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Let D denote the open unit disk in the complex plane and let dA(z) denote the normalized area
measure on D. For & > -1 and ® a twice differentiable, nonconstant, nondecreasing, nonnegative,
and convex function on [0, o), the Bergman-Orlicz space LY is defined as follows L? = {f €
H(D) : [,®og"|f(2)])(1 - |z|2)adA(z) < oo}. Let ¢ be an analytic self-map of D. The composition
operator C, induced by ¢ is defined by C,f = f o ¢ for f analytic in D. We prove that the
composition operator C,, is compact on LY if and only if C,, is compact on A2, and C,, has closed
range on LY if and only if C,, has closed range on A2.
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1. Introduction

Let D be the open unit disk in the complex plane and let ¢ be an analytic self-map of . The
composition operator C, induced by ¢ is defined by C,,f = f o ¢ for f analytic in D. The idea
of studying the general properties of composition operators originated from Nordgren [1].
As a sequence of Littlewood’s subordinate theorem, each ¢ induces a bounded composition
operator on the Hardy spaces HP (D) for all p (0 < p < o) and the weighted Bergman spaces
AL(D) for all p (0 < p < ) and for all a (-1 < a < o). Thus, boundedness of composition
operators on these spaces becomes very clear. Nextly, a natural problem is how to characterize
the compactness of composition operators on these spaces, which once was a central problem
for mathematicians who were interested in the theory of composition operators. The study of
compact composition operators was started by Schwartz, who obtained the first compactness
theorem in his thesis [2], showing that the integrability of (1 - |¢|)™ over 8D implied the
compactness of C, on H?. The work was continued by Shapiro and Taylor [3], who showed
that C,, was not compact on H? whenever ¢ had a finite angular derivative at some point of
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0D. Moreover, MacCluer and Shapiro [4] pointed out that nonexistence of the finite angular
derivatives of ¢ was a sufficient condition for the compactness of C, on Al but it failed on
HP. So looking for an appropriate tool of characterizing the compactness of C, on H? was
difficult at that time. Fortunately, Shapiro [5] developed relations between the essential norm
of C, on H? and the Nevanlinna counting function of ¢, and he obtained a nice essential norm
formula of C, in 1987. As a result, he completely gave a characterization of the compactness
of C, in terms of the function properties of ¢.

Another solution to the compactness of C, on H? was done by the Aleksandrov
measures which was introduced by Cima and Matheson [6]. It is well known that the
harmonic function R((A + ¢(2))/ (A — ¢(z))) can be expressed by the Possion integral

L+o(z)
wies = | Peame) 1)

for each A € 0D. Cima and Matheson applied o, the singular part of m, to give the following
expression:

IC,II% = supljon]| (12)

They showed that C,, was compact on H? if and only if all the measures m, were absolutely
continuous.

The study of compactness of composition operators is also an important subject on
other analytic function spaces, and we have chosen two typical examples above, and for more
related materials one can consult [7, 8]. Another natural interesting subject is the composition
operator with closed range. Considering angular derivatives of ¢, it is known that C, is
compact on A? if and only if ¢ fails to have finite angular derivatives on 0D, in this case, C,p
does not have closed range since C, is not a finite rank operator. And if ¢ has finite angular
derivatives on 0D, then ¢ is necessarily a finite Blaschke product and hence one can easily
verify that C,, has closed range on A2. Zorboska has given a necessary and sufficient condition
for C, with closed range on H 2 and she also has done on A%, [9]. Luecking [10] considered
the same question on Dirichlet space after Zorboska’s work. Recently, Kumar and Partington
[11] have studied the weighted composition operators with closed range on Hardy spaces
and Bergman spaces.

This paper will study the compactness of composition operator on Bergman-Orlicz
space. We are mainly inspired by the following results.

(i) Liu et al. [12] showed that composition operator was bounded on Hardy-Orlicz
space. Lu and Cao [13] also showed that composition operator was bounded on
Bergman-Orlicz space.

(ii) A composition operator was compact on the Nevanlinna class A if and only if it
was compact on H? [14].

(iii) If a composition operator was compact on H” for some p > 0, then it was compact
on HP? for all p > 0 [3]. Moreover, paper [15] compared the compactness of
composition operators on Hardy-Orlicz spaces and on Hardy spaces. All these
results lead us to wonder whether there is a equivalence for the compactness of
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C, on A2 and on the Bergman-Orlicz space, and whether there is a equivalence for

the closed range of C, on A% and on the Bergman-Orlicz space. In this paper, we
are going to give affirmative answers for the proceeding questions.

2. Preliminaries

Let H(ID) denote the space of all analytic functions on . Let dA(z) denote the normalized
area measure on I, that is, A(D) = 1. Let S denote the class of strongly convex functions
@ : [0,+0) — [0,+00), which satisfies

(i) ®(0) = @'(0) =0, D(t)/t — wast — oo,
(ii) @" exists on [0, +00),

(iii) d(2t) < CD(t) for some positive constant C and for all ¢ > 0.

For ® € S and a > -1 the Bergman-Orlicz space LY is defined as follows:
L= {f eHM): ||fllg = fan(log+|f(z)|)(1 - |2") dA(z) < oo}, 2.1)

where log"x = max{0,logx}. Although | - || does not define a norm in L2, it holds that
the d(f, g) = ||f - gll defines a metric on LY, and makes L? into a complete metric space.
Obviously, the inequalities

log'x <log(1+x) <1+log'x, x>0,

2.2)
2log*x < log<1 + xz) <1+2log'x, x>0,

and the fact that @ is nondecreasing convex function imply that

®(log*x) < @(log(1 +x)) < @(1 +log'x)
< 1(13(2) + 1(1)(2 log*x)
=2 2 08
< 1(1)(2) + 1C<I)(lo Tx)
=2 P

®(log'x) <D(2log’x) < <I)<log<1 + x2>> (2.3)
<O(1+2log"(x))

< -d(Q2) + %@(4 log*x)

Nl—= N =

< -d(Q2) + %CCD(logJ’x).
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Then f € L? if and only if
jD®(log(1 + |f(z)|))<1 - |z|2)“dA(z) <o (2.4)
or if and only if
1 N(1-1212)"d . .
ID¢>< og<1 +1f ) ))(1 || ) A(z) < o (2.5)

Throughout this paper, constants are denoted by C, they are positive and may differ
from one occurrence to the other. The notation a < b means that there is a positive constant
C such that a < Cb. Moreover, if both a < b and b < a hold, we write a < b and say that a is
asymptotically equivalent to b.

In this section we will prove several auxiliary results which will be used in the proofs
of the main results in this paper.

Lemma 2.1. If f € LY, then
171l = ®(log(1+ FOF)) + | £ (1- 1) aAc), 26)

where A is Laplacian and f®(z) = A®(log(1 + |f(z)|2)).

Proof. By the Green Theorem, if u, v € C?(Q), where Q is a domain in the plane with smooth
boundary, then

0v ou
'[Q(uAv —-vAu)dxdy = fa (ua - v&>d5. (2.7)

Let0 < e <r<1,u(z) =log(r/|zl), v(z) = Dlog(1l +|f(2)]*),and Q = {zeD: ¢ < |z| < r}.
Since Au(z) =0, by (2.7) we have

f s0(ion(1+17) o i ton [ B+ 1)

(f eeeen), j olelelen),
|z|=r |z|=¢

r £

(2.8)

Since (0/0n)(D(log(1 + |f(z)|2))) is bounded near to 0, we get

lim log = f ®(log(1+|f(z)*))ds = 0. (2.9)
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Lete — 0in (2.8), we have

f < A®<log<1 + |f(z)|2>> log édx dy

(2.10)
— o i |2 _ 2
_J'O (I)<log<1+ | £ (re®)] ))de 27@(log(1+[£(0)*)).
Integrating equality (2.10) with respect to » from 0 to 1, we obtain
J IZ<YA® 10g<1 +|f(2)] ))logl |<1 r > rdrdA(z)=||f||e - <log<1 +]£(0)] >>
(2.11)
Thus
Ifllo = —=®(tog(1+ [fO)) JJ » Ad(log(1+[f(z)|° ))10g| |( -7?) rdr dA(z)
- 2—”q>(10g<1 +FO)) + IDA®<log<1 + |f(z)|2>>dA(z)f|Z| 1og|r?|<1 - r2>ardr.
(2.12)
Since [ log(r/|zl)(1 - r?)"rdr = (1 - z[)*",
1£llo = 7@ (log(1+ |f(0)|2)) [ a0(iog(1+ 7)) (1-12P) "aac)
2.13)
= <I)<log<1 + |f(0)| + Df‘l’ 1 - |z| “dA(2),
the proof is complete. O

Let ¢ be an analytic self-map of D. The generalized Nevanlinna counting function of ¢
is defined by

a+2
N(p,u+2 (w) = Z <10g |1?|> : (2.14)

zep™ (w)
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Lemma 2.2 (see [9]). If ¢ is an analytic self-map of D and g is a nonnegative measurable function in
D, then

. 5 1 a+2
ng 0 9(2)|¢'(2)] (log H) dA(z) = IDg(z)Nq,M(z)dA(z). (2.15)

Lemmas 2.1 and 2.2 (see [9]) can lead to the following corollary.

Corollary 2.3. Let ¢ be an analytic self-map of D and f € H(D), then
If ol = @(1+log|f o p(O)[) + JDf‘D(w)Na+2(w)dA(w). (2.16)

We will end this section with the following lemma, which illustrates that the counting
functional 6; : f — f(z) is continuous on LY.

Lemma 2.4. Let f € Lg’, then

Cllfllo

<1 3 |Z|2>a+2

|f(z)| <exp| @ Y z in D. (2.17)

Proof. By the subharmonicity of map z — log(1 + |f(z)]), we get

1 2\
log(l + |f(Z)|) < Aa(]D)(Z, (1 _ |Z|)/2))4[D(z,(1—z)/2) log(l + |f(Z)|) <1 Z| ) dA(Z)' (2~18)

Since @ (log(1 + |f(2)])) is convex and increasing, we have

1
P81+ 1) < 3 T 7377 ) e oy P08 FDD)A2

< LMJ‘ O(log(1+ |f(2)]))dAa(z)

(1- 1z pa-1zn/2)

(2.19)

< %I ®(log(1 + | £(2)]))dAx(2)

(I-1z) 7P

Clifllo



Journal of Inequalities and Applications 7

Since ®(log*x) < ®(log(1 + x)), we get

@(0g'|f(z)]) < — Mo _

(1 - |z|2>u+2, (2.20)
that is, log*[f ()| < @™ (Cfllo/(1-12%)""). Thus |f(2)] < exp(@(Cllfllo/ (1~ 2)*)).
O

3. Compactness

In this section, we are going to investigate the equivalence between compactness of
composition operator on the Bergman-Orlicz space LY and on the weighted Bergman space
AZ. The following lemma characterizes the compactness of C, on L in terms of sequential
convergence, whose proof is similar to that in [7, Proposition 3.11].

Lemma 3.1. Let ¢ be an analytic self-map of D, bounded operator C,, is compact on LY if and only if
whenever { f,} is bounded in Ly and f, — 0 uniformly on compact subsets of D, then ||Cy, fu
asn — oo.

lg — 0

In order to characterize the compactness of C,, we need to introduce the notion of
Carleson measure. For |¢| = 1 and 6 > 0 we define Qs(¢) = {z € D : |z - ¢| < 6}. A positive
Borel measure y on ID is called a Carleson measure if sup;_;4(Qs(¢)) = O(6%*?). Moreover, if
u satisfies the additional condition lims 0 (Qs(¢)) /6% = 0, p is called a vanishing Carleson
measure (see [16] for the further information of Carleson measure). The following result for
the compactness of C,, on AJ is useful in the proof of Theorem 3.3.

Lemma 3.2 (see [14, 17]). Let ¢ be an analytic self-map of . Then the following statements are
equivalent:

(i)C, is compact on A2, (ii)limz —1(Nyas2(z) /(1 = |z|2)“+2) =0, and (iii) the pull measure
Uy is a vanshing Carleson measure on ID.

Theorem 3.3. Let ¢ be an analytic self-map of I, then C,, is compact on A% if and only if C,, is
compact on LY.

Proof. First we assume that C,, is compact on A2. Choose a sequence {f,} that is bounded
by a positive constant M in L? and converges to zero uniformly on compact subsets of D.
By Lemma 3.1, it is enough to show that ||f, o ¢ll, — 0Oasn — oo. Let e > 0, we can find
0 < r < 1 such that Ny42(z) < &(1- |z|2)wr2 for all |z| > r. Since f, — 0 uniformly on
compact subsets of D as n — oo, so is f,,. Thus we can choose N > 0 such that |f,| < € and
|f.| < € on rD, whenever n > N. Hence for such n we have

ICy fullp < @(log(1+ |20 9@)*)) + JD FONpaad A(w). (3.1)
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As |fnop(0)] — 0asn — oo and ®(log(l + |f, 0 (p(0)|2)) — Oasn — oo, we only need to
verify that [ f* Ny a2d A(w) — 0asn — oo. Now

JD fi¥ Ny ar2dA(w) = f @ff’N%Msz(w) + ID\D fi Npar2dA(w) =1+1L (3.2)

We first prove that the first term in previous equality is bounded by a constant multiple of €

1= [_fENwadA)
_ fm[qa"(log@ @) ) | faa0) | + @ (10g (1 + | fu@)[) )]

"2
%N@mz(w)dA(w) (3.3)
(1+ 1))

< [@"(log(1 +¢))e + D' (log(1 + 5))]£J‘7N¢,K+2(w)dA(w)
rD

< [@"(log(1 +¢))e + @' (log(1 +€))]e.

Now, we show that the previous second term above is also bounded by a constant multiple
of

= FONpaadA(w) < ef®(w)(1- |w|2)” <e
D\rD

i

< Me. (3.4)

Conversely, we assume that C,, is compact on LY. By Lemma 3.2, we need to verify
that p, is a vanishing Carleson measure. For 0 < 6 < 1 and ¢ € 0D we write a = (1 - 06)¢
and g,(z) = (1 - |a|2)a+2/(1 —Ez)z'”+4. Then |g,| € L'(D, dA,). Put G(z) = ®(|g.(2)]). G is well
defined, beacuse G is nondecreasing on range of |g,|. Since ®~! is concave, there is a constant
C > 0 such that ®(t) < Ct for enough big t. Thus we get G(z) € L'(D,dA,). Set h(z) =
exp fg”((e” +z)/(e" - z))G(e")dt. Since ®(log"|h(z)]) = D(G(z)) = |ga(2)| € L'(D,dA,), it
means that h € L?. Let f,(z) = (1 - |a|)h(z). Then clearly f, — 0 uniformly on compact
subsets of D as |a|] — 1. Moreover,

| fallo = ID¢>(10g+|fa(z)|)dAa(z) < ID®(10g+|h(z)|)dAa(z)

e a+2 (35)
=f () dAn(z) = 1.

D |1 _ EZ|2[X+4
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On the other hand, if |1 - z¢|/(1 - |a]) < y for some fixed 0 < y < 1/4, where { = a/|al, that is,
z € Q)5(¢), we have

— -2
1-la? _ 1-laf (-la)* _ 1-laf ( 1al(1-=0)
1-az> (1-lal)® [1-az (1-]a)? 1-1al

(3.6)

1 1-laf . 1-|af 1
T (1+y)>(A-la)® " 4(1-la))® " 46

Hence, for z € Qy5(¢) we have

_ 2 a+2 a+2
ot L=al 2®4<l> . (3.7)
1 -az? 46

Thus, for z € Qy5(¢) we obtain

®(log | fa(z)]) = ®(log" (1 - |al)h(z)) = ®(log" (1 - a]) +log*|h(z)|)
; _ C1-1aP T 1\
?mb%W@D4&@H—QLﬁ#> (L)

So, forall ¢ € 0D and 0 < 6 < 1 we get

(3.8)

1 a+2
(35) m@o@) <[  ©og'Ifu@Iduy < [ ®(og'|fuz)y
Qys(é) D (3.9)

- [ @008 1fu 092 DdA2) = Il

For the compactness of C,, we know that [|Cyfall, — 0as|a] — 1, which means that
limg 1 (4 (Qy5(8))/ §%2) = 0 uniformly for ¢ € OD. This means that Uy is a vanishing
Carleson measure. By Lemma 3.2, C,, is compact on AZ. O

For special case @(t) = t”(p > 1), the Bergman-Orlicz space LY is called the area-type
Nevanlinna class and we write A/.

Corollary 3.4. Let ¢ be an analytic self-map of D, then C,, is compact on A3 if and only if C,, is
compact on N,

Remark 3.5. Theorem 3.3 may be not true if @ does not satisfy the given conditions in this
paper. For example, if ® is a nonnegative function on R such that ® — 0 as x — —oo, and



10 Journal of Inequalities and Applications

® is nondecreasing but @(x) > 0 for some x #0. Then the compactness of C;, on the Bergman
space A? (i.e., a = 0) is different from that on LY. Here LY is defined as follows:

L? = {f € HD):3t>0, s.t I @ (log|tf(z)])dA(z) < oo}. (3.10)
D

If we take ®(x) = 0 for x < 1, and ®(x) = oo for x > 1, then L? is H* (D). We know that
C, is compact on H*(D) if and only if [l¢[l, < 1 (consult [2]). But MacCluer and Shapiro
constructed an inner function ¢ in [4] such that C, was compact on AZ.

4. Closed Range

In this section we will develop a relatively tractable if and only if condition for the
composition operator on LY with closed range. Considering that any analytic automorphism
of D has the form ¢,(z) = ¢(z — a)/(1 — az), where |c| = 1 and a € D. By [13], we have the
following lemma.

Lemma 4.1. If one of Cy, Cyog,, Cy,op has closed range on LY, so have the other two.

Now that L7 = {f € LY : f(0) = 0} is a closed subspace of L and dim(Ly/Ly,) =1,
the following lemma is easily proved.

Lemma 4.2. Let ¢ be an analytic self-map of D, then C,, has closed range on LY if and only if C,, has
closed range on Ly.

Recall that the pseudohyperbolic metric p(z, w), z, w € D is given by

w -z

p(z,w) = . (4.1)

1-wz

For z € Dand 0 < r < 1 we define D(z,7r) = {w € D : p(z,w) < r}. For ¢ > 0 we put
Q. ={zeDb: (1-z)/Q- |(p(z)|2) > ¢} and G, = (). We say that G, satisfies the
@-reverse Carleson measure condition if there exists a positive constant 7 such that

chcp(1 +log|f(2)*) (1~ [2) " dA() > qucp(1 +log|F)F) (1-2) " dA(),
(4.2)

where f is analytic in D and [, ®(1 + log|f(z)[*)(1 - 12 dA(z) < .

Theorem 4.3. Let ¢ be an analytic self-map of D. Then C,, has closed range on LY if and only if there
exists € > 0 such that G, satisfies the ®-reverse Carleson measure condition.
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Proof. We first assume that there exists ¢ > 0 such that G, satisfies the ®-reverse Carleson
measure condition. If f € LY, then

170 ¢llo = @(log(1+17 09O )) + [ (£ (1-12) " aac)
> d(log(1+|f 0 p(0)*) f (fop)®(2)(1-12 )“+2dA(z)
> et <®(log(1 +|fopO])) + jg (fop)*@(1- |<.o<z>|2)“+2dA<z>>

- gu+zzfg (o)’ @(1- 1y ) dA() + 20 (log(1+ [f 0 (),
(43)

where X is the zero point set of ¢ and {R,} is a partition of D\ X into at most countably many
semiclosed polar rectangles such that ¢ is univalent on each R,,. Let S, = (R, N Q.). Then by
the change of variables involving ¢, the last line above becomes

”+2ZI |w| Xsn(w)dA(z) + 5"’+2(I><10g<1 +|f o 9(0) |2>>
a+ _ a+2 a+ ° 2
> ¢ 2JGE f‘D(1 |w|2> dA(z) + ¢ 2(D<10g<1 +|f 0 p(0)] )) (4.4)

> ;15“+sz]‘® (1 - |w|2>a+2dA(z) + 715“+2<I)<10g<1 +|fo (,0(0)|2>>'

So we show that C,, has closed range on LY.

Conversely, by Lemma 4.2, we need to prove that C,, has closed range on L;D,o~ Suppose
that there does not exist € > 0 such that G, satisfies ®-reverse Carleson measure condition.
We can choose a sequence { f,,} in L?O such that fD(D(l +log | fn(z)lz)dAaJ,z(z) =1forall nand

yet [ fP(1- wP)*?dA — 0asn — oo, where G, = p(Q,) and Q, = {z€ D : 1 - |p(z)]* <
n(1-1z]*)}. Now

1522 pllo = @(los(1+ 1fs 0 9@F)) + [ (09)° @A)

@ (log(1+ | fu 0 p(O) " j (a0 9)°(2)dAnia(2) (45)

+J (an(P)q)(z)dAa+2(Z)'
D\Q,
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Since ¢ is an analytic self-map of D. The Nevanlinna counting function N, 4> satisfies

a+2
Npaa(2) = O<(log|1;|) > (46)

as |z| — 1. Using (4.6) and decompositions of the disk into polar rectangles [8], one can find
a positive constant ¢; such that

J' (Fao @) dAga(z) = j FON2dA(z) < c1f 2(2) (1 _ |Z|2>a+sz(Z) 0 @
Q, Q, Gy

asn — oo, and

[ 1 o) 2\ a+2
ID\Qn(f"°¢) dAgia(z) < nmzfmn(fnw) (1-lp=2)*) "dA(2)

<

1+2 ID fi¥ Ny ar2dA(z) (4.8)

nll

1
< W”fn”cp —0

asn — oo. Evidently, ||f, o ¢ll, — 0asn — oo, though || fullq = 1 for all . It follows that C,,
does not have closed range on L?. O

We have offered a criterion for the composition operator with closed range on LY, but
it seems that it is difficult to check whether or not G, satisfies the ®-reverse Carleson measure
condition.

Theorem 4.4. The composition operator C,, has closed range on LY if and only if there are positive
constants ¢, ¢, and r such that A,(G. N D(z,r)) > c|D(z,r)|“+2for all z € D.

Proof. We first assume that C,, has closed range on LY. Then there is a constant € > 0 such
that G, satisfies the @-reverse Carleson measure condition. Thus, applying the proceeding
constructed function h(z) to the ®-reverse Carleson condition gives

1 |a|2 a+2 1 |a|2 a+2
— dA,(z) > f — dA,(z) =1. (4.9)
J‘GE<|1—EZ|2> ()27 D<|1—az|2> (=) =7

Since fm(l - |z|2)adA(z) < oo, it allows to choose a fixed constant r > 0 such that

JD\DM (1-12P)"dA(z) < %fﬂ)(l - 12P)"dA(2). (410)
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Changingw = (b-a+ (1-ab)z)/(1- ba + (b-1a)z) in (4.10) gives

1-1af \"** af \ "
dAs(z). 411
J‘]D\D(a,r) < |1 - EZ|2> Aa(2) < ZCI <|1 _ az| > Ax(z) ( )

Combing (4.11) gives

a+2
1-|a 1 f N
dAq(z) 2 ~z*) dA(z). (4.12)
IGmD(u,r) < I1- Ez|2> 2C ( )
The integral in the left of (4.12) is dominated by
1— |a|2 a+2
Ax(G.ND(a,r))sup — :z€D(a,r) p. (4.13)
[1-az|?

Since (1 - al?)/|1 - az|* < 1/|D(a,r)| for z € D(a,r), we get

AL (G.ND(a,r)) 1 J‘ 2\ &
> — 1-1z7) dA(z). 4.14
ID(a,r)|*" 2C ]DJ< i ) (=) (19
The converse can be derived from modification of [18], so we omit it here. O

Remark 4.5. From [18], we find that the composition operator has closed range on the
weighted Bergman space Al if and only if there are positive constants ¢, ¢ and r such that
A (G: N D(z,1)) > c|D(z,7)|"* for all z € D. Thus, we have the following fact.

The composition operator C, has closed range on LY if and only if C,, has closed range
on A%

Let us further investigate the ®-reverse Carleson measure condition, which can be
formulated as follows.

The space {f|c. : f € L?} isa closed subspace of LY if and only if there exists a constant
£ > 0 such that G, satisfies ®-reverse Carleson measure condition.

From the perspective of closed subspace, we will see the following special setting. Let
F ={zs:n=12,..} beab-sequence in D. That is, there is k with p(z, zx) < 6 for every
z € . We also assume that ¥ is y separated for some fixed y > 0, that is, p(z,,, z,) > y for all
m #n. Using the subharmonicity of log"|f (z)| for analytic function f(z), it is easy to see that

log™| f(zx)| < log* (|f(2)])dA«(2). (4.15)

< f
Aa(D(zk,Y/2)) ) D2y 12)

Since @ (log"|f(z)]) is convex and increasing, we have

@ (log"| f(zx)]) < D (log*|f(2)])dAx(2). (4.16)

S J
Au(D(z1,7/2)) ) D(z10y12)
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Moreover, the formula A, (D(zk,y/2)) < (1 - |zk|2)a+2 allows us to write

O(log’|f (=) < C(1- =) ooz lf@NaAE: @

D(zk,y/2

Since D(zy, y/2) are disjoint, we obtain
a+2
Sotos|f@)) (1-1aP) " < [ oo’ f)dAL) (418)
k

Hence, themap o : f — f|g takes LY into LP(¥F, u), where y is a measure on ¥ that assigns z

to the mass (1 — |zk|2)a+2 and space L*(F,p) = {f : F — C| f?(b(logJ’lfl)d‘u < oo}. Of course,
the map o may be one to one. If the map o is one to one, the map o has closed range if and
only if

fDq’(lOg+|f(Z)|)dAa(Z) < L‘D(log+|f|)d# = > @(log"|f(zx)]) (1 - |Zk|2>a+2- (4.19)
k
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