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1. Introduction

Let f : I CR — Rbeaconvex mapping defined on the interval I of real numbersand a,b € I,
with a < b, then

b b b
f(“;“ ) gfaf(x)dxs —f(a);f( ) (1.1)

holds, this inequality is known as the Hermite-Hadamard inequality. For refinements,
counterparts, generalizations and new Hadamard-type inequalities, see [1-8].

A positive function f is called log-convex on a real interval I = [a,b], if forall x,y €
[a,b] and A € [0,1],

fOx+(1-Vy) < A (). (1.2)

If f is a positive log-concave function, then the inequality is reversed. Equivalently, a function
f is log-convex on I if f is positive and log f is convex on I. Also, if f > 0 and f” exists on I,
then f is log-convex if and only if f - f” — (f')* > 0.
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The logarithmic mean of the positive real numbers a, b, a #b, is defined as

(1.3)

A version of Hadamard’s inequality for log-convex (concave) functions was given in [9], as
follows.

Theorem 1.1. Suppose that f is a positive log-convex function on [a, b], then

1 b
| seodx <L, o). (14)

If f is a positive log-concave function, then the inequality is reversed.

For refinements, counterparts and generalizations of log-convexity see [9-13].

A convex function on the coordinates was introduced by Dragomir in [8]. A function
f A — R which is convex in A is called coordinated convex on A if the partial mapping
fy : [a,b] = R, f,(u) = f(u,y) and f, : [c,d] — R, fx(v) = f(x,v), are convex for all
y € [c,d] and x € [a,b].

An inequality of Hadamard’s type for coordinated convex mapping on a rectangle
from the plane R? established by Dragomir in [8], is as follows.

Theorem 1.2. Suppose that f : A — R is coordinated convex on A, then

(5 50) s <b—a>1<d—c>ﬂjf("’y)dydx

_f@.0+ fla,d)+ f(b,0) + f(b,d)
< : .

(1.5)

The above inequalities are sharp.

The maximum modulus principle in complex analysis states that if f is a holomorphic
function, then the modulus | f| cannot exhibit a true local maximum that is properly within the
domain of f. Characterizations of the maximum principle for sub(super)harmonic functions
are considered in [14], as follows.

Theorem 1.3. Let G C R? be a region and let f : G — R be a sub(super)harmonic function. If there
is a point A € Gwith f(A) > f(x), for all x € G then f(x) is a constant function.

Theorem 1.4. Let G C R? be a region and let f and g be bounded real-valued functions defined on G
such that f is subharmonic and g is superharmonic. If for each point a € 0,,G

lim sup f(x) < lim inf g(x), (1.6)

then f(x) < g(x) forall x € Gor f = gand f is harmonic.
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In this paper, a new version of the maximum (minimum) principle in terms of
convexity, and some inequalities of the Hadamard type are obtained.

2. On Coordinated Convexity and Sub(Super)Harmonic Functions

Consider the 2-dimensional interval A := [a,b] x [c,d] in R, A function f : A — Riis called
convex in A if

fx+ (1 =-Ly) <Af () + (1 -1)f(y) (2.1)

holds for all x,y € A and A € [0,1].

As in [8], we define a log-convex function on the coordinates as follows: a function
f A — R, will be called coordinated log-convex on A if the partial mappings f, : [a,b] — R,
fy(m) = f(w,y) and fy : [c,d] — R, fx(v) = f(x,v), are log-convex for all y € [c,d] and
x € [a,b]. A formal definition of a coordinated log-convex function may be stated as follows.

Definition 2.1. A function f : A — R, will be called coordinated log-convex on A, for all ¢, s €
[0,1] and (x,y), (u,v) € A, if the following inequality holds,
fltx+ A -ty su+(1-s)w)

(2.2)
< fts (x’ u)fs(l—t) (y, u)ft(l—s) (x’ w)f(l—t)(l—s) (y/ ’(,U) .

Equivalently, we can determine whether or not the function f is coordinated log-
convex by using the following lemma.

Lemma 2.2. Let f : A — R.. If f is twice differentiable then f is coordinated log-convex on A if and
only if for the functions f, : [a,b] — R, defined by f,(u) = f(u,y) and fr : [c,d] — R, defined
by fx(v) = f(x,v), we have

" 1\ 2 1" \2
fx x_(fx) 20, fy‘ y_<fy> > 0. (2.3)
Proof. The proof is straight forward using the elementary properties of log-convexity in one
variable. 0

Proposition 2.3. Suppose that g : [a,b] — R, is twice differentiable on (a,b) and log-convex on
[a,b] and h : [c,d] — R. is twice differentiable on (c,d) and log-convex on [c,d]. Let f : A =
[a,b] x [c,d] — R be a twice differentiable function defined by f(x,y) = g(x)h(y), then f is
coordinated log-convex on A.

Proof. This follows directly using Lemma 2.2. O
The following result holds.

Proposition 2.4. Every log-convex function f : A = [a,b] x [c,d] — R is log-convex on the
coordinates, but the converse is not generally true.
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Proof. Suppose that f : A — R is convex in A. Consider the function f, : [c,d] — R,
fx(v) = f(x,v), then for A € [0,1], and v, w € [c,d], we have

frAo+(1-VMHw) = f(x, v+ (1-V)w)
= f(Ax+(1-V)x, o+ (1-1)w)
< fHx o) 1 (% w)

= fr (@) fit(w),

(2.4)

which shows the log-convexity of f,. The proof that f, : [a,b] — Ry, f,(u) = f(u,y),
is also log-convex on [a,b] for all y € [c,d] follows likewise. Now, consider the mapping
fo:[0,1]* — R, givenby fo(x,y) = . It is obvious that fj is log-convex on the coordinates
but not log-convex on [0, 1] Indeed, if (1,0), (0,w) € [0,1]* and A € [0,1], we have:

log fo(A(1,0) + (1 -1)(0,w)) =log fo(ru, (1 -VN)w) = M1 - Vuw,

Alog fo(u,0) + (1 -1)log fo(0O,w) =0 25)

Thus, forall A € (0,1) and u,w € (0,1), we have
log fo(A(1,0) + (1 -1)(0,w)) > A log fo(u,0) + (1 — 1) log fo(0,w) (2.6)
which shows that f; is not log-convex on [0,1]°. O

In the following, a Jensen-type inequality for coordinated log-convex functions is
considered.

Proposition 2.5. Let f be a positive coordinated log-convex function on the open set (a,b) x (c,d)
and let x; € (a,b), y; € (c,d). If a;, p; > 0and 3y a; =1, 37 fj = 1, then

log f <Za1xl, Zﬂ;%) < an iaiﬂj log f(xi,yj)- (2.7)

i=1 i=1 j=1

Proof. Let x; € (a,b), a; > 0 be such that Z;’LO a; =1, and let y; € (c,d), pj > 0 be such that
Z;'Zo p; = 1, then we have,

N

f <Z“l’xi' Zﬁjyj> <IIr" (xi,Zﬂjyj> < F (xi, 1), (2.8)
i=1 j=1 i=1 j=1 i=1 j=1

and, since f is positive,

log f (Z“ixh Zﬂj%’) < D) Daify log f (xi,yy), (29)
i=1 i=1

i=1 j=1

which is as required. O
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Remark 2.6. Let f(x,y) = xy, then the following inequality holds:

log |:<itxixl'> <§1:ﬂ]y]>] < i iaiﬁj log x;y;. (2.10)
i=1 j=

i=1 j=1
The above result may be generalized to the integral form as follows.

Proposition 2.7. Let f be a positive coordinated log-convex function on the A= (a,b) x (c,d), and
let x(t) : [r1,m2] — R be integrable with a < x(t) < b, and let y(t) : [s1,52] — R be integrable
withc <y(t) <d.Ifa: [r, ] — Ris positive, frza(t)dt =1, and (ax)(t) is integrable on [r1, 1]
and B : [s1,s2] — Ris positive, jszﬂ (t)dt =1, and (By)(t) is integrable on [s1, s,], then

log f(J‘ za(t)x(t)dt,f 2ﬂ(u)y(u)du)
" ” (2.11)

< f ZI 2ac(t)ﬁ(u) log f(x(t),y(u))dudt.

Proof. Applying Jensen’s integral inequality in one variable on the x-coordinate and on the
y-coordinate we get the required result. The details are omitted. O

Theorem 2.8. Let f : A — R, be a positive coordinated log-convex function in A, then for all
distinct x1,%2,x3 € [a,b], such that x1 < x, < x3 and distinct y1,y»,y3 € [c,d] such that y; <
Y2 < Y3, the following inequality holds:
[ (1, y1) - fU0 (e, ys) - SO (X, 1)
[T (2, ys) - T (32, 2)
> frE (x, ) - fUOT (x, ys) - fUVT (x5, 1)

ST (xs,y5) - fUYTEV (20, 1)

(2.12)

Proof. Let x1,x2,x3 be distinct points in [a,b] and let y1,1,y3 be distinct points in [c, d].
Setting a = (x3 —x2)/(x3 —x1), x2 = ax1 + (L —a)xzand let p = (y3 —y2)/ (Y3 — 1), Y2 =
Py1 + (1 - P)ys, we have
log f(x2,y2) =log f(ax1+ (1-a)xs, py1 + (1-)ys)
<aplog f(x1,11) +a(l-p)log f(x1,y3)
+B(1 - a)log f(ws, 1) + (1—a)(1-B)log f(xs, )

2.13)
X X X
= ﬁgz - 2 log f(x1,11) + xi ﬁ ~log f(x1,3)
J oYy log f(xs,y1) fRmnfpmh log f(x3,y3),

X3 —X1Y3— Y1 X3=X1Ys =1
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and we can write

froven (g, yy) fR00 (g, ys) f1V00 (s, ) f1VE2 (23, y3) fY0V (22, 12)

lo > 0.
B PR (g, yo) f 5 (1, ) fR9 (s, ) fR (0, y5) F 0 (s, )

(2.14)

From this inequality it is easy to deduce the required result (2.12). O

The subharmonic functions exhibit many properties of convex functions. Next, we give
some results for the coordinated convexity and sub(super)harmonic functions.

Proposition 2.9. Let f : A C R> — R be coordinated convex (concave) on A. If f is a twice
differentiable on A°, then f is sub(super)harmonic on A°.

Proof. Since f is coordinated convex on A then the partial mappings f, : [a,b] — R, f,(u) =
f(u,y) and fr : [c,d] — R, fx(v) = f(x,v), are convex for all y € [c,d] and x € [a,b].
Equivalently, since f is differentiable we can write

0< fr = gz—]yc (2.15)
forall y € (¢,d), and
2
0<fy= p (2.16)
for all x € (a,b), which imply that
"+ ;:Zz—£+g§—]yfzo (2.17)

which shows that f is subharmonic. If f is coordinated concave on A, replace “<” by “>”
above, we get that f is superharmonic on A°. O

We now give two version(s) of the Maximum (Minimum) Principle theorem using
convexity on the coordinates.

Theorem 2.10. Let f : A C R?> — R be a coordinated convex (concave) function on A. If f is
twice differentiable in A° and there is a point a = (a1, az) € A° with f(ay, az) > (<) f(x,y), for all
(x,y) € A then f is a constant function.

Proof. By Proposition 2.9, we get that f is sub(super)harmonic. Therefore, by Theorem 1.3
and the maximum principal the required result holds (see [14, page 264]). O
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Theorem 2.11. Let f and g be two twice differentiable functions in A°. Assume that f and g are
bounded real-valued functions defined on A such that f is coordinated convex and g is coordinated
concave. If for each point a = (a1, az) € 0, A

lim sup f(x,y) < lim inf g(x,y), (2.18)

(xy) = (a1,a2) (xy) = (a1,a2)

then f(x,y) < g(x,y) forall (x,y) € A or f = gand f is harmonic.

Proof. By Proposition 2.9, we get that f is subharmonic and g is superharmonic. Therefore,
by Theorem 1.4 and using the maximum principal the required result holds, (see [14, page
264]). O

Remark 2.12. The above two results hold for log-convex functions on the coordinates, simply,
replacing f by log f, to obtain the results.

3. Some Inequalities and Applications

In the following we develop a Hadamard-type inequality for coordinated log-convex
functions.

Corollary 3.1. Suppose that f : A = [a,b] x [c,d] — Ry is log-convex on the coordinates of A,
then

a+b c+d 1 b d
o8 /("5 5") < graama)J s re v

(3.1)
<log/f(a,c)f(a,d)f(b,c)f (b, d).
For a positive coordinated log-concave function f, the inequalities are reversed.
Proof. In Theorem 1.2, replace f by log f and we get the required result. O
Lemma 3.2. For A,B,C € R* with A, B, C > 1, the function
(ﬁ)—cﬂ& 0<p<i (3.2)
P = narB)y P '
is convex for all p € [0,1]. Moreover,
1
) +¢)
foqf(ﬁ)dﬂ <? 5 LSy (3.3)

forall A,B,C > 1.

Proof. Since ¢ is twice differentiable for all § € (0,1) with A, B, C > 1, we note that for all 0 <
P < Po <1, (1) < ¢(P2), which shows that ¢ is increasing and thus ¢’ is nonnegative which
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is equivalent to saying that ¢’ is increasing and hence ¢ is convex. Now, using inequality
(1.1), we get

s APB-1 w0)+¢(l) 1[B-1 AB-1
fo lpwmdﬂ f myw<—_____ 5 mw)+CJMAm’ (3.4)

which completes the proof. O

Theorem 3.3. Suppose that f : A = [a,b] x [c,d] — R, is log-convex on the coordinates of A. Let

_ fla,c) f(b,d) g f@d) c Lo

7 - 7 - 7 35
f(b,0) f(a,d) F(b,d) F(b,d) (32)
then the inequalities
1 d b
= omaa-al | senixa
(1, A=B=C=1,
B-1 C-1
<lnB><lnC>’ A=l
H(C)/ B=1,
H(B)l Cc=1,
C-1
- B= (3.6)
< f(b,d) In € A
X <
—_ 4 B _ 1
B’ A=C=1,
_y+1n(—ln A)+Ei(1,-In A), B-C=1
In A
1[B-1 AB-1
E[m'F 'h](TB)’ A,B,C>1,
1 [):
f Cc* M171[5, otherwise
(Jo In(AFB)
hold, where y is the Euler constant,
H(x) = Ei(1,-1In x) + In(In x) — Ei(1,-In(Ax)) — In(In(Ax))
In A
2In(In A) -In(-In A) Inx < Inx <1
+ In A " InA " InA ! (3.7)
0, otherwise,

[e'e] e—t
Bw=vgf7¢t

-X
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is the exponential integral function. For a coordinated log-concave function f, the inequalities are
reversed.

Proof. Since f : A = [a,b] x [c,d] — R, is log-convex on the coordinates of A, then
f(aa+ 1 -a)b,pc+ (1-p)d)

< f(a,c) P9 (b, ¢) f*(F) (a, d) f -0 ) (b, d)

= f%(a,0) fP(b,c) f (b, c) f*(a,d) f~(a,d)

(3.8)
x f(b,d)fP(b,d)f“(b,d)f*(b,d)
_[fla,0) fb, )" [ fla,d)]*[ f(b,0)
-[fesfeal [Fea) (e d)] f b @)
Integrating the previous inequality with respect to & and g on [0,1]?, we have,
101
j j flaa+ 1 -a)b,pc+ (1-p)d)dadp
we (3.9)
" f(ac) fb,d) 1T fla,d)]*[ f(be)]”
<roa [ g ieal ool [fea) =
Therefore, by (3.9) and for nonzero, positive A, B, C, we have the following cases.
(1) If A= B =C =1, the result is trivial.
(2) If A=1, then
141
f f flaa+ 1 -a)b,pc+ (1-p)d)dadp
0J o
L fad ] fbo))
<rea [ o] [foa) -
3.10

= f(b,d) <I:B“da> < f :Cﬂdﬂ>
= f®, )<1nB><fnCl>
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(3) If B =1, then

flflf(anr (1-a)b,fc+ (1 —ﬂ)d)d“dﬂ
070

1 41
< f(b, d)fofoA“ﬂcﬁda dp

LA*C -1
=f(b,d)| —=da
oIn(A“C) (3.11)
2In(In A)-In(-In A) InC InC
= f(b,d) In A ! lnA<O' _lnA<1
0, otherwise
Ei(1,-In C) +In(In C) - Ei(1,-In(AC)) — In(In(AC))
* In A ’
(4) If C =1, then
1.1
J J fl(aa+ (1 -a)b,pc+ (1-p)d)dadp
0o
141
b,d AB*dad
s [ e
L APB-1
=fb,d)| ——5=<dp
oln(A"B) (3.12)
2In(In A)-In(-In A) InB In B
= f(b,d) In A ! lnA<0’ _lnA<1
0, otherwise
Ei(1,-In B) + In(In C) — Ei(1,-In(AB)) — In(In(AB))
" In A ’
(5) If A=B =1, then
141
J‘ f flaa+ 1 -a)b,pc+ (1-p)d)dadp
070 (3.13)

11 1 Cc-1
wpgach _ b —
sf(b,d)J‘OJ‘OA B*CPdadp —f(b,d)foc dp = f(b,d) -
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(6) If A=C =1, then

jofof(aa +(1-a)b,pc+ (1-p)d)dadp

(3.14)
1,1 1 B-1
< f(b, d)j f AYB*CPdadp = f(b,d)f B%da = f(b,d)—=
(7) If B=C =1, then
1,1
f f flaa+ (1 -a)b,pc+ (1-p)d)dadp
oJo
1,1
< f(b, d)f f AY¥B*CPdadp
0Jo
1,1 u
- f(b,d)f f (4P) dadp (3.15)
0Jo
TA" -1
= f(b, d)J‘0 A da
B y+In(-In A) + Ei(1,-In A)
- f(b/ d) ln A
(8) If A,B,C > 1, then
APB-1
b,d)| | A¥B*CPdad b, df —\d 3.16
so.af [ adp = f(b,d) [I(AﬂB)]ﬂ (316)
Therefore, by Lemma 3.2, we deduce that
1 b d) AB-1
ap gacP < f( . .
f(b’d)fofoA B*Cldadp < ln(B) ln(AB) (3.17)
(9) If A,B,C#1, we have
f(b, d)J‘ f A¥B*CPdadp = f(b, d)f cP A'B -1 dg, (3.18)
in(A7B)
which is difficult to evaluate because it depends on the values of A, B, and C. O

Remark 3.4. The integrals in (3), (4), and (7) in the proof of Theorem 2.11 are evaluated using
Maple Software.
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Corollary 3.5. In Theorem 3.3, if
(1) f(x,y) = f(x), then

b
| s < Lis@, s0), (.19
and for instance, if f1(x) = e, p > 1 we deduce

1 b

xP af  _bP
a2 ue deL(e ,e > (3.20)

(2) f(x,y) = fi1(x) f2(y), then
I < L(fi(a), f1())L(f2(c), f2(d)), (3.21)

and for instance, if f1(x,y) = eV, p,q > 1, we deduce

1 bl Py P
XP+y/ al b’ c?dr
(b—a)(d—c)fafce dxdygL(e ,e )L(e ,e ) (3.22)
Proof. Follows directly by applying inequality (1.4). O
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