : ks + €t < 1}. Suppose that p > 1. Define the domain D’ (p; Q") by (2.23).
Then the following assertions hold.
(i) The inequality kPsP + €PtP < 1 holds for all (s,t) € Q'. If p > 1, then the equality
holds if and only if (s,t) = (1/k,0) or (0,1/¢).

(ii) D'(p; Q') D {(a,b) e R* X R* :a < kP, b < £P}.
(iii) If (1/k,0) and (0,1/€) belong to O, then D' (p;Q)) = {(a,b) € R* X R* : a < k?,
b<ery.

3. The best possibility of Hua type inequality

We now return to Theorem 1.3. We give a new proof of Theorem 1.3 by using Theorem
2.1.

Proof of Theorem 1.3. 1f f is a zero functional on X, then the statements of Theorem 1.3
are trivial. So, we assume that f is nonzero. Set k = 1 and € = || f||. Then k,£€ > 0. Put
Q={(1-fx)],lIxll):x € X}. As we saw in Section 1, we have Q C {(s,) € R* x R*:
ks+ ¢t = 1}. Since p > 1, it follows from Theorem 2.1(i) that if a > k? = 1, then

asf +hpre(a)tf =21 V(st) € Q. (3.1)

n (3.1), the equality holds if and only if s = (1/a)7 ! and t = (a?"! — 1)/|| fla?" .
Note that ((A+ [| f1]9)/A)P~! > 1. We now take a = ((A+ || f111)/1)?~L. Then

RS
(A1 flla)a) - )P

Hence, in this case, (3.1) becomes (1.3). Also, the equality condition is

A+ fl19)P" (3.2)

hp,k,é’(a)

_ __ A _ (@+Nf9A) -1 dfle!
=f@l=hme W= aariana - s Y
Here the latter equation yields
1= f@ = 1= [ fea] = 1= Il =1 - A (.4)

A+Ifle = A+l

and so the former equation says that the two inequalities above are the equalities. This im-
pliesthat 0 < f(x) < land |f(x)| = [ fIl llx]l. Hence f(x) = || f |l lIx[l. Thus if the equality
holds in (1.3), then f(x) = || Il [Ix[l and llx|l = | f|971/(A+ || f1|9). The converse is easily
checked by a simple computation.

Next, we show that

S(k,£) C Q in the above setting. (3.5)

Pick (o,7) € S(k,€) arbitrarily. Then ko + €7 = 1, namely, o + || fllT = 1. Noting that
£l =sup{lf(e)l:e€ X, llell =1}, we can find a sequence {e,,} in X such that |le,|| = 1,
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f(ex) =0 and f(e,) — Il fIl. Put x, = te, for n = 1,2,..., and consider the sequence
{01 = f(x)l, Ix411)} in Q. Then we have

1= fxa) [ —of < [1=f(xa) — 0]
= [1-7f(en) = (1= lIfl7) | =] f(ea) = I fII| — O

as n — oo. Also, ||x,ll = 7lle,ll = 7. Hence (|1 — f(x,)l, llxall) — (0,7). Thus we conclude
that (0,7) € Q, and (3.5) was proved.

Once we have established (3.5), we can apply Theorem 2.1(iii) in the setting of
Theorem 1.3. Thus we conclude that the pair of coefficients

((W)Pl,(A+||f||q)P‘l> (3.7)

is one of the best pairs of nonnegative constants (a,b) such thata|l — f(x)|? + bl|x||? = 1
for all x € X. In this sense, we can say that the inequality (1.3) is best possible. Moreover,
we know the best possibility of the inequalities (1.1) and (1.2), because Theorem 1.2 is
equivalent to Theorem 1.1 and Theorem 1.3 is a special case of Theorem 1.2. O

(3.6)
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