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1. Introduction

Tsumura and Young treated the interpolation functions of the Bernoulli and Euler
polynomials in [1, 2]. Kim and Simsek studied on p-adic interpolation functions of these
numbers and polynomials [3-48]. In [49], Carlitz originally constructed g-Bernoulli numbers
and polynomials. Many authors studied these numbers and polynomials [4, 28, 38, 41,
50]. After that, twisted (h, gq)-Bernoulli and Euler numbers(polynomials) were studied by
several authors [1-32, 32-65]. In [62], Whashington constructed one-variable p-adic-L-
function which interpolates generalized classical Bernoulli numbers at negative integers.
Fox introduced the two-variable p-adi L-functions [53]. Young defined p-adic integral
representation for the two-variable p-adic L-functions [64]. Furthermore, Kim constructed
the two-variable p-adic g-L-function, which is interpolation function of the generalized
g-Bernoulli polynomials [8]. This function is the g-extension of the two-variable p-adic
L-function. Kim constructed g-extension of the generalized formula for two-variable of
Diamond and Ferrero and Greenberg formula for two-variable p-adic L-function in the terms
of the p-adic gamma and log-gamma functions [8]. Kim and Rim introduced twisted g-Euler
numbers and polynomials associated with basic twisted g-Z-functions [28]. Also, Jang et al.
investigated the p-adic analogue twisted g-¢-function, which interpolates generalized twisted
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g-Euler numbers E, ;. attached to Dirichlet’s character y [55]. Kim et al. have studied
two-variable p-adic L-functions, which interpolate the generalized Bernoulli polynomials at
negative integers. In this paper, we will construct two-variale p-adic twisted Euler (h, g)-
L-functions. This functions interpolation functions of the generalized twisted (h, q)-Euler
polynomials.

Let p be a fixed odd prime number. Throughout this paper Z, Z,, Q, and C, will
respectively denote the ring of rational integers, the ring of p-adic rational integers, the field
of p-adic rational numbers and the completion of the algebraic closure of Q,. Let v, be the
normalized exponential valuation of C, such that |p|, = p®) = p~'. If s € C, then |q| < 1.
If g € C,, we normally assume |1 — g, < p~/®"D) 5o that ¢* = exp(logq) for |x|, < 1.
Throughout this paper we use the following notations (cf. [1-32, 3248, 50, 51, 54-65]):

1-g° 1- (—g)*
R e (1)

Hence, lim, _, 1 [x] g=% for any x with |x|, < 1in the present p-adic case.
For d a fixed positive integer with (p,d) =1, set

Z,
X=X4=lim ———, X1 =2y,
N dpNZ ’
X* = U (a+dpZy,), (1.2)
O<a<dp,
(ap)=1

a+dpNZ,={xeX|x=a(mod dpV)},

where a € Z satisfies the condition 0 < a < dp". The distribution is defined by

.”q(a +deZP) = [dZN] : (13)
q

We say that f is uniformly differential function at a point a € Z,, and we write f €
UD(Zy), if the difference quotients, F¢(x,y) = (f(x) — f(y))/(x — y) have a limit f'(a) as
(x,y) — (a,a).

For f € UD(Zy), the p-adic invariant g-integral on Z, is defined as [4, 18]

pN-1
P = [ f@dp 0 = Jim 3 fog (14

[P N q x=0
The fermionic p-adic g-measures on Z, is defined as (cf. [14-16, 18, 22, 28])

pg(a+dpNz,) = [c(l;z’)] , (1.5)
-
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for f € UD(Zy). For f € UD(Z,), the ferminoic p-adic invariant g-integral on Z, is defined
as

pN-1
I4(f) = | f()dpg(x) = lim > f@a)*, (16)

— 00 [pN]_q =0

which has a sense as we see readily that the limit is convergent. For f € LID(Z,,, (Cp), we note
that (cf. [14, 16, 18, 22, 28])

[ st = [ e, (17)
z, X

From the fermionic invariant integral on Z,, we derive the following integral equation
(cf. [14, 35]):

I1(f1) + La(f) = 2£(0), (1.8)
where fi(x) = f(x +1).

2. Twisted (h, g)-Euler Numbers and Polynomials

In this section, we will treat some properties of twisted (h, g)-Euler numbers and polynomials
associated with p-adic invariant integral on Z,. From now on, we take h € Z and q € C, with
lg 1], < p~1/®=D). Let C,» be the space of primitive p"th root of unity,

Cpr = {w € Cpn | " =1}, (2.1)
Then, we denote
T, = lim Cpr = ( JCpr. (2.2)
n— oo n>0

Hence T, is a p-adic locally constant space. For ¢ € T,, we denote by ¢; : Z, — C, defined by
Pe(x) = ¢%, the locally constant function. If we take f(x) = ¢*e*, then we have (cf. [35])

E.:= f x"&¢"dp_q(x). (2.3)

Zy

By induction in (1.8), Kim constructed the following useful identity (cf. [14, 28]):

n-1
Ly(fa) + (CD)" () = 225" f(0), (2.4)

=0
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wheren € N, f, = f(x +n). From (2.4), if n is odd, then we have
n-1
Li(fa) + 11(f) =2 3 D f(O). (2.5)
2=0

If we replace n by d (= odd) into (2.5), we obtain

d-1

Ly (fa) + 11 (f) =2, (D°F (D). (2.6)

=0

Let ¢ € T,. Let x be a Dirichlet’s character of conductor d, which d is any multiple of p
with p =1 (mod 2). By substituting f(x) = y(x)é*e™ into (2.6), we have

Li(x(x)¢*e) = i E"rérx%n;' (2.7)
n=0 :

Remark 2.1. In complex case, the generating function of the Euler numbers E,;  is given by
(cf. [28])

230 (D) (0l & g .
Zdedt 41 - Z Eﬂlé/xar |t < I (2.8)

By using Taylor series of ¥, then we can define the generalized twisted Euler numbers E,,;
attached to y as follows (cf. [55]):

Eusy = [ £ x(dp1(x) 29)
b'e
In [8], (h, g9)-Euler numbers were defined by

B @) = [ gm0 syl ), 2.10)
ZP

where h € Z and x € Zj,. In particular, if we take x = 0, then Enf’él) (0) = E,(ff;). These numbers
are called (h, g)-Euler numbers.

By using iterative method of p-adic invariant integral on Z, in the sense of fermionic,
we define twisted (h, g)-Euler numbers as follows (cf. [55]):

Epd(x) = IZ q" Y (y)[x + ylidu_g(y). 2.11)
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For h € Z and n € N, we have that (cf. [55])

1+qg & /n P v L
) (x) (1—q)"§ L) (D' T g (2.12)
EOD oy = A8 yahazap®D (XF AN (2.13)
nqs(¥) = 1+4g4 é(_ VA EE g\ g )l '

where d € Nwithd =1 (mod 2).
50 Let F;Z’l) (t,x) be the generating function of Eilhqlg (x) in complex plane as follows (cf.
55]):

P;Z{l)(f,x) =(1+ q)Z(_l)nqhngnet[m-x]q
"0 (2.14)

Let y be the Dirichlet’s character with conductor d € N with d =1 (mod 2). Then the
generalized twisted (h, q)-Euler polynomials attached to y is given by as follows:
ForneZ, =Nu {0},

Epra () = fxx(y)q(h‘”y & x+ylhdp—q(y), (2.15)

where h € Z,d is any multiple of p withp =1 (mod 2) and x € C,,.
Then the distribution relation of the generalized twisted (h, q)-Euler polynomials is
given by as follows (cf. [14]):

(h,1) (x) _ X+ a

1+q § ahagaphl) n
Bl = § o S @D g (5 e 2.16)

3. Two-Variable Twisted (/, g)-Euler-Zeta Function and
(h, g)-L-Function

In this section, we will construct two-variable twisted (h, q)-Euler-zeta function and two-
variable (h, q)-L-function in Complex s-plane. We assume g € C with |g| < 1.

Firstly, we consider twisted g-Euler numbers and polynomials in C as follows (cf.
[55]):

Foi (b2) = (L4 9) X (-1)"g" et
" (3.1)
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where g,x € C,r € Z* = NU {0} and ¢ is rth root of unity. In particular, if we take x = 0,
then we have E, ", 1)(O) Eflh;g. These numbers are called twisted Euler numbers. By using

derivative operator, we have (d/dt VFq:(t, x)|i—o = E(h 1) (x)

From (3.1), we can define Hurwitz-type tw1sted (h q)-Euler-zeta function as follows
(cf. [55]):
—1)kghk ek

(s, x) = (1+ q>z‘

CTor kT, oy

whereqgeC, |g| <1,s€C, he€Zand x € R, 0 < x < 1. Note that if x = 1in (3.2), then we see
that the twisted (h, q)-Euler-zeta function is defined by (cf. [28, 55])

n )kqhkék
()= 1+ 3 VAT g Re(s) > 1. (3.3)
Eq}¢ q “
1
For n € N, we know (cf. [28])
G (-n,x) = EV (). (3.4)

From now on, we will define the two-variable (h, g)-L-functions L(h 1)(s x : x) which
interpolates the generalized (h, g)-Euler polynomials.

Definition 3.1. Let y be the Dirichlet’s character with conductor d with d = 1 (mod2). For
seC,heZandxeR,0< x <1, we define

L(hl)(s,x:x) = (1+q)iM

Eq} [71 N X]Z (35)

By substitutingn = a+jd, d=1 (mod2),1<a<dandn =0,1,2,... into (3.5), then
using (3.2), we have

x(a +]d>( 1) g eidgerid
[a+jd+x]

d o
Ll (s, x: 0)(1+9) Y, >

a=1 j=0 q

(3.6)

- x(a)( 1)%ghags & (~1)idghid
=(l+gq )Z; (415 S+ (a+x)/d)],

1+g
1+ d

Zx(a)( DRIS c?%@( “;’C)[d];

Thus, we see the function L(h ") (s, x : x) which interpolates the generalized (k, 4)-Euler
polynomials as follows.
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Theorem 3.2. For s € C, h € Z, let x be the Dirichlet’s character with conductor d with d
1 (mod 2). Then one has

d

a_ha atx -s

L8N, ) = hgg;*‘;@( ’ )[d],,. (37)
=1

By substituting s = —n with n > 0, into (3.7), we obtain

d
(h, _ 9 a_haza (1) at+x n
Lm0 = 1y 2 x(@ () g sl (- n
1 .
-1 Zx(a)( gl (S 9
(h,1)
_Enqléx( x),

whered =1 (mod 2), d € N.
Thus, we have the following theorem.

Theorem 3.3. For n € N, let y be the Dirichlet’s character with conductor d with d = 1 (mod 2).
Then one has

L(h 1) )

g( nx:y) = nqu(x). (3.9)

Remark 3.4. 1f we take x = 1 in (3.5), then we have (cf. [28, 55])

© _1\* hnn
Lg,zlyl,c)j(srx) =(1+9)) %, for s € C. (3.10)
n=1 q

From (3.9) and (3.10), we have the following corollary.

Corollary 3.5. Let y be the Dirichlet’s character with conductor d with d = 1 (mod 2). Then one
has

(h,1) _
Enqéx(x

e Zx(a)( el (S ) (3.11)

Secondly, we will define two-variable twisted Euler (h, q)-L-function as follows.

Definition 3.6. Let x be the Dirichlet’s character with conductor d with d =1 (mod 2), d € N.
ForseC, heZ, xeR,0<x<1land ¢ =1with¢#1, we define

o) k _hk zk
L% (s, x:y) = (1 XR) D776 312
Ega (81 X) = ( +q)kZ=0 [+ 1: (3.12)
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We consider the well-known identity (cf. [44, 65])

j=0

By using (3.12), we define two-variable twisted Euler (h, g)-L-function as follows:

L (s, x) = (1+g)(1 - DIDY <s - ) (k) (“1)kgghkritem) (3.14)

j=0 k=0
We will investigate the relations between L Eq, é(s x:x) and L(h b

Substituting k = a+jd, a = 1,2,...,d withd =1 (mod2),j =0,1,2,..., into (3.12),
we have

é(s x) as follows.

x(a+]d)( 1) g g
[a+jd+x]

d o
LN s,xcp) =(1+q) > Y,

a=1 j=0

, (3.15)
q

Thus we obtain the following theorem.
Theorem 3.7. For s € C with h € Z, let x be the Dirichlet character with conductor d with d =
1 (mod2)and x € R, 0 <x <1, ¢ =1with&+#1. Then one has

(h,
L (s,x: x) =

Zx( B e | N 5 )

+ d

By substituting s = —n with n € N into (3.16) and using (3.4), we can obtain

1+4g &
(h1) _ q a_haya (1) a+tx n
L) (o )‘1+qda1 et (-n
a_hagap a+x n (3.17)
e ()
_ (1)
_Enqéx( )-

Thus, we see that the function Lé qw(s x : x) interpolates generalized (h, g)-Euler polynomi-

als attached to y at negative integer values of s as followings.

Theorem 3.8. For n € N, let y be the Dirichlet’s character with odd conductor d. Then one has

h, h,
éqlé( n,x:y) = qug,x(x). (3.18)

Note that if we take x = 1, then Theorem 3.8 reduces to Theorem 3.3.
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Let a and F be integers with F =1 (mod 2) and 0 < a < F. For s € C, we define partial
(h, g)-Hurwitz type zeta function Hp (k. )(s, a,x | F) as follows:

-1 m _hm rm
H!(s,a,x|F)= Y, ED7q™e" (3.19)
1 m=a (mod F), [m + x]q
m>0

By substituting m = a + jF, we have

® (- 1)a+]F h(a+]F)§a+]F

h1
Héqg(saxll—“ :Z
j=0

a+]F+x]q

-1 (g")" &F)
((a+x)/F) +]]

_( 1)aqha§a Z [

o (3.20)
haza = () EH" e
= [F],°(-1)%(q) "1 E(; [(Ga+)/F)+ 15
s CDU@ME gy (L atx
= (P Rl ().
By substituting (3.2), for s = —n, we get
1)¢ ha za
H{")(s,a,x | F) = [F]’ %En"qﬁg(“;x) (3.21)

Equation (3.20) means that the function Hy (h >(s a,x | F) interpolates E (s, a,x | F)

polynomials at negative integers.
From (3.16) and (3.20), we have the following theorem.

Theorem 3.9. For s € C, ¢ = 1 with ¢ #1, let y be the Dirichlet’s character with conductor d € N
withd =1 (mod 2) and x € R, 0 < x <1, F is any multiple of d. Then one has

L (s,x 0 y) = (1+q)i X(@) (1) H") (s, a,x | F). (3.22)
a=1

Remark 3.10. If we take s = 0 in (3.22), then we have

F
nghqlg(O,x i) =(0+9q) Zx(a Héhqlg (0,a,x | F)
a=1

(3.23)
a+x

_1+gq ¢ 1ya hazap(n)
—1+qF;X(‘1)(—)q é 0,4F &F j= .

From (2.12), if we take s = 0, then we have the following corollary.
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Corollary 3.11. For s € C, {" = 1 with ¢{#1, let y be the Dirichlet’s character with conductor d € N
withd =1 (mod 2) and x € R, 0 < x < 1, F is any multiple of d. Then one has

2 F
Ura S (@) 1), (3.24)

L(h,l) 0,x: X) = m a=1

Eqé

4. p-Adic Twisted Two-Variable Euler (%, q)-L-Functions

In [62], Washington constructed one-variable p-adic-L-function which interpolates gen-
eralized classical Bernoulli numbers negative integers. Kim [22] investigated the p-adic
analogues of two-variables Euler g-L-function. In this section, we will construct p-adic
twisted two-variable Euler-(h, q)-L-functions, which interpolate generalized twisted (h, q)-
Euler polynomials at negative integers. Our notations and methods are essentially due to
Kim and Washington (cf. [22, 62]).

We assume that g € C, with |1 — g, < p" /"1, 5o that ¢* = exp(xloggq). Let p be
an odd prime number. Let w denote the Teichmiiller character having conductor p. For an
arbitrary character y, we define y, = yw™, where n € Z, in the sense of the product of
characters. Let (a) = (a : q) = w’l(a)[a]q = [a]q/w(a). Then (a) = 1 (mod p™*/(P-1)),
Hence we see that

(a+pt)= w‘l(a+pt)[a+pt]q
=w (a)[a], +w ' (a)g"[pt], (4.1)
=1 (mod p"1/®-1)Y,

where t € C, with [t|, <1, (a,p) = 1.
We denote the subset D of C;, by (cf. [62])

D={seC,:]s|, < pl= /D)y, (4.2)
Let
Aj(x) = Dlanx", a,;€Cpj=0,12,..., (4.3)
j=0

be a sequence of power series, each of which converges in a fixed subset D such that

(1) anj — anpasj — oo for all n,jand

(2) for each s € D and ¢ > 0, there exists ng = ny(s, €) such that

Z apjs"

n>ngp

<g, forVj. (4.4)
P

Then lim; ., Aj(s) = Ao(s) forall s € D (cf. [2, 22, 50, 51, 60, 62]).
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Let x be the Dirichlet’s character with conductor d with d = 1 (mod 2) and let F be a
positive multiple of p and d.
Now we set

(h,1)
L (5% ) =

Z x(@)(=1)**(a+pt)™

va (4.5)
F j

N (1) j(aspt)

atpt) | _ =
Z( >E1qF§F
j=0

a+pt

+F

qa+pt

Then Lg;},;,g(s,x : X) is analytic for t € C, with |t|, <1, when s € D. For t € C, with |t[, <1,
we have

) j
E(h 1) j(a+pt) (46)
]Zé(]) e a+pt] gom
is analytic for s € D. It readily follows that
(a+pt)” =w™(a)la+pt]; = (a}sz < > (9°[a pt] ) 4.7)
m=0
is analytic for s € C, with [t|, <1 when s € D. Thus we see that
(h1) 144G, 1 a
Lpyo (0x:x) = T;(—1) Xn(a)é®. (4.8)
Let n € Z, and fixed t € C, with [t|, < 1. Then we have that
a+pt
EM) (o) = & anw)( el (). (49)

If xa(p) #£0, then (p,d,,) = 1, so F/p is a multiple of d,,. Therefore, we have

X PIPES e ()

g F/P 1 af a+t
= yu(p)[p {[ ] 1+q P i Xn(ll)( 1)¢°E n(q,, )P (&) F/P<F/P>} (4.10)

1+q ap-(h1) a+pt
Pl Fanw)( sl (),

Ma
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Then we note that

l+q ) aptht) (a+pt
G OIPEL, 0 = 1 an<a<1>§ﬁan§F< ) e

Pla

The difference of these equations yields

1 F ’
Bt ? )_1+qf’ o PYPIE e (t):LZ[F]ZEJXn(a)(—l)“é“E(hl) (a+p‘)-

1+q ng gt \ F
pfa
(4.12)
Using distribution for (h, g)-Euler polynomials, we easily see that
E(h'l) a+ Pt — [F]—n[a + t]n i n (u+pt)k§u F (k1) (4 13)
n,qF,gF F q p q k q a+pt ot qu}-",gp- .
k=0 qep
Since xn(a) = xy(a)w™(a), for (a,p) = 1,and t € C,, with |t|, <1, we have
h1 n h,1
E,iqugpt) - pxn<p> PIES Y ()
- 4 Y Z @EDEEL, ()
T 1agr & na &\ T F (4.14)
_1+¢q a @pok | _F ¢ (1)
i) anw)( 1 a+ pt)” z (b)a —Mpt]qwgkw.
P’fa
From (4.5)—(4.14), we can derive that
h1 h1 h1
E b (P1) = q,,xn@) [PLES), () =L{ (-n,t:y). (4.15)

Therefore we obtain the following theorem.

Theorem 4.1. Let F be a positive integral multiple of p and d(= d,,) with F =1 (mod 2), and let

Lt 0 = 1 g Zx(a)( Dgstaspn 3 () e

m=0

F ]m £k
a+pt] am mar A
pfa
(4.16)
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Then L(E}/’]’gljilé(s,t : x) is analytic for t € C,, ||, < 1, provides s € D when x =
Furthermore, for each n € Z,, we have

D g

o et ) =EX (o) - Ly (p) [PLES,, (). (4.17)

1+qP

Thus we note that Lgf;)qré(s,O ty) = L(h 1) (s x) for all s € D, where L( (s ¥) is twisted
p-adic Euler (h, q)-L-function, (cf. [15, 22])

We now generalized to two-variable p-adic Euler (h,g)-L-function, L Epd, g(s, X)
which is first defined by the interpolation function

—1)® .
B G50, | ) = {8 a e pt)
. (4.18)
,i(ﬁs) q]'(a+pt)< [F1, )JEgh,l)
i=0 ] [a + Pt]q it
for s € Zy.
From (4.18), we have that
j
(h1) (=1 2 na @ty (g Lo
qué( n,a,x| F) = 174 ch (a+pt)" Z( ) +pt)1< a]q E]-,qugp
( 1) haza, ,—n a (419)
1+qu é (a)[ ]qEn,qF,§F F

:w‘”(a)H(hl)( n,a,x | F).

By using the definition of H](;,l;;,g(s, a,x | F), we can express L 0, é(s t:y) forall a €
Z, (a,p) = 1and t € C, with |t| < 1 as follows:

LY (s,t:x) = x(a)Hf;’ Y (s,a+pt|F). (4.20)
P94 P94

pfa

(h,1)
We know that Hqug

(6/6S)L(h 1) (s, t : y) is the coefficients of s in the expansion of RS (s,t: y)ats =0. Usin
Ep.qi X p Epag X &

the Taylor expansion at s = 0, we see that

(s,a+pt | F) is analytic for t € C,, || < 1, when s € D. The value of

(a+pt)y”® =1-slog(a+pt)+---, <_S>:ﬂs+~--. (4.21)
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The p-adic logarithmic function, log,,, is the unique function C; — C,, that satisfies

0 _1 n
logp(l +x) = Z %x", x|, <1,
n=1

. 4.22
log, (xy) = log,(x) +log,(y), Vx,y€C, (4.22)

log,(p) =

By employing these expansion and some algebraic manipulations, we evaluate the derivative

(0/ 65)L§5};};’§ (0,t : x). It follows from the definition of Lg 4. (s, t : x) that

Lgn) (st Trd Zx(a) —1)%¢*a+pt)”

o (4.23)
5 < ) (arptym [ _F ]m £
m=0 a+pt qert matat

Thus, we have

O 1) (. . _l+g & asa
35 LEpa (8t 0s=0 = T+qf ;:;/X(a)(—l) ¢

pta
- —log(a+ t)E(h’l) + S . @ty [ _E_ K opy)
g p O,qngF a+pt wopt m,qf,gf' .
m= q
(4.24)
Since w(a) is a root of unity for (a,p) = 1, we have
— -1 —
logp(a +pt) = logp(a +pt) + logpw (a) = logp(a + pt). (4.25)

Thus we have the following theorem.

Theorem 4.2. Let y be a primitive Dirichlet’s character with odd conductor d,d € N and let F be a
odd positive integral multiple of p and d. Then for any t € C, with |t| < 1, one has

m=1

0 -y e (D" (a+lﬂt)m< [Flq >m (h1)
s Lepgs(5it: FZx( )% D g Tavpi,) Ene
J(u
g (4.26)

1 F
- —2 > x(a)(-1)"¢*log(a + pt).
o
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