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1. Introduction

The investigation of stability of nonlinear difference equations with delays has attracted a
lot of attention from many researchers such as Agarwal et al. [1-3], Bainov and Simeonov
[4], Bay and Phat [5], Cooke and Ivanov [6], Gopalsamy [7], Liz et al. [8-10], Niamsup et
al. [11, 12], Mohamad and Gopalsamy [13], Pinto and Trofimchuk [14], and references sited
therein. In [15], Halanay proved an asymptotic formula for the solutions of a differential
inequality involving the “maximum” functional and applied it in the stability theory of linear
systems with delay. Such an inequality was called Halanay inequality in several works. Some
generalizations as well as new applications can be found, for instance, in Agarwal et al. [2],
Gopalsamy [7], Liz et al. [8-10], Niamsup et al. [11, 12], Mohamad and Gopalsamy [13],
and Pinto and Trofimchuk [14]. In particular, in [2, 6, 10, 12, 13], the authors considered
discrete Halanay-type inequalities to study some discrete version of functional differential
equations.

In the following results of Liz et al. [10], authors showed that some discrete versions
of these (maximum) inequalities can be applied to study the global asymptotic stability of a
family of difference equations.
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Theorem A. Assume that (u,v) satisfies the system of inequalities

Au, < -Au, + Bu, + Cv,, + Dv,, n>0, (1.1)
v, < Eu, + Fu,,, n>0, .

where Auy, = Upy — Uy, Uy = max{uy,, ..., Uy}, Oy = max{v,_1,...,0,,},and r > 0 is a natural
number. If B,C,D,E,F >0, FD+B >0, E+F > 0and

B+ (E+F)(C+D)<A<], (1.2)
then there exist constants K; >0, K, >0, and Ay € (0,1) such that
u, <K, v, <Ky, n>0. (1.3)
Moreover, Ay can be chosen as the smallest root in the interval (0,1) of equation h(1) = 0, where
h(A) = A1 —(1- A+ CE)\* - (B+ FC+ED)\" - FD. (1.4)

By a simple use of Theorem A, authors also demonstrated the validity of the following
statement, namely, Theorem B.

Theorem B. Assume that f satisfies the following inequalities:

|f(xns - Xng) | < || (s oo X)) | oy V(oo Xnr) € R,

(1.5)
|f (%, xuey) = 2xn| S 1) (Axpet, oo AXpy) || V(X X)) € RTHL
If either
(a)0<a<l-b,and O<br<1, or
(b) a<0, and 0<br < (a+b)(—a+b)™"
holds, then there exist K > 0 and Ay € (0, 1) such that for every solution {x,} of
Axy =—ax, —bf(n,xn,Xp-1,...,%n—y), a>0, (1.6)
one has
x| < (max{|xi[})Ag, 720, (1.7)

where Ay can be calculated in the form established in Theorem A. As a consequence, the trivial solution
of (1.6) is globally asymptotically stable.

The main aim of the present paper is to establish some new nonlinear retarded
Halanay-type inequalities, which extend Theorem A, along with the derivation of new global
stability conditions for nonlinear difference equations.
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2. Halanay-Type Discrete Inequalities

Let R denote the set of all real numbers, R* the set of positive real numbers, RO the set of
nonnegative real numbers, Z the set of integers, Z* the set of positive integers, and Z™" = {z €
Z : z > —r}. Consider the following nonlinear difference equation:

Axn = f(n/ Xn, Xn-1s--- rxn—r)/ ne Z+I (21)

where Ax, = xp41 — xp, and f 1 N x R — R. Equation (2.1) is a generalized difference
equation (see [3, Section 21] and [11]). The initial value problem for this equation requires
the knowledge of the initial data {x_,, x_r41,...,x0}. This vector is called the initial string
in [6]. For every initial string, there exists a unique solution {x,},.;+ of (2.1) that can be
calculated using the explicit recurrence formula

Xns1 = X + f (1, X0, Xno1, -, Xny), n€Z0. (2.2)

In this section, we introduce new discrete inequalities which will be used to derive global
stability conditions in the next section.

Theorem 2.1. Let a;, bi,ci, di e, fi € R}, Sigdie >0, hy € Z° (i =0,...,7), 0 = hg < hy <
«~-<hy; h, €Z*,and

b+ (c+d)e+f)<a<l, (2.3)

where a = > qa;, b= b, c =3¢, d=>di, e= D e, and f = > fi. Also, let
{1tn, Un} ez be a sequence of nonnegative real numbers satisfying the system of inequalities

.
Au, < Z( —aiu, + biul:l—hi +¢on +divyy,), nez’,
i=0

. (2.4)
v, < Z(eiun + fiufkh), neZzb,
i=0
where p > 0 is a constant. Then there exist constants Ki >0, K, > 0, and Ay € (0,1) such that
u, <Ki\l, v, <K\, neZ’ (2.5)

where K1 = maXocj<, {U-p, & 0_p, }, and Ko = aKy witha = e + Y1, fi.)t(;n+(n_hi)p . Moreover, A
can be chosen as the smallest root in the interval (0,1) of equation g(\) = 0, where

g()‘) =A1- (1 —a-+ ce) - i(bl + Cfi)J\("*hi)pfn
" (2.6)

r

- Z died ™ -y (dl}r: f,-M”hfhf)r'")
i=0 j=0

i=0

withn € Z°.
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Proof. Let {x,, yn)
inequalities

4ez-» D€ a sequence of nonnegative real numbers satisfying the system of

n-1

x,=(1-a)"x + Z(l —a)"!
=0
X Z( —aixj + bixf_hi +CiYj+ di]/j—h,»)/ (2.7)
i=0
Yp = Z(eixn + fixZ_h,_),

i=0

where n € Z°. Since (1 — a) > 0, it is easy to prove by induction that if u, < x, and v, < y, for
n=-h,,...,0, then u, < x, and v, < y, for all n € Z°.

On the other hand, the system (2.7) is equivalent to

r
_ P
Ax, = Z( = @iXy + bix,_ + CiYn + diVn-n,),
0
r

Yn=, <€ixn - fixZ_hi>,

i=0

(2.8)

where n € Z°. Next we prove, under the assumptions of the theorem, that there exists a
solution {xy, Yn},cz-n to system (2.8) in the form x, = Af, y, = aAj witha >0, Ao € (0,1).
Indeed, such {xy, Yn} ;- is a solution of (2.8) if and only if

A= (1= @)k + Y (b ™+ il + di(ary ™)), mez,
i=0 (2 9)

al! = zr](eixg +fidg ™), nezt.
i=0

This is equivalent to the existence of a solution Ay € (0, 1) of equation g(A) = 0, where g is the
polynomial defined by (2.6).

Now, ¢(0) = limy_o- g(A) = —oo < 0 in view of X/ die > 0. On the other hand,
g(l)=a-b-(c+d)(e+ f) > 0in view of (2.3). As a consequence, there exists 1y € (0,1) such
that g(Ao) = 0. Hence, (Ao, @) is a solution of (2.9) witha =e + X7, fiA5"+(n_hi)p > 0.

For this value of Ao, the pair {K\j, Kaj} is a solution of (2.8) for every K > 0. Thus,
choosing K = maXo<j<r{U-p,, a'v_y,. }, we have that u, < K Ay = xn, and v, < Kalj =y, for all
n=-h,,...,0.

Hence, using the first part of the proof, we can conclude that u, < x,, and v, < y, for

all n € Zy. O

By the similar argument used in Theorem 2.1, we obtain the following result.
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Theorem 2.2. Let a,b,c,d,e, f €R}, hi€Z°, i=0,...,1r, 0=hg<hy <---<h,; r>1,and
brcle+f)+dle+f) " <a<1 (2.10)

with ce > 0. Also, let {11y, Uy} ez be a sequence of nonnegative real numbers satisfying the system
of inequalities

r r
Auy < —auy + [ [bunp, + con + [ [don-n, neZ’,

i=0 r i=0 2.11)
Uy < ey + Hfun,hi, ne70.
i=0
Then there exist constants K1 >0, K, >0, and Ay € (0,1) such that
u, <Kidj, v, <Kp\j, me 70, (2.12)

where Ky = maxocicy {U-p, pt0-p, }, and Ko = pKy with p = e + f ]_[Lof\ahf . Moreover, Ay can be
chosen as the smallest root in the interval (0,1) of equation F(X) = 0, where

r+1]

F)=A-(1-a+ce)= [b+cf+d(e+ fAmm) " ]armh (213)

withn € Z°, h= 3! h;.

Proof. Let {x,, yn)
inequalities

wcz-» D€ a sequence of nonnegative real numbers satisfying the system of

r r
Ax, = —ax, + bl |xn_hi +cyy + dl |yn_hi, nelZb,
i=0 i=0

r
Yn = ex, + fI |xn_hi, ne?7’.
i=0

(2.14)

Since (1 —a) > 0, it is easy to prove by induction that if u, < x, and v, < y, forn = -h,,...,0,
then u, < x, and v, < y, for all n € Z°.

Next we prove that, under the assumptions of the theorem, there exists a solution
{Xn, Yn} peyn to system (2.14) in the form x, = A", y,, = pA" with p > 0, A € (0,1). Indeed,

such {x, Y}y is a solution of (2.14) if and only if

A = (1-a)A" + bH)L"_hi + Cp)x" + de)L"_hi, ne ZO,
i=0 ) i=0 (2.15)
pAT = ed™ + fn)‘n_h’) ne’z’.
i=0



6 Journal of Inequalities and Applications

This is equivalent to the existence of a solution A € (0,1) of equation F(\) = 0, where F is the
polynomial defined in (2.13).

Now, in view of ce > 0, we have F(0) = -1+ a —ac < 0in case rn > h, F(0) =
-l+a-ac-[b+cf +d(e +f)r+1] < 0in case rn = h, and F(0) = limy .o+ F(A) = —o0 < 0 in
case rn < h.

On the other hand, F(1) = a-b-c(e+ f) —d(e+ f)r+1 > 0 in view of (2.10). As a
consequence, there exists A9 € (0,1) such that F(g) = 0. Hence, (Ao, p) is a solution of (2.15)
with p = e+ fTT0oAy™ > 0.

For this value of A, the pair { KA, KpA{j} is a solution of (2.14) for every K > 0. Thus,
choosing K = maxosigr{u_hi,p‘lv_hi }, we have u, < KA, and v,, < KpA{ foralln = -h,,...,0.
These imply u, < x,, and v, < y, foralln = -h,,...,0. Hence, using the first part of the proof,

we can conclude that u, < x,,, and v, <y, for all n € Z,. O

Remark 2.3. In [10], a discrete Halanay-type inequality was given as in Theorem A, where the
inequalities were replaced by

Au, < —-au, + bii, + co, +do,, n>0,
~ (2.16)
U < ey + fii,, n2>0,

where Au, = Uy — Uy, U, = max{u,,..., Uy}, 0y = max{v,_1,...,0,,},and r > 1is a
natural number. Note that if a sequence {u,},;,- of positive real numbers satisfies (2.16),
then it also satisfies (2.4). On the other hand, letp =r =1, h; =i; a = Z}zo a;=1, b=by =
bi=1/7, c=cy=c1=0,d=dy=d1=1/7, e=ep=e1=1/7, and f = fy = f1 =1/7. Then
we might easily show that the sequence {1/2"},,,: satisfies (2.4) but not (2.16). Indeed,

11
Tl on
1

_2n+1 4

<_1+1 1+ 1 +1 15+ 15 (2.17)
2r 7\ 2n  2n-l 7\2r7 217

_ 131
To490n

Au,

with 3o bi + (g ¢i + Yo di) (o ei + Yo fi) < Sio @i = 1. On the other hand,

1/1 1 1 1
? <§2n_1 + ? max {2"-1 }> (218)

Therefore, in the case of positive sequences, the discrete inequality (2.4) is less conservative
than the discrete Halanay-type inequality given by (2.16).

1
_2n+1

1 1 1 1
>—2—n+§max z—n, 2"-1 +
311

49 2n°

Au, =
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3. Global Stability of Difference Equations

In order to show the applicability of the previous result, in this section we consider the
generalized difference equation

Axy = —ax, —bf (1, Xn, Xn-hy, - Xn-n, ), (3.1)

wheren, h; € Z*, i=1,...,r, and b > 0.

Although, for every initial string {x_p,, x_p,+1,..., %0}, the solution {x,} of (3.1) can
be explicitly calculated by a recurrence formula similar to (2.2), it is in general difficult to
investigate the asymptotic behavior of the solutions using that formula. The next result gives
an asymptotic estimate by a simple use of the discrete Halanay inequality.

Theorem 3.1. For all (n,Xn, Xn-ny,---, Xu-n,) € Z° x R™Y, assume that f satisfies the following
inequalities:

P (3.2)

,
|f (1 X, Xy X, ) | € 5 Bl %non,
=0

|f(n/ le/ xn—hll crcy xn—h,) - xn| S Z Y] | Axﬂ—hj 7 (33)

j=0

where ﬁ]',}’]',p € Rg, Z::OYI'|[1| >0, h] ez’ (] =0,...,r— 1), and hr e Z* with 0 = hy < hl <
-+ < hy. If either

(a)0<a<1-b, 0<by<l,and0<p<1,or
(b) a<0and 0 < by < (a+b)(-a+bp)™"

hold, then there exists a constant Ay € (0, 1) for every solution {x,} of (3.1) such that

|xn| < (max {|xi|,zx11|Ax,~|}>)Lg, neZz’, (3.4)

_hrSlSO

where a1 = |a| + b3 [, ﬁﬁu&"ﬂn_hi)p , B =200PBi ¥ = 2iso i, and Ao can be chosen as the smallest
root in the interval (0, 1) of equation g1(X) = 0, where

§1(0) = A= (1 -a-b)- Y bl ™ - > by <Z bﬁ,-x‘"‘hf‘h””‘"> (3.5)
i=0 i=0 j=0

withn € Z°.
As a consequence, the trivial solution of (3.1) is globally asymptotically stable.

Proof. Let {x,} be a solution of (3.1). Equation (3.1) can be written in the form

Axy =—(a+b)xy —b[f(n,Xp, Xn-py, .., Xn-n,) = Xn]. (3.6)
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Hence, we know that
n-1 i
=[1-(a+b)]"x0+ D [1-(a+b)]""" (=b) [f (i, xi, Xi-hy, -, Xicn, ) — Xi], (3.7)
i=0

where n € Z°. Thus, using inequality (3.3), we obtain

n-1 r .
|2 < [1-(a+b)]"|xo| + Z —(a+ b)]"_l_lbyj|Ax,~_hj |- (3.8)
i=0 j=0
Denote u, = |x,| forn =-h,,...,0,and
n-1 r i1
=[1-(a+b)] |x0|+Z [1-(a+b)]"" byj|Axiy,| (3.9)
i=0 j=0

for n € Z*. Then we have |x,| < u, and, from inequality (3.9), we obtain

.
Aty = —(a+b)uy + >, byj| Axy | (3.10)
j=0

for n € Z*. On the other hand, using hypothesis (3.2) in (3.1), we have

T
|Axy| < |- al|x,] +bZﬁj|xn-h;‘|p
=0

. (3.11)
<l|alu, + bZ ﬁjufl_h]_.
=0

Denote v, = |Ax,|. We can apply Theorem 2.1 to the system of inequalities (3.10) and (3.11)
with 3 ga; = a+b, bj =0, ¢; =0, di =byj, Jioe = l|al, and f; = bp;. Consequently,
Theorem 2.1 ensures the validity of the following inequality:

|xc| < <r;12><<0{|x,| a; |Ax,|}>)u6’, neZz’, (3.12)

where Ao and a; are chosen as in Theorem 3.1. This completes the proof of the theorem. [

Next, we obtain new conditions for the asymptotic stability of (3.1) using inequality
(3.13) instead of (3.3).
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Corollary 3.2. For all (n,Xn, Xn-ny,---,%Xn-n,) € Z° x R™*, assume that f satisfies inequality (3.2)
and the following condition:

r
(T X)) = 2] € X (s, I+ 610, + A ]), (313)
j=0

where y;, 6;,1j,p € R, Z]r-:o njlal >0, h; € Z° (j=0,...,r=1),and h, € Z* with 0 = hy < hy <
"'<hr'If

by +b(6 +n)(la| +bp) <a+b<1 (3.14)

holds, where B = >y Bi, ¥ = Do Yir 0 = 2o 6i, and . = X7 1;, then there exists a constant
Ao € (0,1) for every solution {x,} of (3.1) such that

|xn| < (max {|xi|,afl|Axi|}>)Lg, neZz’, (3.15)

*hrSlSO

where ay = |a| + b3, ﬁi)tan+(n_hi)p , and Ao can be chosen as the smallest root in the interval (0,1) of
equation g»(1) = 0, where

gZ(A) =\- (1 —a-b+ b|a|6) - Z b(Yl + b6ﬁi))t(‘rl7hi)r7*n
i=0

- Zr: b|a|71i)fh" — zr: bnl <Zr: bﬂj.)t(n_hf_hi)P_n>
i=0 i=0 =0

(3.16)

with n € Z°.
As a consequence, the trivial solution of (3.1) is globally asymptotically stable.

Similarly, using Theorem 2.2 instead of Theorem 2.1, we obtain the following result.

Theorem 3.3. For all (n,xn, Xu_p,,---,Xn-p,) € Z° x R™1, assume that f satisfies the following
inequalities:

r
|f(n/ xn/xn—h1/~ . -/xn—h,) | S ﬂl_['x"_hi |/
=0 (3.17)

T T
|f (1 %, Xnms s Xnon,) = Xn| S Y] 100, | + 6] x| + 7] J| Ao,
-0 =0

7

where B,y,0,1m € R, thZO, j=0,...,r=1,and h, € Z* with0 = hy < hy <--- < h,. If |a|l6 > 0
and

by + b6 (|al + bp) + bry(lal +bp) " <a+b<1, (3.18)
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then there exists a constant Ay € (0,1) for every solution {x,} of (3.1) such that

|xn| < (ma.x {|xi
_hrSlSO

,p;llei|}>)Lg, nez’, (3.19)

where p1 = |a| + bﬂ]‘[;o)ng" , and Ay can be chosen as the smallest root in the interval (0,1) of equation
F1(X) =0, where

Fi(\) =A— (1-(a+b)+|abs) - b[y +bp6 +n(lal + bﬁy"-h)”l]w-h (3.20)

withn € Z°, h= 3! h;.
As a consequence, the trivial solution of (3.1) is globally asymptotically stable.

Remark 3.4. Equation (3.1) covers a variety of difference equations. For instance, we can
consider the following difference equation:

Ax, =—ax, —bf(x,—k), b>0. (3.21)

Next, we study the asymptotic behavior of the solutions of (3.21). We can apply Theorem 3.1,
Corollary 3.2, or Theorem 3.3 to obtain some relations between coefficients a and b that ensure
the global asymptotic stability of the zero solution. Moreover, from Theorem 3.1 we know that
if there exists 8,y € R* such that |f(x)| < B|x|, |f(x) — x| < y|Ax] for all x, and if either

(a)0<a<1l-b, 0<by<l,and0<p<1,0r
(b) a<0and 0 < by < (a+b)(-a+bp)™"

hold, then all solutions of (3.21) converge to zero.
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