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1. Introduction

Studying Hermite-Hadamard type inequalities for some function classes has been very
important in recent years. These inequalities which are well known for convex functions have
been also found in different function classes (see [1-5]).

Abstract convex function is one of this type of function classes. Hermite-Hadamard
type inequalities are studied for some important classes of abstract convex functions, and
the concrete results are found [6-9]. For example, increasing convex-along-rays (ICAR)
functions, which are defined in R?, are considered in [8]. First, a correct inequality for these
functions is given. For each (xo, yo) € R>/{0} there exists a number b(x, yo) > 0 such that

b(x0, o) [minxio,% -1| < y) - £ ) (1.1)

for all (x,y).
Then, based on previous inequality the following inequality is proven. If Q(D) #0,
then for all continuous ICAR function
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(E,ggg(mf (xy) < WID f(x,y)dxdy (1.2)

inequality is correct, where

Q(D) = {(y,y) eDCR: ﬁID min(%,%) dxdyzl}, (1.3)

and A(D) is the area of domain D.

Similar inequalities are found for increasing positively homogenous (IPH) functions in
[6], for increasing radiant (InR) functions in [9], and for increasing coradiant (ICR) functions
in [7].

In this article, first, the theorem which yields inequality (1.1) is proven for ICAR
functions defined on R, then the other inequalities are generalized, which based on this
theorem.

Another generalization is made for Q(D). A more covering set Qx(D) is considered
and all results (for IPH, ICR, InR, ICAR functions) are examined for this set.

2. Abstract Convexity and Hermite-Hadamard
Type Inequalities

Let Rbe a real line and R, = RU {+o0}. Consider a set X and a set H of functionsh: X — R
defined on X. A function f : X — R, is called abstract convex with respect to H (or H-
convex) if there exists a set U C H such that

f(x) =sup{h(x):hel} VxeX. (2.1)
Clearly f is H-convex if and only if
f(x)=sup{h(x):h< f} VxeX (2.2)

Let Y be a set of functions f : X — R,,. A set H C Y is called a supremal generator
of the set Y if each function f € Y is abstract convex with respect to H.

2.1. Increasing Positively Homogeneous Functions and
Hermite-Hadamard Type Inequalities

A function f defined on R = {(x1,x2,...,x,) € R" : x1 > 0,x, > 0,...,x, > 0} is called

increasing (with respect to the coordinate-wise order relation) if x > y implies that f(x) >

f(w)-
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The function f is positively homogeneous of degree one if
fAx) = Af (x) (2.3)

forall x € R? and A > 0.
Let L be the set of all min-type functions defined on

R, ={(x1,x2,...,x,) ER":x1>0,x,>0,...,x, >0}, (2.4)

that is, the set L consists of identical zero and all the functions of the form

I(x) = (I,x) =min7’, x€ R, (2.5)

withalll € R?,.

One has that a function f : R?, — Ris L-convex if and only if f is increasing and
positively homogeneous of degree one (IPH) functions (see [10]).

The Hermite-Hadamard type inequalities are shown for IPH functions by using the
following proposition which is very important for IPH functions.

Proposition 2.1. Let f be an IPH function defined on R},. Then the following inequality holds for
all x,1 € R, :

FO(L,x) < f(x). (2.6)

Proposition 2.2 can be easily shown by using the Proposition 2.1 (see [6]).
Proposition 2.2. Let D C R}, f : D — Ry be an IPH function, and let f be integrable on D.
Then

f(u)fD(u,x>dx < fo(x)dx (2.7)

forall u € D, and this inequality is sharp.

Unlike the previous work, inequality (2.7) (obtained for IPH functions) and
inequalities in the type of (2.7) (will be obtained for different function classes) are going
to be inquired for more general the Qx (D) sets not for the Q(D) set. Qi (D) will be certainly
different for each function class.

Let D C R, be a closed domain, that is, cl(int D) = D, and let k be positive number.
Let Qx (D) be the set of all points x* € D such that

k . 3
—A(D).[D<x ,x)ydx =1, (2.8)

where A(D) = [ dx.
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In the case of k = 1, Q1 (D) will be the set Q(D) in [8, 9].
In [6, Proposition 3.2], the proposition has been given for Q(D), the same proposition
is defined for Qx (D) as follows, and its proof is similar.

Proposition 2.3. Let f be an IPH function defined on D. If the set Qi (D) is nonempty and f is
integrable on D, then

. k
sup f(x*) < mef(x)dx. (2.9)

x*€Qx(D)
We had proved a proposition in [6] by using a function (u,x)" = max<i<n) (;/14:),
and we get a right-hand side inequality, similar to (2.7).

Proposition 2.4. Let f be an IPH function, and let f be integrable function on D. Then

J f(x)dx < inf [f(u)j (u, x)* dx]. (2.10)

D ueD D
For every u € D the inequality
I f(x)dx Sf(u)f (u, x)* dx (2.11)
D D

is sharp.
2.2. Increasing Positively Homogeneous Functions and

Hermite-Hadamard Type Inequalities

A function f : R, — R, is called increasing radiant (InR) function if

(1) f is increasing;

(2) f isradiant; thatis, f(Ax) < Af(x) forallA € (0,1), and x € R%,.

Consider the coupling function ¢ defined on R}, x R”,

{o, if (u,x)<1,
o(u,x) = (2.12)
(u,xy, if(u,x)>1.

Denote by ¢, the function defined on R”, by the formula

(Pu(x) = (P(u/ x)' (213)
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It is known that the set

u= {%(pu "u€eR!, ce (O,+oo]} (2.14)

is supremal generator of all increasing radiant functions defined on R}, (see[9]).

Note that for ¢ = +oo we get cip, (x) = sup,,.,(hy,(x)).

The very important property for InR functions is given here in after. It can be easily
proved.

Proposition 2.5. Let f be an InR function defined on R'!, . Then the following inequality holds for all
x,leR},:

fDe(l,x) < f(x). (2.15)

By using [9, Proposition 2.5], the following proposition is proved.

Proposition 2.6. Let D C R},, f : D — R, be InR functions and integrable on D. Then
fw| pwn<| e @.16)
D D
forall u € D. This inequality is sharp for any u € D since one has the inequality in [9] for f(x) =

(Pu(x)~

We determine the set Q (D) for InR functions. Let Qi (D) be the set of all points x* € D
such that

w01 e =1, (2.17)

which is given in [9, Proposition 3.1] can be generalized for Qx (D).

Proposition 2.7. Let f be an InR function defined on R}, . If the set Qi (D) is nonempty and f is
integrable on D, then

sup f(%) < %ID f(x)dx. (2.18)

xeQk(D)

Proof. The proof of the proposition can be made in a similar way to the proof in [9, Proposition
3.1]. O

Now, we will study to achieve right-hand side inequality for InR functions.
First, Let us prove the auxiliary proposition.

Proposition 2.8. Let f be an InR function on D. Then the following inequalities hold for all I, x € D:

fD) <or(Df(x), (2.19)
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where

)T, (x, )T <1,
(pm:{w i (D)<

+00, if (x,1)" > 1.
Proof. Since f is InR function on D, then
fDe(x) < f(x)
for all x,1 € D. From this
fO)(l,x) < f(x)), if (Lx)>1.
That is,
f)<(x, ) f(x), if (Lx)"<1.
If we consider the definition of ¢Z%(I), then
fO) <or(Df(x)

forall x,l € D.

Proposition 2.9. Let f be an InR function and integrable on D, u € D and

Du)={xeD|(ux)" <1},
then

[ fwdrssw| giwds
D(u) D(u)

holds and is sharp since we get equality for f(x) = (u, x)".

Proof. It follows from Proposition 2.8.

(2.20)

(2.21)

(2.22)

(2.23)

(2.24)

(2.25)

(2.26)

O

Corollary 2.10. Let f be an InR function and integrable on D. If u € D and u > x for all x € D,

then
f f(x)dxsf(u)f (u, x)"dx
D D

holds and is sharp.

(2.27)
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2.3. Increasing Coradiant Functions and Hermit-Hadamard
Type Inequalities

A function f : K — R, defined on a cone K C R" is called coradiant if

flx) > Af(x) VxeK, Ae[0,1]. (2.28)
It is easy to check that f is coradiant if and only if

fvx)<vf(x) VxeK,v>1. (2.29)

We will consider increasing coradiant (ICR) function defined on the cone R, .
Consider the function ¥; defined on R, :

(I, x), if(l,x)<1,
¥ (x) = (2.30)
1, if (I,x)>1,
where [ € R”,.
Recall that the set
H={c¥ :1eR},, ce[0,00]} (2.31)

is supremal generator of the class ICR functions defined on R, (see [10]).
The Hermit-Hadamard type inequalities have been obtained for ICR functions by
using the following proposition in [7].

Proposition 2.11. Let f be an ICR function defined on R, . Then the following inequality holds for
all x,1 € R}, :

FDO¥i(x) < f(x). (2.32)

Proposition 2.12. Let D C R, f : D — Ry be ICR function and integrable on D. Then the
following inequality holds for all u € D:

f(u)fDTu (x)dx < fo(x) dx, (2.33)

and it is sharp.

The set Qk (D) is defined for ICR function, namely, Qx (D) denotes the set of all points
x* € D such that

% f qux* (x)dx = 1. (2.34)
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Proposition 2.13. Let f be an ICR function on D. If the set Qi (D) is nonempty and f is integrable
on D, then

k
xX) < —— dx. 2.35
s < 5y [ fax (2.35)

Let us define a new function ¥} (x) such that

() = (u,x)*, if (w,x)" >1, (236)
’ 1, i (%) <1, '

where (u,x)" is max-type function. By including the new function ¥} (x), we can achieve
right-hand side inequalities for ICR functions, too.

Proposition 2.14. Let function f be an ICR function and integrable on D. Then
f f(x)dx < min [f(u)I 1I‘;;(x)dx], (2.37)
D ueD D
and for every u € D the inequality
f f(x)dx < f(u)j ¥ (x)dx (2.38)
D D
is sharp.

2.4. Increasing Convex Along Rays Functions and
Hermit-Hadamard Type Inequalities

The Hermite-Hadamard type inequalities are studied for ICAR functions in [8]. But only the
functions which are defined on R? are considered.

In this article, the functions which are defined on R} are considered, and general
results are found.

Let K C R" be a conic set. A function f : K — R, is called convex-along-rays if its
restriction to each ray starting from zero is a convex function of one variable. In other words,
it means that the function

fx(t) = f(tx), t>0 (2.39)

is convex for each x € K.

In this paper we consider increasing convex-along- rays (ICARs) functions defined on
K =R

It is known that a finite ICAR function is continuous on the R?, and lower
semicontinuous on R” in [10].

Let us give two theorems which had been proved in [10, Theorems 3.2 and 3.4].
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Theorem 2.15. Let H| be the class of all functions h defined by

h(x) =(Lx)-c, (2.40)

where (1, x) is a min-type function and ¢ € R. A function f : R} — R, is Hy-convex if and only if
f is lower semicontinuous and ICAR.

Theorem 2.16. Let f be ICAR function, and let x € R’} \ {0} be a point such that (1 + ¢)x € dom f
for some € > 0. Then the sup differential

orf(x)={leL:(Ly)-(Lx)<f(y)-f(x)} (2.41)

is not empty and
{;‘—C ‘ueof()} coLf), (2.42)

where fy(t) = f(tx).

Now, we can define the following theorem which is important to achieve Hermit-
Hadamard type inequalities for ICAR functions.

Theorem 2.17. Let f be a finite ICAR function defined on R'!. Then for each y € R} \ {0} there exists
a number b = b(y) > 0 such that

b({y,x)-1) < f(x) - f(v) (2.43)

for all x.
Proof. The result follows directly from Theorem 2.16. O

We will apply Theorem 2.17 in the study of Hermit-Hadamard type inequalities for
ICAR functions.

Proposition 2.18. Let D C R}, f : D — R, be ICAR function. Then the following inequality holds
forallu € D:

b(u)f [(u,x)-1]dx + f(u)A(D) < f f(x)dx. (2.44)

D D

Proof. It follows from Theorem 2.17. O
Formula (2.44) can be made simply with the sets Q(D).

Let D C R be a bounded set such that cl(int D) = D and

QD) = {x* eD]| ﬁJ‘D(x*,x)dx = 1}. (2.45)
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Proposition 2.19. Let the set Q(D) be nonempty, and let f be a continuous ICAR function defined
on D. Then the following inequality holds:

1
urerée}é)f(u) < mJ‘Df(x)dx. (2.46)

Proof. Let u € Q(D). It follows from (2.43) and the definition of Q(D) that

0= b(u) [ﬁbu,@ dx - 1]
- ﬁJ‘Db(u)[(u,x) “1]dx (2.47)
< py | U0 - fw] ax
Thus

1
fu) < mef(x) dx. (2.48)

Since Q(D) is compact (see [8]) and f is continuous (finite ICAR functions is continuous), it
follows that the maximum in (2.46) is attained. O

Remark 2.20. Inequalities (2.9), (2.18), (2.35), and (2.46), which are obtained for different
convex classes, are actually different, even if they appear to be the same. The reason is that
these are determined with the (2.8), (2.17), (2.34), and (2.45) formulas appropriate for the sets
of Qi (D) and also yielding different sets.

3. Examples
The results of different classes of convex functions are defined for same triangle region D C
RZ, :

D=1{(x;,x) €R%, :0<x;<a,0<x; <ovx}. (3.1)
++

The inequalities (2.7) and (2.10) have been defined for IPH functions. The inequalities are
examined for the region D in [6]. If we combine two results, then we get

u, v?

3
fur,up) < JDf(xl’XZ) dx < % <¥ + —>f(u1,u2) (3.2)

1 "

a®(Quiv — uy)
6u]

for all (u1,u) € D.
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If we study the set Qx(D) for IPH functions, a point (x],x5) € D belongs to Qx(D) if
and only if

* 3v *\2 *
Xy = _E(xl) + 20x]. (3.3)

That is, the set Qx (D) is intersection with the set D and the parabola by formula (3.3).
Let us consider the InR functions for same region D. The inequality (2.16) has been
examined for D, and the following inequality has been obtained in [9]:

va®  vul 2uy a a°
24 Sa_f_ 2 < .
[<3u1 5 ) el 3 3 o fu,up) < ij(xllxz)dxldxz (3.4)

for all (u1,up) € D.
Let us study on the right-hand side inequality (2.26), which is obtained in this article,
for same region D, which has been defined as follows:

D(u)={xeD:(ux)" <1} (3.5)

forallu € D.
We will separate two sets:

Di(u) = {xeD:ﬂgﬁgl} = {xED:Olegul,Oszgﬂxl},
U 251 u
(3.6)
Dz(u):{xeD:ﬂgﬂgl} :{xeD:Oszguz, ﬂlegﬂxz},
up Us 0 Uz
such that D(u) = Dy (u) U Dy (u).
In this case, we get
N 1 1
<u,x) dx1 dJCQ = — X1 dx1 dXQ + — X9 dx1 dJCQ
D(u) U1 ) Dy (u) U2 ) Dy(u)
1 (™ (u2/u1)x1 1 (™ (u1/u2)x2
= — J‘ X1 dx1 de + — J‘ X2 dX1 de (37)
uiJo Jo U)o Jo
_ 2ouuy - u3
a 3v ’
Thus, the inequality (2.26) becomes
20Uy — U5
f(x1,x2) dxy dxy £ ———=f(u1, up) (3.8)

D(u) 3

for all u € D; it is held.
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The set Qi (D) can be defined for InR functions such that, a point x* belongs to Qx (D)
if and only if

: 3 2 A a3 " 3 w2, 3
x2<1+§(x1) _E(xl) >=vx1<2—%xl—g(xl) > (3.9)

The inequalities (2.33) and (2.35) had been obtained for ICR functions. If these
inequalities are examined for the same triangle region D, then the following inequality is
obtained in [7]:

1

3 <2u1u2 +3ad%v — vu% - 3au2>f(u1, up) < J‘ f(x1,x2) dxy dxy f (U1, up)
D

3.10

6vuiuy (3.10)

= 3.2 3.2, 3.3.2_ .23
a’ou; + 2vuiu; + a’vduy — uju;

forallu € D.

The set Q (D) has been obtained for ICR functions as formula (2.34). Formula (2.34)
becomes formula (3.11) for the triangle region D. That is a point x* belongs to Q (D) if and
only if

3va?
k'

2x*x; - 3axt —v(xt)’ = (3.11)

Lastly, formula (2.44) has been defined for ICAR functions. Now, we will define the
same formula for the triangle region D:

a®Quiv —up) a*v

a’v
b(ul,uz) [T — T:I + Tf(ul,uz) < ij(xl,xg) dx1 dXQ, (312)
1

and the inequality is held for all u € D, where b(u;, uy) is parameter which depends on f (see
[10]).

ICAR functions had been studied for the set Q(D) which is determined by formula
(2.45). If k = 1 in Qk (D), then the set Q(D) is special case of the given formula (2.8). Then a
point x* € D belongs to Q(D) if and only if

Xy = —%x? + 2vx;. (3.13)

In other words, x* € D belongs to the parabola by formula (3.13).
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4, Conclusion

Hermite-Hadamard type inequalities are investigated for specific functions classes. One of
these functions classes is abstract convex functions. The deriving Hermite-Hadamard type
inequalities for IPH, InR, ICR, and ICAR functions, which are important classes of abstract
convex functions, are investigated by different authors [6-10].

In this article, this problem is considered entirely; findings from [6-10] are
summarized; new results are found for some classes; results of some classes are generalized.
For example, all results are found for more general Q; (D) case, not all for Q(D). Even though
the results, (2.9), (2.18), (2.35), (2.46), are similar in appearance, they represent different
inequalities, since the sets, which are defined with formulas (2.8), (2.17), (2.34), and (2.45),
for different classes, are different.

Right-hand side inequalities, which are found for InR functions classes in [9], are
considered here as well; more general results are found with the support of ¢ (x) functions
and explained as Proposition 2.9.

ICAR functions, which are studied in [8], are investigated on R? here, and results are
explained in Proposition 2.18 . The inequality, which is explained in formula (2.44), is a new
inequality for these functions classes.

Finally, all the results are explained for the same region given on R2,. Formulas (3.2),
(3.8), (3.10), and (3.12) are concrete results of Hermit-Hadamard type inequalities of different
abstract convex function classes on given triangle region. Formulas (3.3), (3.9), (3.11), and
(3.13) are concrete explanations of Qx (D) sets in this region.
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