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this sequence space. At the end of the paper, we investigate some geometric properties of r7(p, B™)
and we have proved that this sequence space has property (f) for px > 1.

Copyright © 2009 M. Basarir and M. Kayik¢i. This is an open access article distributed under
the Creative Commons Attribution License, which permits unrestricted use, distribution, and
reproduction in any medium, provided the original work is properly cited.

1. Introduction

Let w be the space of all real valued sequences. We write I, ¢, ¢y for the sequence spaces
of all bounded, convergent, and null sequences, respectively. Also by cs, I1, and [,, we
denote the sequence spaces of all convergent, absolutely and p-absolutely, convergent series,
respectively; where 1 < p < co.

Let (gx) be a sequence of positive numbers and

n

Qu=>4qr (neN). (1.1)

k=0

Then the matrix R7 = (er) of the Riesz mean (R, g,), which is triangle limitation matrix, is
given by

gk
=, (0<k<n),

rl =9 Qn (1.2)
0, (k >n).

It is well known that the matrix R7 = (er) is regular if and only if Q, — cwasn — oo.
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Altay and Basar [1, 2] introduced the Riesz sequence space r(p), & (p), 7l (p), and
rd (p) of nonabsolute type which is the set of all sequences whose Ri-transforms are in the
space l(p), I (p), c(p), and co(p); respectively. Here and afterwards, p = (px) will be used as a
bounded sequence of strictly positive real numbers with sup px = H and M = max{1, H} and
& denotes the collection of all finite subsets of N, where N = {0,1,2,...}. The Riesz sequence
space introduced in [1] by Altay and Basar is

0 k P
rq(p):{x:(xk)ewzz équxj <oo},' with (0 <px < H < ). (1.3)
k=0| =k j=0

The difference sequence spaces [, (A), c(A), and co(A) were first defined and studied
by Kizmaz in [3] and studied by several authors, [4-9]. Basar and Altay [10] have studied the
sequence space bvp as the set of all sequences such that their A-transforms are in the space lp ;
that is,

bv, = {xz(xk)ew:2|xk—xk_1|’”<oo}, 1<p<oo, (1.4)
k=0

where A denotes the matrix A = (A,x) defined by

{(-1)”*; (n-1<k<n),
Ak = (15)

0; (k<n-1) or (k> n).

The idea of difference sequences is generalized by Colak and Et [11]. They defined the
sequence spaces:

A"l ={x=(xx) eEw: A"x €L}, (1.6)

wherem € N, Alx = x—x441, and A™x = A(A™ 'x), where A™ denotes the matrix A = (am
defined by

(-1)™*k " ; (max{0,n—-m} <k <mn),
A% = nek =rE 1)

0; (0 <k <max{0,n—m}) or (k >n),

for all k,n € N and for any fixed m € N.
Recently, Basarir and Oztiirk [12] introduced the Riesz difference sequence space as
follows:

ri(p,A) ={x=(xx) ew: Ax = (xx —xx-1) €r(p)}; with (0 <px < H < 0). (1.8)
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Basar and Altay defined the matrix B = (b,x) which generalizes the matrix A = (A,x). Now
we define the matrix B™ = (b ) and if we take r = 1, s = -1, then it corresponds to the matrix
A™ = (A"). We define

( mk>r”“”+ks"‘k; (max{0,n—m) <k <n),
pr= 4 \n

(1.9)

0; (0 <k <max{0,n—m}) or ( k >n).

The results related to the matrix domain of the matrix B™ are more general and more
comprehensive than the corresponding consequences of matrix domain of A™.

Our main subject in the present paper is to introduce the generalized Riesz difference
sequence space r9(p, B™) which consists of all the sequences such that their B”-transforms are
in the space r9(p) and to investigate some topological and geometric properties with respect
to paranorm on this space.

2. Basic Facts and Definitions
In this section we give some definitions and lemmas which will be frequently used.

Definition 2.1. Let A and p be two sequence spaces and let A = (a,x) be an infinite matrix of
real numbers a,, where 1, k € N. Then, we say that A defines a matrix mapping from 1\ into
u, and we denote it by writing A : A — p if for every sequence x = (xx) € A the sequence
Ax = {(Ax),}, the A-transform of x, is in y; where

(Ax), = iankxk, (n € N). (2.1)
k=0

By (A : u), we denote the class of all matrices A such that A: 1 — p. Thus, A € (A : p) if and
only if the series on the right side of (2.1) converges for each n € N and every x € A, and we
have Ax = {(Ax),},ey € u for all x € . A sequence x is said to be A-summable to a if Ax
converges to & which is called as the A-limit of x.

Definition 2.2. For any sequence space .\, the matrix domain A4 of an infinite matrix A is
defined by

Ag={x=(xx) ew: Ax € \}. (2.2)

Definition 2.3. If a sequence space A paranormed by h contains a sequence (b,) with the
property that for every x € A there is a unique sequence of scalars (a;,,) such that

lim h<x - Zakbk> =0, (2.3)
n— oo k=0

then (by,) is called a Schauder basis (or briefly basis) for A. The series 32 axbx which has the
sum x is then called the expansion of x with respect to (b,) and is written as x = >,;7, axbk.
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Definition 2.4. For the sequence spaces A and y, define the set S(\, u) by

S(hp) ={z=(zx) ew:xz = (xxzx) € p Vx € 1}. (2.4)

With the notation of (2.2), the a-, f-, y-duals of a sequence space A, which are, respectively,
denoted by A%, AP, \Y, are defined by

=S L), M=SWes), A =S(\,bs). (2.5)

Now we give some lemmas which we need to prove our theorems.

Lemma 2.5 (see [13]). (i) Let 1 < px < H < oo for every k € N. Then A € (I(p) : ) if and only if
there exists an integer K > 1 such that

/

© Pk
supz < oo. (2.6)

KeF k=0

ZankK_l

nek

(ii) Let 0 < px < 1 for every k € N. Then A € (I(p) : h) if and only if

Pk

> aw| <o (2.7)

nek

sup sup
Ke¥ keN

Lemma 2.6 (see [14]). (i) Let 1 < px < H < oo for every k € N. Then A € (I(p) : 1) if and only if
there exists an integer K > 1 such that

¢ . (2.8)

supi

neN k=0

11
a, K

(ii) Let 0 < px < 1 for every k € N. Then A € (I(p) : L) if and only if

sup |ank|’* < co. (2.9)
n,keN

Lemma 2.7 (see [14]). Let 0 < px < H < oo for every k € N. Then A € (I(p) : c) if and only if
(2.8), (2.9) hold, and

lim ank = ,Bk fOT keN (2.10)

also holds.
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3. Some Topological Properties of Generalized
B™-Riesz Difference Sequence Space

Let us define the sequence v = {y,(q)}, which will be used for the (R7B")-transform of a
sequence x = (xy), that is,

1 n-1 m

m - ([ m m-i+k ik r
yn(q) = (RqB .X')n = @kZI:Z<l_k>r ks kqlxk:I + annxn. (31)

=0 Li=k

After this, by R1B"™, we denote the matrix R1B™ = (1, (m, g, 1, 5)) defined by

(
1 n-1[ n m ) )
Q_Z I:Z <l k> rm—1+ksz—kql] , (k < 11),
" k=0 Li=k -

@) = T, (k=n), (52
n
0, (k >n),

for all n, k, m € N. Then we define

ri(p,B") = {x = (xx) €w :yn(q) € 1(p)}

1 <l < m m—i+n i-n r
@Z[Z(i_n>f S T (qixXy| t @quk

Pk
<w}.
0 Li=n

(3.3)

:{x:(xk)ew:i

If we take m = 1, then we have

o0 k-1 Pk
ri(p,B) =43 x=(xx) Ew: Z L Z(q]-r +qj+15) Xj + qrr X <oo . (3.4)
| j=0

Here are some topological properties of the generalized Riesz difference sequence
space.

Theorem 3.1. The sequence space ri(p, B™) is a complete linear metric space paranormed by

| 1 el « m o rmqk pe\ /M s
— - m—i+j qi—j o .. , .
5= (Sl Z<i_j>r g | + 20k,

where H = sup, px and M = max(1, H).
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Proof. The linearity of r9(p, B™) with respect to the co-ordinatewise addition and scalar
multiplication follows from the inequalites which are satisfied for u, v € r9(p, B™) [15]:

- 1/M . 1/M - 1/M
<Z|(Rquu)k + (R"B’”v)kl”k> < (ZI(R"B”’u)klpk> + <Z|(Rquv)k|pk> ,
k=0 k=0 k=0

(3.6)
and for any a € R [16], we have
|afP < max{l, |a|M}. (3.7)

It is obvious that g(0) = 0 and g(-u) = g(u) for all u € ri(p, B™). Let ux, vk € ri(p, B™):

pk>1/M
P\ /M
M\ neivj i-j " qx
<i_].>7’ tig ]qi(uj)] + Or Ui > (38)

k-1 [ & pey M
| Dol )
— ) sai(v;) | + v ,
kj=0|:i§j i-j q(;) Or k

g(u+v) <g(u)+g(v). (3.9)

ARE=1 e m
glu+v) = <Z @]:Zo ;j(/ﬁ}.)ﬂ" Ts ]Qi(“j+vi)] + rQZk (ug + vk)

0 [ k
<{> 0 - >
k=0 j=0 | i=

]

Again the inequalities (3.7) and (3.9) yield the subadditivity of g and

g(au) < max{l, |a|}g(u). (3.10)

Let {x"} be any sequence of the elements of the space r7(p, B™) such that

g(x"—x) —0, (3.11)

and (1,) also be any sequence of scalars such that A, — \. Then, since the inequality

g(x") < g(x) + g(x" - x) (3.12)
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holds by subadditivity of g, {g(x™)} is bounded, and thus we have

g(Ax™ = Ax)

o) -1 k m
(R[] s
k=0 i=0 | i=
k m m Pk 1/M
m—i+j i— gk _»
[iz-;‘(i—]') N ]ql< >] " Qi "k >

Pk>1/M

—

< = Mg (™) + A Mg (x" - x),
(3.13)

which tends to zero as n — 0. Hence the continuity of the scalar multiplication has shown.
Finally; it is clear to say that g is a paranorm on the space r(p, B™).

Moreover; we will prove the completeness of the space r¥(p, B™). Let x' 'be any Cauchy
sequence in the space r7(p, B™) where x' {x}(} = {xo, xy,...} € ri(p,B™). Then, for a given

€ > 0, there exists a positive integer 1(¢) such that
g(xi - xf> <§g, (3.14)

for all i, j > ng(e). If we use the definition of g, we obtain for each fixed k € N that

1/M
”"] <e, (3.15)

(), - (o) | < S5 5 - (),
for i, j > ng(e) which leads us to the fact that
{ <Rqux0>k, <Rqux1)k, N } (3.16)

is a Cauchy sequence of real numbers for every fixed k € N. Since R is complete, it converges,
so we write (RIB™x'), — (R1B™x), asi — oo. Hence by using these infinitely many limits
(R1B™x),, (R1B™x)4, ..., we define the sequence { (R7B"x),, (R1B™x),...}. Since (3.14) holds
foreachp e Nand i, j > ng(e),

ﬁ:l(RqB’" l> <Rquxf>k|pk < [g(xi - xj>]M <eM, (3.17)

k=0
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Take any i > ny(e), first let j — oo in (3.17) and then p — oo, to obtain g(x’ — x) < e. Finally,
taking € = 1 in (3.17) and letting i > ny(1), we have Minkowski’s inequality for each p € N,
that is,

1/M
pk:l < g(xi - x> + g<xi> <1+ g(xi>, (3.18)

|5 (ws),

which implies that x € r(p, B™). Since g(x' — x) < ¢ for all i > ny(e) it follows that x' — x as
i — oo, s0ri(p, B™) is complete. O

Theorem 3.2. Let Z:-(:](,Tj)rm"'*i s71g;i #0 for each k € N. Then the difference sequence space
ri(p, B™) is linearly isomorphic to the space l(p) where 0 < px < H < oo.

Proof. For the proof of the theorem, we should show the existence of a linear bijection between
the spaces r(p, B™) and I(p) for 0 < px < H < co. With the notation of

=1 e o
Yk = @Z [Z (i :)rm sl ’qixj] + g T (3.19)
=0 |5

define the transformation T from r7(p, B™) to I(p) by x — y = Tx. However, T is a linear
transformation, moreover; it is obviuos that x = 8 whenever Tx = 6 and hence T is injective.
Let y € I(p) and define the sequence x = (xi) by

k-1[n+1 k—i .
B \k-n_S m+k-i-1\1 Qk
xk—nzzo[;( v (M )qunyn] 2y, drken G20
Then,
pe\ /M
© | q k-11 k m i ,m
= — )P T gix |+ —qiex
g(x) ;) Qk;ﬂ ;](1—]) 9i%; | + G Xk
K pe\ /M
. <Z Séum, > G2
k=0|7=0
- 1/M
= <Z|yk|’”> =81(y) < oo,
k=0
where

6kj = { (3.22)



Journal of Inequalities and Applications 9

and ¢1(y) is a paranorm on I(p). Thus, we have that x € ri(p, B"). Consequently; T is
surjective and is paranorm preserving. Hence, T is a linear bijection and this explains that
the spaces r9(p, B™) and [(p) are linearly isomorphic. O

Now, the Schauder basis for the space r9(p, B™) will be given in the following theorem.

Theorem 3.3. Define the sequence b (q) = {bflk)(q) } neny Of the elements of the space ri(p, B™) for
every fixed k € N by

( k+1 .
nk S" m+n-i—-1\1
Z( 1 krm+n 1< : )an’ (1’1 > k)’

n-i
b (q) =1 Qk (n=F) (3.23)
rWqu’ 7
0, (k > n).

Then; the sequence {b™)(q)}, .y, is a basis for the space r9(p, B™) and any x € r(p, B™) has
a unique representation of the form

x = @)t (@), (3.24)
k=0

where pi(q) = (R1IB™x) forall k e Nand 0 < pr < H < oo.
Proof. This can be easily obtained by [12, Theorem 5] so we omit the proof. O

Theorem 3.4. (i) Let 1 < px < H < oo for every k € N. Define the set Q1(p) as follows:

Qi (p)
kel e ST /m+n—i-1\1 a 1p,k
= (ax) Ewsu - ( ) )—anQ +—= Qn]K‘
gl k Negkz:o rgv[z rm+n1 n-—i qi k r qn

<oo}.

Then; [r(p, B™)]* = Q1 (p).

(3.25)
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(ii) Let 0 < px < 1 for every k € N. Define the set Q»(p) by

Q(p)

Pk

k+1 n—i .
xS m+n—-i-1\1 a _
S e (M) e <
nen Li=k r n-t qi L

= U{a: (ax) Ew:sup sup
K>1 NeF keN
<enf

(3.26)
Then; [ri(p, B™)]" = Qa(p).
Proof. (i) Let a = (ax) € w. We easily derive with the notation
1 k-1 k m > o 1
= — )™ s  gix |+ —grex, 3.27
i ng(;[iz_];(l_] i | + g (627
and the matrix U = (u,x) which is defined by
( k+1 n—i ——
S <’" R 1> ~a,Qc (0<k<n-1),
pars pm+n—i n—i qi
Unk = anQn’ (k — Tl), (328)
gy,
0, (k > n),

for all k,n € N, thus, by using the method in [1],[12] we deduce that ax = (a,x,) € hL
whenever x = (xx) € ri(p,B™) if and only if Uy € I, whenever y = (yx) € I(p). From
Lemma 2.5(i), we obtain the desired result that

[7(p, B™)]" = Qi(p)- (3.29)

(ii) This is easily obtained by proceeding as in the proof of (i), above by using the
second part of Lemma 2.5. So we omit the detail. O
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Theorem 3.5. (i) Let 1 < px < H < oo for every k € N. Define the set Q3(p) as follow:

Qs(p)

/

Pk

=U

K>1

k+1 . n
nk S" m+n—-i-1\1 _ 1
[< +Z( 1) pmtn= 1< n—i >a]§1a1>Qk]K

<oo}.

(3.30)
Then; [r1(p, B™)]P = Qs(p) N cs.
(ii) Let 0 < px < 1 for every k € N. Define the set Q4(p) by
Qa(p)
k+1 . 1 1 n PE
ag ek S" m+n—i-
=4qa=(ax) Ew:su + > .(-1) ( . >— a; )Ox
{ kelg [<rmqk ; pmAn—i n-—i1i qij:%—l ]
. oo}.

(3.31)

Then; [r1(p, B™)1¥ = Qu(p) N cs.

Proof. (i) If we take the matrix T = (t,x) b

k+1 . n
n-k S m+n—-i—-1\1
Z( H™r m+n1< , >—,Zaj Qr, (0<k<n),
tuk = r n-i 9i iS5 (3.32)

0, (k>mn),

for k, n € N and if we carry out the method which is used in [1, 12], we get that ax = (a,x,) €
cs whenever x = (xi) € r9(p, B™) if and only if Ty € c whenever y = (yx) € I(p). Hence we
deduce from Lemma 2.7 that

’

) A
) k+1 n—i . n
E: Z s m+n—-i-1\1
=™ ¢ m nfi< ; >_ aj Q| K| <oo (3.33)
k=0 [< pmt n—1i qij:%—l J

and lim,, t,; exists which is shown that

[71(p, B™)]” = Qs(p) Nes. (3.34)
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(ii) This may be obtained in the similar way as in the proof of (i) above by using the
second part of Lemmas 2.6 and 2.7. So we omit the detail. O

Now we will characterize the matrix mappings from the space r7(p, B™) to the space
l. It can be proved by applying the method in [1, 12]. So we omit the proof.

Theorem 3.6. (i) Let 1 < pi < H < oo for every k € N. Then A € (r9(p, B™); l,,) if and only if there
exists an integer K > 1 such that

S k+1 i . n Pk
Ak nk S fm+n—-i-1\1 1
Q(K) =su + ) (-1) —( ) >— ani Q| K < oo,
negé rmqk § pmn—i n—i qi ]‘:%rl nj
{@nk } ren € €5,
(3.35)
foreachn € N.
(ii) Let 0 < px < 1 for every k € N. Then A € (r9(p, B™); 1) if and only if
k+1 i 1 Pk
a - L +n—-i-1 %
Sup [<rmnk + Z(_l) krm+n—i (m :ll_ il >_ Z a”j> Qk] < 0,
n,keN L/ [ —— qi j=k+1 (3.36)

{ank}ken € Cs,

foreachn € N.

4. p-Property of Generalized Riesz Difference Sequence Space

In the previous section; we show that the sequence space r7(p, B™), which is the space of all
real sequences x = (x,) such that 3,72, [(R1IB™x),['* < o, is a complete paranormed space.
It is paranormed by g(x) = (372, |(Rqux)k|”")1/M for all x = (x,) € r1(p, B™), where M =
max{1, H}; H = sup,px. We recall that a paranormed space is total if g(x) = 0 implies x =
0. Every total paranormed space becomes a linear metric space with the metric given by
d(x,y) = g(x - y). Itis clear that r9(p, B") is a total paranormed space.

In this section, we investigate some geometric properties of r(p, B™). First we give the
definition of the property (f) in a paranormed space and we will use the method in [17] to
prove the property (). Consequently, we obtain that r7(p, B") has property () for px > 1.

From here, for a sequence x = (x,) € r(p, B") and for i € N, we use the notation
xji = (x(1),x(2),...,x(),0,0,...) and xn_; = (0,0,...,0,x(i+ 1), x(i+2),...).

Now we give the definition of the property (f) in a linear metric space.

Definition 4.1. A linear metric space (X, d) is said to have the property (p) if for each ¢ > 0
and r > 0, there exists 6 > 0 such that for each element x € B(0, r) and each sequence (x,) in
B(0,r) with d(x,,, x,;) > € for all m # n, there is an index k for which d((x + xx)/2,0) <r - 6.
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Lemma 4.2. Iflim infy_, px > O, then for any L > 0 and € > 0, and for any u,v € ri(p, B™), there
exists 6 = 6(g,L) > 0 such that

AM(u +v,0) < dM(u,0) +¢, (4.1)

whenever dM(u,0) < L and dM(v,0) < 6.

Proof. Let e > 0 and L > 0 be given. Let 0 < ag < lim infy_, ,,px and ay < 1, there exists kg € N
such that 0 < ap < pi for all k > ko. Let a = min{px : k =1,2,...,ko;a0}. Thus a < py for all
k € N. There exists Ky > 2 such that

dM(2u,0) < Kod™(u,0), (4.2)
forallu e ri(p, B™). Set p = (2"‘5/2K0L)1/“. There exists Ky > K such that
M 2
d Bu,O < K1dM(u,0), (4.3)

for all u € ri(p, B™). Set 6 = (2% /2p*K;). Assume that dM(1,0) < L and d™(v,0) < 6. We
recall that x; = (x(1),x(2),...,x(i),0,0,...) and xjv—; = (0,0,...,0,x(i + 1), x(i + 2),...). With
these notations, let A = {k e N-i:pr <1} and C = {k € N—i: p, > 1}. By using convexity
of the function f(t) = |¢[* for all px > 1 and the fact that (a + b)P* < aPx + bPx for py < 1 and
0 < pPx < p* where p € (0,1) and k € N, we have

dM(u+0,0) = dM[(1-p)u+ p(u+p0),0|

ZO|Rqu[(1 Byuti) + p(uti) + 0@ )] [

8

< S|RIB"(1 - pu(d] + RIB" [p (i) + o) )] |
i=0

Z|Rqu (1- ﬁ)u(z]+R‘7Bm[ﬂ<u(l)+ﬂ (i) )”
€A

+ 2| RIB (1 - Bu@d] + RIB"[p(uti) + 7o) "

ieC
< (1-B) SIRIB"u(i)” +Z|R‘78mﬂ[u(z) +p7100)]|”
i€A
+(1- ﬁ)Z|R“’B"‘u(1)|”’+Z|R‘73’”ﬁ[u(z)+ﬁ o()]|”
ieC
< SIRIB"u 1)|p’+ﬂ”‘ |Rq3m[ u(i) + - v(l)”

i€cA

+ Z|Rquu(1)|p‘ + ﬂ”‘Z'RqB"’ [u(l) +p v(z)] |

ieC
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<SRBI 3 R [uti + 5 1o0)] |
< dM(u,0) + ﬂz()] |z*1 (2R9B"™ [u(i) + () |’“"
< dM(u,0) + ﬂ%(z* (2R7B"™ [u(i) + p o ()] ) [
+ pﬂg |2-1 <2Rqu [u(i) + ﬂ-lv(i)] ) |P"
< dM(u,0) + ﬂ“%lf |[@RIB™ (i) + (2R1B" o) ) ||
3 |2 [@RIB"u(i)) + (2RB"B0())] [
<dM(u,0)+p* Y |27 [2RIB"u(i)]

i€cA

+pry 2 RIB 0G|
i€A

5

+ (%ﬁ)aZIZR"Bmu(i)I”" + (%ﬂ)aZPRquﬂlv(i)ri

ieC ieC

<dM(u,0) + <%ﬂ>a§:|2Rquu(i)|pi

i=0
+(3#) Slrpoo]

1 2%
< dM —
Sd w0+ S aRL

M e 1 2%
<d (u/0)+§+2—a,5a 1M’

dM(2u,0) + 217 ped™ (2p70,0)

AM(u +v,0) < dM(u,0) +¢.

(4.4)
O

Lemma 4.3. If lim inf,_, p, > 0, then for any x € ri(p, B™), there exists kg € Nand 6 € (0,1)
such that

aM <x“§k ,0) < ﬂ;—mdM(x\N_k,O) (4.5)

forall k € Nwith k > k.
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Proof. Let a be a real number such that 1 < a < lim inf,,_, ,p,. Then there exists ky € N such
that a < pi for all k > ko. Let 6 € (0, 1) be a real number such that (1/2)" < (1-6)/2. Then for
each x € r(p, B™) and k > ko, we have

RIB™x(i) |

2

X|N-k =
dM< ‘ ,O> —
2 i:kZH
1 a oo . )
< <§> > [RIB™x(i) "
i=k+1
(4.6)
< a-9 Z |RTB" x (i) [P
2 i=k+1
_(1-90)

5 dM (X‘N,k,O).

Theorem 4.4. If px > 1, then r(p, B™) has property ().

Proof. Let e > 0 and (x,) C B(0,r) with d(x,, x,,) > € for m#n. Take 0 < gy < eM. There exists
6 > 0 such that eM - 6 > . Let x € B(0,r). Since for each j € N, (x4(j))s; is bounded, by
using the diagonal method, we have that for each g € N, we can find a subsequence (x,,) of
(x,) such that x,,, (j) converges for all j € Nwith 1 < j < g. Since (x,,(j)) is Cauchy sequence
forall 1 < j < g, there exists t; € N such that

iI(R”B"’xna (k)) = (RTB™xy, (k))[* = iquBm(xna(k) = xn, (k)" <6, (4.7)
k=0 k=0

for all n,, np > ty. Then we see that
- 1/M
€ <d(xn,, Xn,) = <Z|R"B"’(xna(k) - xnb(k))l”k> ,
k=0

eM < Eq]IRqB’”(xna(k) = x, (K)) [ + i |RTB™ (xn, (k) = xn, (K)) [, (4.8)
k=0 k=g+1

eM <6+ ) IRIB™ (xn, (k) = xn, (K)) .
k=q+1

Therefore, for each g € N, there exists ¢, € N such that

am <xna|N_q,xnb|N_q> >eM 65> ¢, (4.9)
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for all n,,n, > t;. Hence, there is a sequence of positive integers ((rq)Zi1 withoy <oy < -+
such that

M < m Pe_ €0
M (g 1-q.0) = X |RIB™ (0, (0)) " 2 2, (4.10)
k=g+1
for all g € N. By Lemma 4.3, there exists go € Nand 0 € (0, 1) such that
u
M |qu (1 — 6) M
d ( > ,0) < = dM(up g 0), (4.11)

for all u € r9(p, B™) and q > qo. Let 6y be a real number corresponding to Lemma 4.2 with

| D

&0
-2 & 4.12
£ > ( )

and L = ¥M that is

M (1 +,0) < dM (1, 0) + g 2, (4.13)

whenever dM(u,0) < rM and dM(v,0) < . Since x € B(0,r), we have that d"(x,0) < rM.
Let g > go be such that

am <x|N_q,0> < 6. (4.14)

Put u = x5, -4 and v = x|y-4. Then

dM<u 0) _ dM<xO'q|N_q,0> _ i |R"Bm<x%(k)>|pk <M

2 ' 2 k=q+1
(4.15)

@ (5:0) = 2" (x)ug 0) = 3 IRIB"x(0P" <50
2
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Hence;

e | R1B" (o, (k) + x(0) [

dM<u2£’o> = 2 2

RIB™x,, (k) + R1B"x (k)
2

Pk

IN

(4.16)

k=g+1

M%), 9 8
<d¥(3.0)+33
<= 9> My o)+ 0. 80

M w0+ 7,

dM(LL-;U’O) (1- Q)k%JRqu oq(k)| g% (4.17)

By using (4.17) and convexity of the function f(t) = |{[*, k € N, we have

Pk
o <x +2xaq’0> ) i RB <xaq(2k) +x(k)>

RIB™x, (k) + R1IB™x(k) |"*

RIB™x, (k) + RiIB™x(k) |P*

q q
<> 5

R1B"x,, (k) + RIB"x (k)
2

Pk

+

k=q+1

1< pagm by LS| Rapm P
EZ|R B™x (k)| +§Z|R B xoq(k)| (4.18)

)

S, [rpma .4

k=g+1

| —
K

ZZ|Rqux(k)|”k %i|Rqux%(k)|pk
k=0

k=0

= e 0 &
2[R ®[" 35

0 5
4

0
)
™y
< — .2
-2 2

M

£

0 &
17

AN
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Hence d™((x + x5,)/2,0) < (r™M = (6/4) - (£0/2))""™. So this implies that
dM((x+x,,)/2,0) <76 (4.19)

for some 6 > 0. Finally; we can say that the sequence space r7(p, B™) has property (f). O
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