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1. Introduction
Let {X,, n > 1} be arandom variable sequence defined on a fixed probability space (€2, ¥, P)

and S, = X/, X; for each n > 1. Let n and m be positive integers. Write ' = 0(X;, n <i <
m). Given o-algebras B, R in ¥, let

¢(B,R)=  sup  |P(B|A)-P(B)| (1.1)
A€B,BER,P(A)>0

Define the ¢-mixing coefficients by
p(n) = sup 4’(9"1‘/ ?Z‘ln)/ n2Q0. (1.2)
>

Definition 1.1. A random variable sequence {X,, n > 1} is said to be a ¢-mixing random
variable sequence if ¢(n) | 0 asn — oo.

The concept of ¢-mixing random variables was introduced by Dobrushin [1] and
many applications have been found. See, for example, Dobrushin [1], Utev [2], and Chen [3]
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for central limit theorem, Herrndorf [4] and Peligrad [5] for weak invariance principle, Sen
[6, 7] for weak convergence of empirical processes, losifescu [8] for limit theorem, Peligrad
[9] for Ibragimov-Iosifescu conjecture, Shao [10] for almost sure invariance principles, Hu
and Wang [11] for large deviations, and so forth. When these are compared with the
corresponding results of independent random variable sequences, there still remains much
to be desired. The main purpose of this paper is to study the maximal inequality for ¢-mixing
sequences, by which we can get the Hajek-Rényi-type inequality, strong law of large numbers,
strong growth rate, and the integrability of supremum for ¢-mixing sequences.

Throughout the paper, C denotes a positive constant which may be different in various
places. The main results of this paper depend on the following lemmas.

Lemma 1.2 (see Lu and Lin [12]). Let {X,, n > 1} be a sequence of p-mixing random variables.
Let X € Ly(FY), Y € Ly(F2,), p>1,q>1,and 1/p +1/g = 1. Then

|EXY - EXEY| < 2(p(n)) /P (EIXP) /P (E[Y|7)"/". (1.3)

Lemma 1.3 (see Shao [10]). Let {X,, n > 1} be a ¢-mixing sequence. Put T,(n) = > 2" X;.
Suppose that there exists an array {C, | of positive numbers such that

ET?(n) < C,, foreverya>0, n>1. (1.4)

Then for every q > 2, there exists a constant C depending only on q and ¢(-) such that

cﬁf,fus( max |X; |q>] (1.5)

a+l<i<a+n

N E
E<{r§1]jas>§|Ta(J)| ) <C

foreverya>0andn > 1.

Lemma 1.4 (see Hu et al. [13]). Let by, by, ... be a nondecreasing unbounded sequence of positive
numbers and let ay, ay, . .. be nonnegative numbers. Let v and C be fixed positive numbers. Assume
that for each n > 1,

E <
({IglaSﬁSzI) < Cl:lexz, (1.6)
S o (17)
b '
then
lim & =0 as., (1.8)

and with the growth rate

Sn = O<ﬂ—"> as., (1.9)
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where

m P

n—>oob

Pn —maxbkvk , V0<6<1, v,= Zbr’ =0,

1<k<n =n Pk

E (max

1<I<n

S
E( su
<12F b

1

> < 4CZ o, (1.10)
)sicEip <

If further we assume that a, > 0 for infinitely many n, then

E <sup
121

Lemma 1.5 (see Fazekas and Klesov [14] and Hu [15]). Let by, by,... be a nondecreasing
unbounded sequence of positive numbers and let ay, ay, ... be nonnegative numbers. Denote Ay =
a1+ a + -+ ay for k > 1. Let r be a fixed positive number satisfying (1.6). If

> 1 1
Az< - ) < o, (1.12)
; b bl+1

b_’n is bounded, (1.13)

B ) 4CZ—<oo (1.11)

then (1.8)—(1.11) hold.

2. Maximal Inequality for p-Mixing Sequences

Theorem 2.1. Let {X,, n > 1} be a sequence of (-mixing random wvariables satisfying
>0 (n) < co. Assume that EX, = 0 and EX2 < oo for each n > 1. Then there exists a
constant C depending only on ¢(-) such that foranyn > 1and a > 0

a+n 2 a+n
E< )y xi> <cSex, @)

i=a+1 i=a+1

a+j a+n
max X; <C > EX2 (2.2)
Isjsn 1%1 i;l '
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In particular,

n 2 n
E<in> <CSEX, 23)
i1 i1

E| max
1<j<n

where C may be different in various places.

j
X
i=1

2
) <CYEX}, (2.4)
i=1

Proof. By Lemma 1.2 for p = q = 2, we can see that

a+n 2 at+n
E< > Xi> = > EX7+2 > E(XiX))
i=a+1 i=a+1 a+l<i<j<a+n

a+n

< D EXP+4 > ¢V(j-i) <EX1'2>1/2(EX12>1/2

i=a+1 a+l1<i<j<a+n
a+n n-1 a+n-k

< > EXE+2Y) 3 V2 (EXP +EXE,) (2.5)
i=a+1 k=1 i=a+1

at+n

< <1 +4i ¢1/2(k)> > EX?
k=1

i=a+1

at+n
=C > EX;,

i=a+1

which implies (2.1). By (2.1) and Lemma 1.3 (take g = 2), we can get

atj 2 a+n 5 )
E X; < EX;+E X:
5 i:%l l - C[iz%l o <“+§2"a5)‘§+" 1 >]
(2.6)
atn
<C Y EX;.
i=a+1
The proof is completed. O

3. Hajek-Rényi-Type Inequality for ¢-Mixing Sequences

In this section, we will give the Héjek-Rényi-type inequality for ¢-mixing sequences, which
can be applied to obtain the strong law of large numbers and the integrability of supremum.

Theorem 3.1. Let {X,, n > 1} be a sequence of (-mixing random variables satisfying
>, 9Y%(n) < oo and let {b,, n > 1} be a nondecreasing sequence of positive numbers. Then for
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any € > 0 and any integer n > 1,

max
1<k<n

where C is defined in (2.4) in Theorem 2.1.

,,kz<x £X)| 2

} cACyYarh) @)
j

j=1

Proof. Without loss of generality, we assume that b, > 1 forall n > 1. Let a = v/2. Fori > 0,
define

Ar={1<k<n a <ho<al). (3.2)

For A; #0, we let v(i) = max{k : k € A;} and t, be the index of the last nonempty set A;.
Obviously, A;jA; = Qifi#jand Zfio A;=1{1,2,...,n}.Itis easily seen that a’ < by < by < a'*!
if k € Ajand {X,,—EX,, n > 1} is also a sequence of ¢-mixing random variables. By Markov’s
inequality and (2.4), we have

o]

{ >
P{ max
1<k<n
1 &
— >, (X; - EX;)
j=1

B 204 EX)
= max max
{osl'stn,Ai #0 keA; | by

}

tn 1
S'_Z P{Elgclga;& Z(X - EX;) >£}
i=0,A; #0
(3.3)
2
<L 2 lp Z(X - EX;)
T g2 iy @azl 1<k<v(1)
C ty U(l)
<53 23 var(x))
&0, #0% 21
C n ty 1
<SS Var(X) >
j=1 i=0,A4; #0,0(i)>j

Now we estimate ZI 20,41 #0,0( 1)>](1/1x 7). Let ip = min{i : A;#@, v(i) > j}. Then bj < bygiy) <
a*! follows from the definition of v(i). Therefore,

bn 1 &1 1 1 a1
D%

4
a2 1—1/0{2 azlo 1— 1/a2_2 - b_]z (3.4)

2
zOA#@Mﬁma i=ig

N

Thus, (3.1) follows from (3.3) and (3.4) immediately. O
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Theorem 3.2. Let {X,, n > 1} be a sequence of -mixing random wvariables satisfying
S92 (n) < oo and let {b,, n > 1} be a nondecreasing sequence of positive numbers. Then for
any € > 0 and any positive integers m < n,

1 4C . Var(X;) 1, Var(X;)

Z (X;-EX;)| >
bk j=1 j=m+1 i

where C is defined in (3.1).

Proof. Observe that

1 k
max b—k;l(xj—lsxj) Z(X EXj)|+ max |- ]%l(x EX;)|, (3.6)
thus
1 k
r{g}&(ﬁél kZ(X EXj)| > ¢
<P 1Z(X - EX;) >_ +P( max li(x - EX;) >_ =I+11
- m] 1 m+1<k<n b ] il a ’
(37)

For I, by Markov’s inequality and (2.3), we have

2
4 m V X

j=1 ] =1

For I1, we will apply Theorem 3.1 to {Xn4i, 1 <i<n—m} and {by.i, 1 <i<n—m}. Noting
that

1 k
o b 2, (%7 EXD)| = i, m+k§<xm+f EXons)|. 69)

thus, by Theorem 3.1, we get

4C "ZVar (Xpqj) _16C i Var(X;)
T (/' F b e 4 b

m+]

(3.10)

Therefore, the desired result (3.5) follows from (3.7)—(3.10) immediately. O
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Theorem 3.3. Let {X,, n > 1} be a sequence of -mixing random wvariables satisfying
>S9 (n) < oo and let {b,, n > 1} be a nondecreasing sequence of positive numbers. Denote

Tn = 21 (Xi — EX;) for n > 1. Assume that

&, Var(X; )
T b

7

j=

then for any r € (0,2),

T,
E( sup|—
< nzll) bn

where C is defined in (3.1). Furthermore, if lim,, _, .,b, = +o0, then

T> 4Cr i Var(X ) .

] 1

n
lim lZ(X]- -EX;)=0 as.
n— oo bn =

Proof. By the continuity of probability and Theorem 3.1, we get

r (<) r
E supE :’[P supE >t )dt
n>1 bﬂ 0 n>1 bﬂ
1 T r o]
=fP<sup b—" >t>dt+f P<sup
0 n>1 n 1 n>1
§1+J P supT >t/ ) dt
1 n>1 b

(oo}
<1+ Iim P( max|—
1 N>w  \1<n<N| by,

Z—: > t>dt

> Var(X;
<1+4C) ar( )
j=1

=99

] =1

Var(X )

Observe that

Ty

(9%

@ T,
+)) =70 (i

>5)> = lim P< max T
N - m<n<N b

>e).

n

(3.11)

(3.12)

(3.13)

(3.14)

(3.15)
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By Theorem 3.2, we have that

P< max

m<n<N

n

> g> < 46_(2:<2% iy arb(2 ’)>. (3.16)
0 j

=1 j=m+1

Hence, by (3.11) and Kronecker’s Lemma, it follows that

. “ (| Ty
n}gnwp<ngﬂ< 5| e)> =0, Ve>0, (3.17)
which is equivalent to
1L
nlgr;lo b—Z(Xj -EX;)=0 as. (3.18)
n ]':1
So the desired results are proved. O

4. Strong Law of Large Numbers and Growth Rate
for p-Mixing Sequences

Theorem 4.1. Let {X,,, n > 1} be a sequence of mean zero ¢-mixing random variables satisfying
> 9% (n) < oo and let {b,, n > 1} be a nondecreasing unbounded sequence of positive numbers.
Assume that

i EX; < (4.1)
n=1 b% ’ .
then
lim & =0 as., (4.2)
n—ow by,

and with the growth rate

& = O<ﬂ—"> as., (4.3)
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where

Bn —maxbkvk 2 v0<6<1, vn=2%, lim &=O,
e v b (4.4)

ay = CEX,%, k > 1, where C is defined in (2.4),
Sl 2 1L 24}
E<§r<11a<>2 > §4Z§<oo,

b
S
E( sup|—
(lz}o by

(4.5)

’ <4iﬂ<oo
< bzz

If further we assume that a, > 0 for infinitely many n, then

E (sup
121

Proof. By (2.4) in Theorem 2.1, we have

ﬁz‘) Z—IZ ) (4.6)

1

E<max|Sk| ) < CZEX2 szk. (4.7)

It follows by (4.1) that

> a, = EX?

Thus, (4.2)—-(4.6) follow from (4.7), (4.8), and Lemma 1.4 immediately. We complete the proof
of the theorem. O

Theorem 4.2. Let {X,,, n > 1} be a sequence of ¢-mixing random variables with 32, ¢/?(n) < oo
1< p <2 Denote Q, = maxlskSnEXi forn >1and Qy = 0. Assume that

< Qn
nZ:ln2 T (4.9)
then
lim Z(X EX))=0 as., (4.10)

n—oo nl/
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and with the growth rate

1 & n
WZ(Xi—EX,-)=O<n€/p> as., (4.11)
i=1
where

[ee]
Pn = max kl/”v‘s/2 YVO<6<1, v,= ZZ—’;, lim ﬁl;l =0,
1sksn fn k5P nmenl/p (4.12)

ar = C(kQk — (k—1)Qk-1), k >1, where C is defined in (2.4),

E S |° <4§n: L (4.13)
15| 70| ) S ~2/p > '

E( sup| S| <4iﬂ<oo (4.14)
P | ) <4 <o ,

If further we assume that a,, > 0 for infinitely many n, then

<sup ‘ > —2 0. (4.15)
>1 l

In addition, for any r € (0, 2),

Sl r ir & )
— < . .
E<Sl§}3 T > 1+ 5 er2/p < oo (4.16)

Proof. Assume that EX,, =0, b, = n'/P,and A, = >, n > 1. By (24) in Theorem 2.1, we

can see that

k

E{ max
1<k<n i1

>

2 n n
> <CDEX? <CnQy = > a. (4.17)
i=1 k=1

It is a simple fact that a; > 0 for all k > 1. It follows by (4.9) that

= 1
() Z@(wv W)

208 Q _
< = =
_pg‘ >y

(4.18)
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That is to say (1.12) holds. By Remark 2.1 in Fazekas and Klesov [14], (1.12) implies (1.13).
By Lemma 1.5, we can obtain (4.10)—(4.15) immetiately. By (4.14), it follows that

E<sup > = J P<sup > t> dt
11 0 1>1
S1+f P|( sup > /7 ) dt
1 11

2L 2L
ll/p Zl/p

1t/p
(4.19)
Sl 2 e ys
<1+E( sup T /T dt
1 | 1VP 1
dr & a

< 1+—S = .

_1+2—T§ZZ/P <
The proof is completed. O

Remark 4.3. By using the maximal inequality, we get the Hdjek-Rényi-type inequality, the
strong law of large numbers and the strong growth rate for ¢-mixing sequences. In addition,
we get some new bounds of probability inequalities for ¢-mixing sequences, such as (3.1),
(3.5), (3.12), (4.5)—(4.6), and (4.13)—(4.16).
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