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1. Introdution

In 2000, Zeng and Chen [1] introduced the Durrmeyer-Bézier operators D, , which are
defined as follows:

n 1
Dmxﬁm:4n+n§xxwmffamﬂamu (L1)
k=0

where f is defined on [0,1], @ > 1, QW (x) = J%(x) = J%,, (%), Ju(x) = S pui(x),
k = 0,1,2,...,n are Bézier basis functions, and puk(x) = (n!/k!(n - KN (xk (1 —x)"_k),
k=0,1,2,...,n are Bernstein basis functions.

When a =1, D,,1(f) is just the well-known Durrmeyer operator

n 1
mﬂﬁ@=M+DZnﬂﬂLﬂmwwﬂ- (1.2)
k=0

Concerning the approximation properties of operators D, i(f) and some results on
approximation of functions of bounded variation by positive linear operators, one can refer



2 Journal of Inequalities and Applications

to [2-7]. Authors of [1] studied the rate of convergence of the operators D, (f) for functions
of bounded variation and presented the following important result.

Theorem A. Let f be a function of bounded variation on [0,1], (f € BV[0,1]), a > 1, then for every
x € (0,1)and n > 1/x(1 — x)one has

n x+(1-x)/Vk

1 a 8a
Dyu(f,x) - [mf(xﬂ + mf(X—)] ‘ < mg xﬁ}//ﬁ (8x) )

+ —%U(ﬁ) - fx-)

7

where \/ﬁ( gx) is the total variation of g, on [a,b] and

ft) - f(x+), x<t<1,
(1) =10, t=x, (1.4)

f(t) - f(x-), 0<t<x.

Since the Durrmeyer-Bézier operators D, , are an important approximation operator
of new type, the purpose of this paper is to continue studying the approximation properties
of the operators D, , for functions of bounded variation, and give a better estimate than that
of Theorem A by means of some probabilistic methods and inequality techniques. The result
of this paper is as follows.

Theorem 1.1. Let f be a function of bounded variation on [0,1], (f € BV[0,1]), a > 1, then for
every x € (0,1) and n > 1 one has

da+1 & FHI/VE

f(x—)”Smg; \{@ (8x) .

|f(x4) = f(x-)],

a
a+1

Dyu(f,x) - [ﬁf(xﬂ +

24

! Vn+1)x(1-x)

where gx(t) is defined in (1.4).

It is obvious that the estimate (1.5) is better than the estimate (1.3). More important,
the estimate (1.5) is true for all n > 1. This is an important improvement comparing with the
fact that estimate (1.3) holds only for n > 1/x(1 — x).

2. Some Lemmas

In order to prove Theorem 1.1, we need the following preliminary results.

Lemma 2.1. Let {&};2, be a sequence of independent and identically distributed random variables,
&1 is a random variable with two-point distribution P(¢; = i) = x'(1 —x)"(i=0,1, and x € [0,1] is
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a parameter). Set 11, = > _1 &k, with the mathematical expectation E(1],) = py, € (—o0, +00), and with
the variance D(1,) = o,zl > 0. Then for k =1,2,...,n+ 1,0ne has

|P(n <k —1) = P(1gp1 < k)| < # — (2.1)

On+1
P(n,<k)-P(np1 <k)|{ —————. 2.2
|P (1 < k) = P(tnaa < k)| CESET (22)

Proof. Since 1, = >;_, ¢k, from the distribution series of &, by convolution computation we
get

| . .
P =)= ———x(1-x)"1, 0<j<n. (2.3)

jt(n=j)!
Furthermore by direct computations we have

pni1 = (n+1)x,

Pl =i-1)=—J1p i), 1<i<n+1 24
(ﬂn—]‘ )_(n+1)x (71n+1—]), <j<n+1.
Thus we deduce that
k k
|P(n Sk =1) = P11 k)| = | 2P (1w = j = 1) = D.P(flnsr = j) = P(s1 = 0)
~ <
k .
(2.5)
< (11+1)XZ|] (n+1)x|P(Tln+1—])
1 n+1
< 1)XZ|] (n+1)x|P (1011 = )
”_ |7]n+1 - #n+1|
By Schwarz’s inequality, it follows that
1 E(fhnt = 1)’ o
_E|7’ln+1 - #n+1| < = (2.6)

Hn+l Hn+1 Hn+l

The inequality (2.1) is proved.
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Similarly, by using the identities

n+1-ppa=m+1)(1-x),

_yo (D) -j . . (2.7)
P(’Zn—])—mp(ﬂn+1—]), 1<j<n+1,
we get the inequality (2.2). Lemma 2.1 is proved. O

Lemma2.2. Leta>1,k=0,1,2,...,n pu(x) = (n!/kl(n-k))x* (1- x)"‘k be Bernstein basis
functions, and let Ju(x) = Z;‘:kpnj (x) be Bézier basis functions, then one has

T = Ty ()] <

o
Vit Dx(1-x)

24

Vin+Dx(1-x)

(2.8)

) = T ()| <

Proof. Note that 0 < [k (x), Juries1(x) <1, ppe1 = (n+1)x, ‘7121+1 =(n+1)x(1-x),and a > 1.
Thus

T80 = 2 ()] € @lTobc () = it ()]

n n+l
= | 2= 2, Pus
j=k j=k+1
(2.9)
n n+l
=a 1—ZPnj -1 1- anﬂ,j
j=k j=k+1
= a|P (1 <k =1) = P(nna < k).
Now by inequality (2.1) of Lemma 2.1 we obtain
)~ i ()] St G (210)
nk U ST Dx(1-x) ~ A/ + Dx(1-x) '
Similarly, by using inequality (2.2), we obtain
X a
)= ()| <a < . 2.11
i = Jiap)| < Vin+ Dx(T-x) ~ \/(n+1D)x(1-x) 1D

Thus Lemma 2.2 is proved. O
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3. Proof of Theorem 1.1

Let f satisfy the conditions of Theorem 1.1, then f can be decomposed as

F() = — fGe4) + 2 flxm) + gl

+ ngn(t—x) + Z;i) (3.1)

+6.(0)(£0) - 3£ = 37(x) ),

where
1, t>0
0, t#x,
sgn(t) =40, t=0, Ox(t) = (3.2)
1, t=x.
-1, t<O,

Obviously Dy, 4(6x,x) = 0, thus from (3.1) we get

)|

116 o1+ £50)

1
Dyu(f,x) - <_a n 1f(x+) +
(3.3)

S |Dn,u(gx,rx)| + a+ ]_

We first estimate |D,, ,(sgn(f—x), x) + (a—1)/(a+1)|, from [1, page 11] we have the following
equation:

n+l n+1

an+1k(x>1k<x =23 Pk (X)y5 (%), (3.4)
k=0

Dy« (sgn(t - x), x) +

where T 1 (%) <y (0) < T ().
Thus by Lemma 2.2, we get [J} (x) — vy (x)] < a/+/(n+1)x(1-x). Note that
S paeik(x) = 1, we have

n+1l za

= zkgo Pn+1,k(x) (]zk(x) - sz(x)) < TR x)-

(3.5)

a —
D, . (sgn(t—x),x) + P '

Next we estimate |D,, 4(gx, x)|. From (15) of [1], it follows the inequality

n x+(1-x)/vVk

nx(l-x)+1
|Dia(ge, x)| < 4ax el x)2Z xyf (gv)- (3.6)
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That is,

n x+(1-x)/Vk

2x2(1 - x)2|DM (gx, x)| <4a(nx(l-x)+ 1)2 \/ (gx)-

k=1 x—x/vk
On the other hand, note that g, (x) = 0, we have
IDn,a(gxrx)l < Dn,a(lgx(t) - gx(x)lz x)

1
<\/ (8x)Dua(l,x)
0

n x+(1-x)/Vk

—\/ (g)<> V(&)

k=1 x—x/vk

From (3.7) and (3.8) we obtain

x+(1-x)/Vk

danx(1 - x) +4a +da &
| Dra(gx )| < > V(80

n2x2(1-x)* +4a 4 -

Using inequality
2x%(1 - x)* + 16a° + 4a > 8anx(1 - x),
we get
4anx(1 - x) +4a + 4a 4a+1 Cvns1.
n2x2(1 - x)* + 4a nx(1-x)

Thus from (3.9) we obtain

da+ 1 n x+(1-x)/vVk

Dualgen)l < g2 Vo (80,

x-x/vVk

Theorem 1.1 now follows by collecting the estimations (3.3), (3.5), and (3.12).
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