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We prove the global Caccioppoli estimate for the solution to the nonhomogeneous A-harmonic
equation d*A(x,u,du) = B(x,u,du), which is the generalization of the quasilinear equation
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functions may be deduced to differential forms.
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1. Introduction

The main work of this paper is study the properties of the solutions to the nonhomogeneous
A-harmonic equation for differential forms

a* A(x,u,du) = B(x,u,du). (1.1)
When u is a 0-form, that is, u is a function, (1.1) is equivalent to
div A(x,u, Vu) = B(x,u, Vu). (1.2)

In [1], Serrin gave some properties of (1.2) when the operator satisfies some conditions.
In [2, chapter 3], Heinonen et al. discussed the properties of the quasielliptic equations
—divA(x,Vu) = 0 in the weighted Sobolev spaces, which is a particular form of (1.2).
Recently, a large amount of work on the A-harmonic equation for differential forms has
been done. In 1992, Iwaniec introduced the p-harmonic tensors and the relations between
quasiregular mappings and the exterior algebra (or differential forms) in [3]. In 1993, Iwaniec
and Lutoborski discussed the Poincaré inequality for differential forms when 1 < p < nin
[4], and the Poincaré inequality for differential forms was generalized to p > 1 in [5]. In 1999,
Nolder gave the reverse Holder inequality for the solution to the A-harmonic equation in [6],
and different versions of the Caccioppoli estimates have been established in [7-9]. In 2004,
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Ding proved the Caccioppli estimates for the solution to the nonhomogeneous A-harmonic
equation d*A(x,du) = B(x,du) in [10], where the operator B satisfies |B(x,&)| < |¢[P~". In
2004, D’Onofrio and Iwaniec introduced the p-harmonic type system in [11], which is an
important extension of the conjugate A-harmonic equation. Lots of work on the solution to
the p-harmonic type system have been done in [5, 12].

As prior estimates, the Caccioppoli estimate, the weak reverse Holder inequality, and
the Harnack inequality play important roles in PDEs. In this paper, we will prove some
Caccioppoli estimates for the solution to (1.1), where the operators A : Q x Al x A1 — AF1
and B: Q x Al x A1 — Al satisfy the following conditions on a bounded convex domain Q:

|AGx, 1, 8)| < a2l + b(x)u - ugl ™" +e(x),
IB(x,u,&)| < ()2~ +d(x)|ulf™ + f(x), (1.3)
(& Alx,u,du))y > & - d(x)lu - ug| - g(x)

for almost every x € Q, all [-differential forms u and (I + 1)-differential forms ¢. Where a is a
positive constant and b(x) through g(x) are measurable functions on £ satisfying:

beecL™Q), ceLV1®, 4 f¢ell(Q) (1.4)

withsome0 <e<1,1/m=1-1/p-(p-1)/xp, 1/t =1-¢/p—- (p —€)/xp, and y is the
Poincaré constant.

Now we introduce some notations and operations about exterior forms. Let
ei, e, ..., e, denote the standard orthogonal basis of R"”. For I = 0,1,...,n, we denote the
linear space of all I-vectors by Al = A’(R"), spanned by the exterior product e; = e;, A ej, A
-+ N\ e;, corresponding to all ordered I-tuples I = (i1, ip,...,4;), 1 <i; <ip <--- <i; < n. The
Grassmann algebra A = @Al is a graded algebra with respect to the exterior products. For
a=Y arer € Aand p = 3 frer € A, then its inner product is obtained by

(a,B) = > arpr (1.5)

with the summation over all I = (i1, iy,...,4;) and all integers [ = 0,1,...,n. The Hodge star
operator *: A — A is defined by the rule

xl=e, Nej, \---Nej,

(1.6)
@ A wp = f A= (B ()
for all &, p € A. Hence the norm of a € A can be given by
la* = (@, a) = %(a A xa) € Ag = R. (1.7)

Throughout this paper, & C R" is an open subset. For any constant o > 1, Q denotes a
cube such that Q ¢ 0Q ¢ Q, where cQ denotes the cube which center is as same as Q, and
diam (0Q) = odiam Q. We say a = Y’ aje; € A is a differential I-form on Q, if every coefficient
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ar of a is Schwartz distribution on Q. We denote the space spanned by differential I-form on
Q by D'(Q, A). We write LP(Q, Al) for the I-form a = 3 a;dx; on Q with a; € LP(Q) for all
ordered I-tuple I. Thus LP(Q, A') is a Banach space with the norm

el = [ Q|a|”)1/p - <jg <;|a1|2>P/2>1/P. (18)

Similarly, W7 (Q, A) denotes those I-forms on Q which all coefficients belong to W7 (Q).
The following definition can be found in [3, page 596].

Definition 1.1 ([3]). We denote the exterior derivative by

d:D'(QA) —D(QA"), (1.9)
and its formal adjoint (the Hodge co-differential) is the operator

d:D'(QA") — D'(Q A7) (1.10)
The operators d and d* are given by the formulas

da = Zdul Adxry, d = ()" xd . (1.11)
T

By [3, Lemma 2.3], we know that a solution to (1.1) is an element of the Sobolev space
W7 (Q, AF1) such that

loc

f (A(x,u,du),de) + (B(x,u,du),¢) =0 (1.12)
Q

forall ¢ € Wé’p (Q, A1) with compact support.

Remark 1.2. In fact, the usual A-harmonic equation is the particular form of the equation (1.1)
when B = 0 and A satisfies

A I < KEPT,  (Ax,8),8) 2 18P (1.13)

We notice that the nonhomogeneous A-harmonic equation d*A(x,du) = B(x,du) and the
p-harmonic type equation are special forms of (1.1).
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2. The Caccioppoli Estimate

In this section we will prove the global and the local Caccioppoli estimates for the solution
to (1.1) which satisfies (1.3). In the proof of the global Caccioppoli estimate, we need the
following three lemmas.

Lemma 2.1 ([1]). Let a be a positive exponent, and let a;, i, i = 1,2,..., N, be two sets of N real
numbers such that 0 < a; < oo and 0 < P; < a. Suppose that z is a positive number satisfying the
inequality

z% < Z a;zP (2.1)
then

z<C D (@), (2.2)

where C depends only on N, a, B;, and where y; = (a — ;).
By the inequalities (2.13) and (3.28) in [5], One has the following lemma.

Lemma 2.2 ([5]). Let Q be a bounded convex domain in R", then for any differential form u, one has
|d|u —ugl|| < C(n,p)|dul. (2.3)

Lemma 2.3 ([5]). If f, g > 0 and for any nonnegative n € C§° (L), one has

fgnf dx < fgg dx, (2.4)

then for any h > 0, one has

fgqfh dx < fggh dx. (2.5)

Theorem 2.4. Suppose that Q is a bounded convex domain in R", and u is a solution to (1.1) which
satisfies (1.3), and p > 1, then for any 1 € CF° (L), there exist constants C and k, such that

||71du||p,Q < C{ <(diam Q)*P-D 4 1> || (e - ug)dn”p,Q + (diam Q)*#/&D |n(u - uq) ”p,Q
(2.6)
+k ((diam Q)*"™ + 1) [|dn ]|,  + k(diam Q)*7<},

where s =n/yp+1-n/p,C = C(n,p,1,a,|bl, |4, ¢), k = ||e||1/(’”"1)+||g||1/”, and y is the Poincaré
constant. (i.e., y =2 when p >n,and y =np/(n—p) when 1 < p < n).
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Proof. We assume that B(x,u,du) = 3;wrdx;. For any nonnegative 71 € C°(£2), we let
1 = — > nsign(wr)dxy, then we have dy; = — > ;sign(wr)dn A dx;. By using ¢ = ¢ in

the equation (1.12), we can obtain

I <B(x, u, du),Zq sign(wl)dx1>dx = f <A(x, u, du),—Zsign(wI)dn A dx1>dx, (2.7)
Q I Q I

that is,
f melldx = f <A(x, u, du),—Zsign(wI)dq A dx1>dx.
Q7 Q T

By the elementary inequality

n 1/2 n
<Zai2> < Dllail,
i=1

i=1

(2.8) becomes

1/2
f 11|B(x,u,du)|dx=f 11<Zw%> dx
Q Q T
<[ nSwrlax
Q 7

= f <A(x, u, du),—Zsign(wI)dﬂ A dx1>dx
Q I

<,

<A(x, u,du), —Zsign(w;)dq A dx1>
1

Using the inequality

(a,b)| < |al|b],

then (2.10) becomes

j 1|B(x,u, du)|dx < I |A(x, u,du)| Zsign(wI)dq Ndxr|dx
Q Q i

< I |A(x, u, du)| - > |sign(wr)dn A dx;|dx
Q I

:f |A(x, u, du)| Y. |dn|dx.
Q I

dx.

(2.8)

(2.9)

(2.10)

(2.11)

(2.12)



6 Journal of Inequalities and Applications

Since B(x,u,du) € Al"!,s0 we can deduce

f 1 |B(x, u,du)|dx < CTJ‘ |A(x, u, du)||dn|dx. (2.13)
Q Q

Now we let ¢, = —(u — ug)n?, then dyps = —pnP~tdn A (u—ug) — nPdu. We use ¢ = ¢ in (1.12),
then we can obtain

—I <A(x, u, du),pq”‘ldrl Au+ 11’”du>dx - I (B(x,u,du), nPu)dx = 0. (2.14)
Q Q

So we have

J (A(x,u, du), ndu)dx = —f <A(x, u, du), prPtdn A (u - ug) >dx
“ . (2.15)
- J‘ (B(x,u, du), n’u)dx.
Q

By (1.3), (2.13), (2.15) and Lemma 2.2, we have

0< J‘ nPldulPdx <
Q

I (A(x,u,du), nu)dx
Q

+fg(|d<x>||u—ug|"+ |g])dx
. IQ|<A(x,u,du)/P71p_ld’1/\ (u_ug)>|dx+ L}|<B(x,u,du),;f(u—ug)>|dx
s fgn”(ld(x)l ju—ual” + |g|)dx
: f JAGw dwlpn”dn] [u — ugldx + f B du)lnlu ~ ugldx
. f (@ + [g])dx
<(c'+p) f JAG u dw)l™ |dn|lu - ualdx + f (1@l | - ol + |g])dx
<G (J’qu—qdﬂuu — ug||dul " dx + ngp‘1|dq|lu ~ gl (GOl [~ ual”™ +lef)dx

o[ a - woP + lgl)ax),
) (2.16)

where C; = (Ci7! + p) max(1, a).
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We suppose that u — uqg = > uidx;, k = ||e||1/(”’_1> +|Igll'? and let uy = 3, (u; +
ksign(up))dx;, then we have du; = du and

1/2
u—-ug|+k<|u| = (Z(|u1| +k)? ) < |lu - ug| + C-lk. (2.17)
T
Combining (2.16) and (2.17), we have

f nP|du |Pdx
Q
<Cy (I 1P| [ — ug) |dulP " dx + f 7™ |dn|lu - ual (Ib(x)] [u - uo ™" + le] ) dx
Q Q
+jgnp(|d(x)| [u—ugl’ + |g|)dx>
<C <j P~ dn| fua | | dua P~ e + f 77 |dn| | (1ol + K Plel) (ju - ual ™ + k) dx
Q Q
+f 77 (1d(x)| + k7P |g]) (lu - ual? + k”)dx)
Q
< c2<f nP 7 dn| fu | |du P dx + J nP = dn| |u1|<|b(x)| + kl”’|e|> (Ju - ug| + k)P 'dx
Q Q
+f 7P (|d(x)| + kP |g|) (lu — ug| + k)Pdx >
Q

< c2<f g o s [P e + f 7 by ()| | |1 P dx + f npd1<x>|u1|de),
Q Q Q
(2.18)

where C; = C12771, by (x) = |b(x)|+k!P|e| and d; (x) = |d(x)|+kP|g|. By simple computations,
we get [|by (x)[| < [[b(x)[| + 1 and [|d1 (x)]| < [|d(x)[| + 1.

The terms on the right-hand side of the preceding inequality can be estimated by using
the Holder inequality, Minkowski inequality, Poincaré inequality and Lemma 2.2. Thus

[ ol < il nda 12, (219)
f b (x) | 1P dx =f 7 ()| s P
Q Q

. o1 m/ (m=1) 1-1/m
< Wor@llna( [ (- dnllfiap )" " ax)
Q
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-1
< 61O lmallndrl, gllanl”

< Gsllb1 () . (diam Q)* |, g I}

. s(p-1) p-1
< Cy(diam Q)*" ™ urdrl, o (Ilmrdrll, g + ldu |l )
< Cs(diam Q)* ) Jusdnll, o (Imadnll) o + Inldul|]'g)
= Cs(diam Q)*C™) sl o (il o + Inldum Il )

= Cs(diam Q)*C™) (Jludnl) o + il gllndm g )

By the similar computation, we can obtain

[ wasaras = | ey popax
Q Q

< Co(diam @° P urn [} o (Il + lIncm || 3)-

(2.20)

(2.21)

We insert the three previous estimates (2.19), (2.20) and (2.21) into the right-hand side of

(2.15), and set

Clmdml,e g

arctnl, g Tusdnl o’
the result can be written

2P < CozP! + Cs(diam Q)*(P1) (1 + z"’_1> + Co(diam Q)°(P~9) ¢ (1 + 277

< C7{ ((diam Q)s(1) 4 1) (1 + zP-l) + (diam Q)°(P=)¢# (1 + 2P) }
Applying Lemma 2.1 and simplifying the result, we obtain
z< C7{ ((diam Q)s(r1) 4 1) + (diam Q)S(’”/H)g},

or in terms of the original quantities

Indinllpe < Cr{ ((diam @)*C™) +1) Jurdyll, g + (diam @)*C“ D], }.

(2.22)

(2.23)

(2.24)

(2.25)
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Combining (2.17) and (2.25), we can obtain

Indul, o < Cr{ ((diam @) ®~) + 1)1 - ug)drl, o + k(diam Q)7
(2.26)
+(diam Q)P (u - ua)|l, ¢ + k((diam @)* ) + 1) dnll, o }.

If 1 < p < nin Theorem 2.4, we can obtain the following.

Corollary 2.5. Suppose that Q is a bounded convex domain in R", and w is a solution to (1.1) which
satisfies (1.3), and 1 < p < n, then for any n € C§° (L), there exist constants C and k, such that

Indul, o < C{ |- ug)dnll, o + 16— ua), o + klldnll, o + K}, (227)

where C = C(n,p,1,a,||b|, |d|l, €) and k = ||e]|/ PV +||g||"/7.

When u is a O-differential form, that is, u is a function, we have |d|u|| < |du|. Now we
use u in place of u — ug in (1.3), then (1.1) satisfying (1.3) is equivalent to (5) which satisfies
(6) in [1], we can obtain the following result which is the improving result of [1, Theorem 2].

Corollary 2.6. Let u be a solution to the equation div A(x,u, Vu) = B(x,u, Vu) in a domain Q.
Forany 1 < p < n, one denotes y = n/(n — p). Suppose that the following conditions hold

(i) |A(x,u,&)| < alglP~" +blul’ " + e, where a > 0 is a constant, b, e € L9 such that 2003(p —
1)/px+1/p+1/9=1;

(if) [B(x, u, &) < g™ + dlul’™ + f,
(iii) & - A(x,u, &) > [¢F - dulf - g,

where b € L #?~D; c € L9, 4, f, ¢ € L P=4) with for some € € (0,1]. Then for any ¢ > 1 and
any cubes or balls Q such that Q C 0Q C Q, one has

IVul,g < C(r" + 1) (lull, 00 + kr"/?), (2.28)

where C and k are constants depending only on the above conditions and r is the diameter of Q. One
can write them

C=C(p,m0,a, bl 1),
(2.29)
k= el ) + i),
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If we let 1 € C{°(0Q) and 7 is a bump function, then we have the following.

Corollary 2.7. Suppose that Q is a bounded convex domain in R", and w is a solution to (1.1) which
satisfies (1.3), and p > 1, then for any o > 1 and any cubes or balls Q such that Q C cQ C Q, there
exist constants C and k, such that

el < C{llu = ttogll, o + k. (2.30)

where C = C(n,p,1,a,|bl,||d||, e, diam Q), k = |le||*/ P~ + ||g||'/?, and y is the Poincaré constant.

3. Some Examples

Example 3.1. The Sobolev inequality cannot be deduced to differential forms. For any 7 €

Cy(B), we only let
_ on on
u=ndx + <J‘B@dx> dy + <IBa—zdx> dz, (3.1)

then u € C°(B,A'), and

_ (%1, . 0n, o1
du = (6_xdx + @dy + a—zdz> Adx

2 2
+ a—11dx+ f a—de dy + j o1 dx )dz ) Ndy
oy 5Oy pO0yo0z (3.2)

So we cannot obtain
1 1/px 1 1/p
(ﬁj |u|pxdx> < Cdiam (B) <®f |du|pdx) . (3.3)
B B

Example 3.2. The Poincaré inequality can be deduced to differential forms. We can see the
following lemma.

Lemma 3.3 ([5]). Let u € D'(D, A!), and du € LP (D, A*Y), then u — uy is in LXP(D, A) and
1/p

1 px e i 1 P
] ID)|u—um)| dx < C(n,p,l)diam (D) ] D|du| dx) (3.4)

for any ball or cube D € R", where y =2 forp >nand y =np/(n—p) forl <p <n.
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