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Let C be a nonempty closed convex subset of a Banach space E with the dual E*,let T : C — E*
be a continuous mapping, and let S : C — C be a relatively nonexpansive mapping. In this paper,
by employing the notion of generalized projection operator we study the variational inequality
(for short, VI(T - f,C)): find x € C such that (y —x,Tx — f) > 0 for all y € C, where f € E* is
a given element. By combining the approximate proximal point scheme both with the modified
Ishikawa iteration and with the modified Halpern iteration for relatively nonexpansive mappings,
respectively, we propose two modified versions of the approximate proximal point scheme L. C.
Ceng and J. C. Yao (2008) for finding approximate solutions of the VI(T - f,C). Moreover, it is
proven that these iterative algorithms converge strongly to the same solution of the VI(T — f,C),
which is also a fixed point of S.

Copyright © 2009 L. C. Ceng et al. This is an open access article distributed under the Creative
Commons Attribution License, which permits unrestricted use, distribution, and reproduction in
any medium, provided the original work is properly cited.

1. Introduction

Let E be a real Banach space with the dual E*. As usually, (-,-) denotes the duality pairing
between E and E*. In particular, if E is a real Hilbert space, then (-, -) denotes its inner product.
Let C be a nonempty closed convex subset of E and T : C — E* be a mapping. Given f € E*,
let us consider the following variational inequality problem (for short, VI(T - f, C)): find an
element x € C such that

(y—-x,Tx-f)>0 VyeC. (1.1)

Suppose that the VI(T — f,C) (1.1) has a (unique) solution x* € C. For any xy € C,
define the following successive sequence in a uniformly convex and uniformly smooth
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Banach space E:
x1 = e (J7 Jxn = M(Tx = ), n=12,..., (1.2)

where | : E — E*is the normalized duality mapping on Eand Ilc : E — Cis the generalized
projection operator which assigns to an arbitrary point x € E the minimum point of the
functional (v, x) = [|x||* = 2(x, Jy) + ||ly||* with respect to v € C. In [1, Theorem 8.2], Alber
proved that the above sequence converges strongly to the solution x*, that is, ||x, — x*|| — 0
asn — oo, if the following conditions hold:

(i) T : E — E*is uniformly monotone, that is,

(x1 =22, Tx1 = Tx2) 2 ¢p(||lx1 — x2||)  Vx1,x2 € E, (1.3)

where ¢ (t) is a continuous strictly increasing function for all t > 0 with ¢(0) = 0;

(ii) T : E — E* has ¢ arbitrary growth, that is,

ITx - fll <@(lx -x7)) Vx€E, (1.4)

where ¢(t) is a continuous nondecreasing function for all £ > 0 with ¢(0) > 0. Note
that solution methods for the problem (1.1) has also been studied in [2-10].

Let C be a nonempty closed convex subset of a real Banach space E with the dual E*.
Assume that T : C — E* is a continuous mapping on C and S : C — C is a relatively
nonexpansive mapping such that F(S) #@. The purpose of this paper is to introduce and
study two new iterative algorithms (1.5) and (1.6) in a uniformly convex and uniformly
smooth Banach space E.

Algorithm 1.1.

xo € C chosen arbitrarily,
(Y = Xn, Jon = JXn = Mu(TX, — f)) <0, VYyeC,
Zn =] (Bl %n + (1= Pu) JSXu),
Yo = T (@)% + (1 - @) ]S22), (L5)
Ch={veC:9(v,yn) < (v, %) + (1 - an)p(v,2n)},
Qu={veC:(v-x, Jxo— Jxn) <0},
X1 =Teno,%0, n=0,1,2,...,

where {a,},2, {Bn},, are sequences in [0,1], {1,};, is a bounded sequence in (0, o), and
X, is assumed to exist for each x,,, n=0,1,2,....
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Algorithm 1.2.

Xo € E chosen arbitrarily,
(Y = Xn, Jxn = JX%n = 0n(TXn — f)) <0, VyeC,
Yo =] (@n]x0+ (1 - @) JSXy),
Co={v€C:p(v,yn) < and(v,x0) + (1= an)p(v, Xn) },
Qn={veC:(v—xu Jxo—Jxn) <0},

(1.6)

Xn+1 = chﬁanO/ n= 0/ 1/ 2/ RN

where {a,},, is a sequence in [0,1], {A,};r is a bounded sequence in (0,00), and X, is
assumed to exist for each x,,n=0,1,2,....

In this paper, strong convergence results on these two iterative algorithms are
established; that is, under appropriate conditions, both the sequence {x,} generated by
algorithm (1.5) and the sequence {x,} generated by algorithm (1.6) converge strongly to
the same point Ilf)xo, which is a solution of the VI(T' — f,C). Our results represent
the improvement, generalization, and development of the previously known results in the
literature including Li [8], Zeng and Yao [9], Ceng and Yao [10], and Qin and Su [11].

Notation 1. — stands for weak convergence and — for strong convergence.

2. Preliminaries

Let E be a Banach space with the dual E*. We denote by ] the normalized duality mapping
from E to 2F" defined by

Jx={f €E: (x 1) = IxI* = IfIP}, 2.1)

where (-, -) denotes the generalized duality pairing. It is well known that if E is smooth, then
] is single-valued and if E is uniformly smooth, then ] is uniformly norm-to-norm continuous
on bounded subsets of E. We will still denote the single-valued duality mapping by .

Recall that if C is a nonempty closed convex subset of a Hilbert space H and Pc :
H — C is the metric projection of H onto C, then P is nonexpansive. This fact actually
characterizes Hilbert spaces and hence, it is not available in more general Banach spaces.
In this connection, Alber [1] recently introduced a generalized projection operator I'lc in a
Banach space E which is an analogue of the metric projection in Hilbert spaces.

Next, we assume that E is a smooth Banach space. Consider the functional defined as
in [1,12] by

¢(x,y) = IxI* = 2(x, Jy) + yI* V¥x,y €E. 2.2)

It is clear that in a Hilbert space H, (2.2) reduces to ¢(x,y) = ||x - y||2, forall x,y € H.



4 Journal of Inequalities and Applications

The generalized projection I'lc : E — C is a mapping that assigns to an arbitrary point
x € E the minimum point of the functional ¢(y, x); that is, ITcx = X, where X is the solution
to the minimization problem

P(x,x) = I;qeiggb(y,x). (2.3)

The existence and uniqueness of the operator I'lc follow from the properties of the functional
¢(x, y) and strict monotonicity of the mapping J (see, e.g., [13]). In a Hilbert space, I'lc = Pc.
From [1], in uniformly convex and uniformly smooth Banach spaces, we have

(lyll = lIx)* < ¢ (v, x) < (lyll + Ixl)*  Vx,y € E. (2.4)

Let C be a closed convex subset of E, and let S be a mapping from C into itself. A point p
in C is called an asymptotically fixed point of S [14] if C contains a sequence {x,} which
converges weakly to p such that Sx,, — x,, — 0. The set of asymptotical fixed points of S will
be denoted by F(S). A mapping S from C into itself is called relatively nonexpansive [15-17]
if f(S) = F(S) and ¢(p, Sx) < p(p, x) forall x € Cand p € F(S).

A Banach space E is called strictly convex if ||(x + y)/2|| < 1 for all x,y € E with
Ix]l = llyll = 1 and x#y. It is said to be uniformly convex if x, — y, — 0 for any two
sequences {x,}, {y,} C E such that ||x,|| = ||ly.|| = 1 and lim,o||(xx + ¥4)/2|]| = 1. Let
U = {x € E : ||x|| = 1} be a unit sphere of E. Then the Banach space E is called smooth if

tam I 2701 =l (25)

t—0 t
exists for each x, y € U. Itis also said to be uniformly smooth if the limit is attained uniformly
for x,y € U. Recall also that if E is uniformly smooth, then J is uniformly norm-to-norm
continuous on bounded subsets of E. A Banach space is said to have the Kadec-Klee property
if for any sequence {x,} C E, whenever x, — x € E and ||x,,|| — /x|, we have x, — x. It
is known that if E is uniformly convex, then E has the Kadec-Klee property; see [18, 19] for
more details.

Remark 2.1 ([11]). If E is a reflexive, strictly convex, and smooth Banach space, then for any
x,y € E, (x,y) = 0if and only if x = y. It is sufficient to show that if ¢(x,y) =0, then x = y.
From (2.4), we have ||x|| = |ly||. This implies that (x, Jy) = llx||* = ||y||2. From the definition
of J, we have Jx = Jy. Therefore, we have x = y; see [18, 19] for more details.

We need the following lemmas and proposition for the proof of our main results.

Lemma 2.2 (Kamimura and Takahashi [20]). Let E be a uniformly convex and smooth Banach
space and let {x,} and {y,} be two sequences of E. If ¢(x,,y,) — 0 and either {x,} or {y,} is
bounded, then x,, — y, — 0.

Lemma 2.3 (Alber [1]). Let C be a nonempty closed convex subset of a smooth Banach space E and
x € E. Then, xo = Ilcx if and only if

(z—x9, Jxo—Jx) >0 VzeC. (2.6)
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Lemma 2.4 (Alber [1]). Let E be a reflexive, strictly convex, and smooth Banach space, let C be a
nonempty closed convex subset of E and let x € E. Then

¢ (y, ex) + ¢(Iex, x) < p(y,x) VyeC. (2.7)

Lemma 2.5 (Matsushita and Takahashi [21]). Let E be a strictly convex and smooth Banach space,
let C be a closed convex subset of E, and let S be a relatively nonexpansive mapping from C into itself.
Then F(S) is closed and convex.

Lemma 2.6 (Chang [7]). Let E be a smooth Banach space. Then the following inequality holds

lx+yl* < IxI* +2(y, J(x +y)) Vx,y €E. (2.8)

3. Main Results
Now we are in a position to prove the main theorems of this paper.

Theorem 3.1. Let E be a uniformly convex and uniformly smooth Banach space, let C be a nonempty
closed convex subset of E, let T : C — E* be a continuous mapping and, let S : C — C be a relatively

nonexpansive mapping such that F(S) # (. Assume that {ea,};_, { Bn ), are sequences in [0,1] and

{An}oso is a sequence in (0, oo) such that lim sup, , a, <1,B, — land , — A € (0,00). Define
a sequence {x,},—q in C by the following algorithm:
xo € C chosen arbitrarily,
(=X, Jxn— JXn = Xy (TX, - f)) <0, VyeC,
zn = ] (BaJXn + (1= Bn) JSXn),
Yn =] (@n] % + (1 - ay)]Szn), (3.1)
Ch={veC:¢(v,yn) <anp(v,%) + (1 - an)P(v,z,)},
Qn={veC:(v-xyJxo = Jxn) <0},

Xn+1 = chﬂQ,,XO/ n=0,12,...,

where X, is assumed to exist for each x,, n = 0,1,2,.... If S is uniformly continuous and
limy, o (xy = X, TX, — f) = O, then {x,} converges strongly to Ilps)xo, which is a solution of
the VI(T - f,C) (1.1).

Proof. First of all, let us show that C,, and Q,, are closed and convex for each n > 0. Indeed,
from the definition of C,, and Q,,, it is obvious that C,, is closed and Q,, is closed and convex
for each n > 0. We claim that C, is convex. For any v;,v, € C, and any t € (0,1), put
v =tvy + (1 - t)vs. It is sufficient to show that v € C,.. Note that the inequality

¢(v/ y”) < ang‘b(v, 5En) + (1 - an)(,b(vz Zn) (3.2)
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is equivalent to the one
20, (v, J%n) +2(1 = @) (0, J2n) = 2(0, Jyn) < aallZall® + (1= )|zl = llyal®. (3.3)
Observe that there hold the following;:
$(0,yn) = 10IP = 200, Jyu) +llyal®, ¢, %) =[0I = 2(0, JZ) + [IZll®,  (34)
and ¢(v, z,) = |0]* = 2(v, Jz,) + ||z4||*. Thus, we have
20, (v, JXn) +2(1 — a,) (v, Jz) = 2(0, Jyn)
=2a,{toy + (1 =)y, JX,) +2(1 — ) (tv1 + (1 — t)va, Jzp,)
=2(tv1 + (1 = )v2, Jyn)
=2ta,(vy, JXp) +2(1 — D, (vy, JX,) (3.5)
+2(1 = ap)t{v1, Jzn) +2(1 = ay) (1 = )02, J 2u)
- 2t<vll ]]/n) - 2(1 - t)<02/]yn>

=2 2 2
< anllXnll” + (1= an)l|zall” = [lynll”

This implies that v € C,. So, C,, is convex. Next let us show that F(S) c C, for all n. Indeed,
we have for all w € F(S)

$(w,yn) = d(w, 7 @]+ (1 = @) JS20) )
= [wl* = 2(ew, an % + (1 = @) JSzn) + lan] Zn + (1 — @) J Sz
< N[l = 2au(w, J%) ~ 21~ an)(w, ]Sza) + aulZull® + (1 - ) [Szal*  3:0)
< an(w, Zy) + (1 - a)p(w, Sz,,)
< anp(w, %) + (1 - a) (w0, 2.
So w € C,, for all n > 0. Next let us show that

F(S)cQ, VYn>0. (3.7)

We prove this by induction. For n = 0, we have F(S) C C = Qp. Assume that F(S) C Q,. Since
Xn+1 is the projection of xg onto C,, N Q,,, by Lemma 2.3, we have

(Xp41— 2, Jx0— Jxpi1) 20, VzeCp,NQ,. (3.8)

As F(S) ¢ C, N Q, by the induction assumption, the last inequality holds, in particular, for
all z € F(S). This together with the definition of Q,.; implies that F(S) C Q1. Hence (3.7)
holds for all n > 0. This implies that {x,} is well defined.
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On the other hand, it follows from the definition of Q, that x, = I'lg, x¢. Since x,,1 =
Ic,n, X0 € Qu, we have

¢(xn, x0) < P(xn11,%0) Yn>0. (3.9)
Thus {¢(x,, xp)} is nondecreasing. Also from x, = I'lg, xo and Lemma 2.4, it follows that
(i)(xnr xo) = d)(HanO/ X()) < ()b(w, xO) - d)(w/ xn) < ¢(wr xO) (310)

for each w € F(S) C Q, for each n > 0. Consequently, {¢(x,,x0)} is bounded. Moreover,
according to the inequality

(lxall = 0l < (xn, x0) < (llxall + llx01)?, (3.11)

we conclude that {x,} is bounded and so is {Sx,}. Indeed, since S is relatively nonexpansive,
we derive for each p € F(S)

d(p, Sxn) < P(p,xn) < (Pl +lIxall)? VR 20, (3.12)

and hence {¢(p, Sx,)} is bounded. Again from (||p| - 1Sx.l)? < ¢(p, Sx,), we know that
{Sx,} is also bounded.

On account of the boundedness and nondecreasing property of {¢(x,, xo)}, we deduce
that lim,, _, ., (x,,, x0) exists. From Lemma 2.4, we derive

¢(xn+1r xn) = ¢(xn+1/ HanO)
< @(xpe1, x0) — P(Ig, x0, x0) (3.13)

= ¢(xns1, %0) — P(xn, X0)

for all n > 0. This implies that ¢(x,+1, x,) — 0. So it follows from Lemma 2.2 that x,,,1 —x, —
0. Since x,,41 = Ilc,ng, X0 € C,, from the definition of C,,, we also have

¢(xn+1/ yn) < an¢(xn+1r in) + (1 - ‘Xn)(,b(xnﬂ/ Zn)- (314)
Observe that

§ (st Z0) = (st ) (Bl Fou+ (1= ) JS5) )
= xnal* = 2(xns1, BuS Zn + (1= Bu) JSFn) + [|Bu] Zn + (1 = ) J STl
< lxnal* = 2B {Xnar, JZn) = 2(1 = Bu) (Xner, JS%n) (3.15)
+ Ball Zall® + (1= Bu) STl
= B (Xns1, Xn) + (1= Br) P(xXns1, SXn).
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On the other hand, since from (3.1) we have for each n > 0
(= Xn, Jxn = JXn = Xa(TXn - f)) <0, VyeC, (3.16)

utilizing Lemma 2.3 we obtain X, = Ic(J~'(Jx, — Lx(TX, — f))). Thus, in terms of Lemmas
2.4 and 2.6 we conclude that

§ () = ¢ (0, Te (T (Jotn = M (TFu - £))) )
< ¢ (xn T (Jotw = 1n(TZy = 1)) )
= (T (77! = M (TZ0 = )) ), T (0w = A0 (T = £)) )
= ¢ (00, T (0 = 1 (T = £)) ) = ¢ (%, )7 (Jn = AT - £)))
= llxall® = 20, J2n = L (TF = £)) + 120 = An (TZ0 = I
= [1all® = 2(%a, Jn = A (TZo = £)) + 0 = 4(TZo = £)II] (3.17)
= llxall® = 20, Jxn = A (T %o = £)) = 1%l + 2(Zn, Jotn = Au (T = £))
= [l = 1Fal® + 2(Zn = X, J2tn = A (T — £))
= 1% + = Fall* = 1%all® + 2(% = %, Jxn = 1 (TZ0 = f))
<Nl + 200 = F, Jotn) = 1Fll” + 2(% = X, J2n = L(TZ ~ f))

=2(xp = Xn, Joxn) + 2(Xn — xn, 20 — Xu(TXn = f))
= 24n (X — X, TXp — f).

Since A\, — A € (0,00) and lim,_, o, (x, — X, TX, — f) = 0, we obtain ¢(x,,x,) — 0. Thus
by Lemma 2.2 we have x, — X, — 0. From ||X,|| < ||Xn — xu|| + [|x4]|, it follows that {X,} is
bounded. At the same time, observe that

P (xni1, Xn) — P(xn, Xn) = ||xn+1||2 = 2(xp1, JXp) + ||3~Cn||2
= [l = 20, T2 + %17

= ns? = 2(ns1, J%n) = 1xall® + 20, J %) (3.18)
= (sl = el (e |+ l1all) + 2060 = Xt T %)
< ||xn+1 - xn”(”xn+1” + ”xn”) + 2||xn - xn+1””5zn||

= |lxpa1 = Xull(l2nell + x|l + 2[1X,]]),
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and hence
¢(xn+1/§n) < ¢(xn/§n) + [[xne1 = Xl (12 || + N2l + 2[| X)) (3.19)

From ¢(x,,X,) — 0,xp01 —x, — 0, and the boundedness of {x,} and {X,}, we derive
¢(xy41,X,) — 0. Note that S : C — C is uniformly continuous. Hence Sx,, — Sx, — 0 by
virtue of X, — x,, — 0. Since

[SXnll < 11SXn = Sxull + 1Sxull, (3.20)

it is known that {SX,} is bounded. Consequently, from (3.15), ¢(xp41,X,) — Oand B, — 1,
it follows that

lim ¢ (xp41, 2,) = 0. (3.21)

n—oo

Further, it follows from (3.14), ¢(xp+1,Xn) — 0and ¢(xp+1,2,) — 0 that

nlijr;o¢(xn+1,yn) =0. (3.22)
Utilizing Lemma 2.2, we obtain
i i = Yol = B [en = Fall = B o1 = 2ol = 0. (329)

Since ] is uniformly norm-to-norm continuous on bounded subsets of E, we have

nh_)n;”]xnﬂ = Jyall =nh_1:1<}o”]xn+l - JXull = 0. (3.24)
Furthermore, we have
1o¢n = zall < |l2¢n = Xpst || + |%041 = 22l (3.25)

It follows from x,.1 — x, — 0 and x,,1 — z, — 0 that

lim [|x, — z,|| = 0. (3.26)
n—oo

Noticing that

1T xne1 = Jynll = 1V xne1 = (@n ) Xn + (1 = an) ] Sz) ||
= llan(JxXns1 = JXn) + (1 = an) (JXns1 = JSzn) |
= (1 = an) Jxns1 = JSzn) = an(JXn = JXn1) |l
2 (L—an)llJxn = JSzull = anllJXn = Jxnall,

(3.27)
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we have

1

|Jxn1 = JSzall < 1-a,

(||]xn+1 _]yn” +an||]fn_]xn+1”)- (3-28)

From (3.24) and lim sup, _,  a, <1, we obtain

1im || X1 — JSznl| = O. (3.29)
1n— oo

Since J~! is also uniformly norm-to-norm continuous on bounded subsets of E*, we obtain

lim ||x,41 — Sz,|| = 0. (3.30)
n—oo

Observe that

ll2c, = Sxull < [l = Xpiall + |Xn41 = Sznll + [[Szn — Sxall. (3.31)

Since S is uniformly continuous, it follows from (3.26), (3.30) and x,4+1 — x, — O that x,, —
Sx, — 0.

Finally, let us show that {x,} converges strongly to I'lr(s)xo, which is a solution of the
VI(T - f,C) (1.1). Indeed, assume that {x,,} is a subsequence of {x,} such that x,, — X € E.
Then ¥ € F(S) = F(S). Next let us show that ¥ = ITr(syxo and convergence is strong. Put
x = ITp(s)x0. From x,.1 = Ilc,ng, X0 and x € F(S) ¢ C, N Q,, we have ¢(x,11, x0) < P(X, x0).
Now from weakly lower semicontinuity of the norm, we derive

(X, x0) = |1ZII* - 2(%, Jx0) + ol
< tim inf [ I = 26, Jx0) + x0]12)
= lim inf ¢(xs,, x0) (3.32)
< lim sup ¢(xy,, x0)
i— o0

< (i)(}/ Xo).

It follows from the definition of ITr(s)xo that X = x and hence

lim ¢ (x,,, x0) = P(X, x0). (3.33)
1— 00
So we have lim;_, , [|x5,|| = [|x]|. Utilizing the Kadec-Klee property of E, we conclude that {x,, }

converges strongly to ITg(syxo. Since {x,,} is an arbitrarily weakly convergent subsequence of
{xn}, we know that {x,} converges strongly to x = I'lr(s)xo. Now observe that from (3.1) we
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have for eachn >0
(y =X, Jxtn = JXn = Xu(TX, — f)) <0, VyeC. (3.34)

Since ] is uniformly norm-to-norm continuous on bounded subsets of E, from x, - X, — 0
we infer that Jx, - JX, — 0. Noticing thatx, — xand T : C — E*is a continuous mapping,
we obtain that X, — xand T X,, — Tx. Therefore, from A,, — A € (0, o0), it follows that

[y = % Jxtn = JZn = M (TZn = £)) = (y =%, -A(T% - f))|
= [(y = %, Jxtn = JZn) + (Y = %, ~a(TEu = ) = (y - X, -A(Tx - f))|
< |y = Fu, Jotw = JRu) | + |y = Fn, =M (TZn - ) = (y - %, -MTx - f))]
= |(y = Xu, Jotw = JEn)| + [{y = ¥ = (v = %), ~Aa(T%0 - f))
Hy =%, -0a(TZu - f) - (-M(T%x - f)))]| (3.35)
<1y = ZalllJoew = JZall + 1% = %[ 4n (TZ, = £) |
+ly = Aa(T%0 - £) - M(Tx - )|
<1y = Zalll T2 = JZall + 11%0 = %[ 4n (TZs = £) |

+ |ly = x|| [Aall T%, = T + Ay = M| TX = f|]] — 0 (n— o),
that is,

lim (y — X, Jxn = JXn = Aa(TXn = f)) = (y =X, -M(TX - f)). (3.36)

Letting n — oo we conclude from (3.34) that
(y-x,-M(Tx-f))<0 VyeC, (3.37)
and hence
(y-x,Tx-f)>0 VyeC (3.38)

This shows that x = Ilp)xo is a solution of the VI(T - f,C) (1.1). This completes the
proof. O
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Corollary 3.2 ([11, Theorem 2.1]). Let E be a uniformly convex and uniformly smooth Banach
space, let C be a nonempty closed convex subset of E, and let S : C — C be a relatively nonexpansive

mapping such that F(S)#0. Assume that {a,};’, and (B}, are sequences in [0,1] such that
lim sup, _, a, <1land p, — 1. Define a sequence {x,} in C by the following algorithm:

xo € C chosen arbitrarily,
Zn = ]_1 (ﬁn]xn + (1 _ﬂn)fsxn)/
Yn = ]71 (anJxn+ (1 - an)]Szy),
(3.39)
Ch={veC:¢(v,yn) <anp(v,x,) + (1 - ) P(v, zn) },
Qn={veC:{(v-x, Jxo— Jx,) <0},
Xn41 = Ic,n0, %o,

where | is the single-valued duality mapping on E. If S is uniformly continuous, then {x,} converges
strongly to I (s)xo.

Proof. In Theorem 3.1, we know from (3.1) and Lemma 2.3 that
(Y = Xn, Jxn = JXn = An(TX, - f)) <0, VyeC, (3.40)

is equivalent to X, = Ic(J7'(Jx, — 1,(TX, — f))). Now, put Tx = f for all x € C. Then we
have

%o =Tl (J7 (Jtu = (T3 - )

=Te(J7 Uxa= (f - 1)) (3.41)

= le/

for all n. Thus algorithm (3.1) reduces to algorithm (3.39). By Theorem 3.1 we obtain the
desired result. O

Theorem 3.3. Let E be a uniformly convex and uniformly smooth Banach space, let C be a nonempty
closed convex subset of E, let T : C — E* be a continuous mapping, and let S : C — C be a relatively
nonexpansive mapping such that F(S) #0. Assume that {a, },—, C (0,1) satisfies lim,, _, ., = 0 and
{Aatoeo C (0,00) satisfies lim, Ay = A > 0. Define a sequence {x,};, in C by the following
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algorithm:

xo € C chosen arbitrarily,
(y = %o, Jotw = J%n = \a(T%y — £)) <0, Yy eC,
Yn =] (@ Jxo+ (1 - ay)JSXn),
Cn={v€C:¢(v,yn) < anp(v,x0) + (1 - an)Pp(v, %)},
Qn={veC:(v-xy Jxo- Jxp) <0},

(3.42)

Xn+l = ]-_[CnﬂanOI n= 0/ ]-/ 2/ NS

where X, is assumed to exist for each x,, n = 0,1,2,...If S is uniformly continuous and lim,, _, o (x,—
Xn, TXy — f) =0, then {x,} converges strongly to I1r(syxo, which is a solution of the VI(T — f,C)
(1.1).

Proof. We only derive the difference. First, let us show that C, is closed and convex for each
n > 0. From the definition of C,,, it is obvious that C,, is closed for each n > 0. We prove that
C, is convex. Similarly to the proof of Theorem 3.1, since

(v, ¥n) < anp(0, x0) + (1 - ) (v, %) (3.43)
is equivalent to

20, (v, Jx0) +2(1 = a) (0, J %) = 2(0, Jyn) < @ullxol® + (1 = @) 1 Zull® = llyall?,  (3.44)

we know that C, is convex. Next, let us show that F(S) c C, for each n > 0. Indeed, we have
for each w € F(S)
(w0, yn) = (w0, ] (@nJx0 + (1 - ay) JS%y))
= lleoll® = 2(w, anJx0 + (1= @) JSFn) + llanJx0 + (1 = ) J ST
< Jwll? - 2an(w, Jx0) = 2(1 = a)(w, JST) + anllxo |2 + (1= ) |STolF B:45)
S an(i)(wl xO) + (1 - “n)(,b(wr Sin)
< [Xn(i)(w, xo) + (1 - an)d)(wl iT’l)
Sow € C, forall n > 0 and F(S) C C,. Similarly to the proof of Theorem 3.1, we also
obtain F(S) C Q, for all n > 0. Consequently, F(S) C C, N Q, for all n > 0. Therefore, the

sequence {x,} generated by (3.42) is well defined. As in the proof of Theorem 3.1, we can
obtain ¢(x,.1,x,) — 0. Since x,,41 = Ilc,ng,x0 € Cy, from the definition of C,,, we also have

¢(xn+1/ yn) < an‘i)(xwrl/ x0) + (1 - ‘Xn)(;b(xnﬂz Xn). (3.46)
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As in the proof of Theorem 3.1, we can deduce from 1, — 1 € (0,00) and lim,, o, (x, —
Xn, TX, — f) =0 that ¢(x,, x,) — 0and hence x — X, — 0by Lemma 2.2. Further, it follows
from ¢p(x,, Xp) — 0,xp41 —x, — 0and the boundedness of {x,} and {X,} that

lim ¢(xp41, Xn) = 0. (3.47)

Since xp.1 = Ic,ng, X0 € Cy, from the definition of C,,, we also have
¢(xn+1/ ]/n) S and)(xnﬂ/ xO) + (1 - ‘Xn)(,b(xnﬂ/ -;C'n) (348)

It follows from (3.47) and a,, — 0 that

lim ¢ (xn11,yn) = 0. (3.49)
Utilizing Lemma 2.2, we have
nli_)rr;o”xnﬂ -yl = nggo”xnﬂ = x| = nh_l}go”xnﬂ = Xn|l = 0. (3.50)

Since J is uniformly norm-to-norm continuous on bounded subsets of E, we have
nhjr;o”]xnﬂ - ]]/n” = ;}E{}o”]xnﬂ - ]xn” = nli_{r;o”]xnﬂ - ]in” =0. (3~51)

Note that

”]Sin - ]yn” = ”]Sin - (“n]xo + (1 - “n)]s'jn)”
= ay||Jxo — JSXnl|-

(3.52)

Therefore, from a,, — 0 we have
im [[JSX,, = Jynll = 0. (3.53)
Since J~! is also uniformly norm-to-norm continuous on bounded subsets of E*, we obtain
Him [|SX, — vl = 0. (3.54)
It follows that
[l = Sxull < [126n = Xt || + 12041 = Yl + [|yn = SXnll + [|SXn = Sxnl|. (3.55)

Since S is uniformly continuous, it follows from (3.50) and (3.54) that x, — Sx, — 0.
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Finally, let us show that {x,} converges strongly to Irs)xo, which is a solution of the
VI(T - £,C) (1.1). Indeed, assume that {x,,} is a subsequence of {x,} such that x,, — X € E.
Then ¥ € F(S) = F(S). Next let us show that ¥ = ITr(syxo and convergence is strong. Put
x = ITp(s)x0. From x,.1 = Ilc,ng, X0 and x € F(S) ¢ C, N Q,, we have ¢(x,11,x0) < P(X, x0).
Now from weakly lower semicontinuity of the norm, we derive

$(%,x0) = 1FI - 2, Jx0) + [xoll
< tim inf( I > = 2(xn, Jx0) + l1x0ll)
= hlr-ll ionf ¢ (xn,;, x0) (3.56)

< lim sup ¢(xp,, x0)

i— oo
S (i)(xr xO)'
It follows from the definition of ITr(s)xo that X = X and hence lim; _, . (x,,,, x0) = ¢ (X, xp). So,
we have lim;_, oo||x,, || = ||x]|. Utilizing the Kadec-Klee property of E, we conclude that {x,,}
converges strongly to ITrs)xo. Since {xy,} is an arbitrarily weakly convergent subsequence of

{x,}, we know that {x,} converges strongly to x = I'lr(s)xo. Now observe that from (3.1), we
have foreachn >0

(= Xn, Jxn — JXn = An(TX, - f)) <0 VyeC. (3.57)

Since | is uniformly norm-to-norm continuous on bounded subsets of E, from x, — X, — 0,
we infer that Jx, - JX, — 0. Noticing thatx, — xand T : C — E*is a continuous mapping,
we obtain that X,, — x and TX,, — Tx. Observe that

|y = X, Jotn = J%n = A (T%n = f)) = (y =%, -M(Tx - f))|
= [y = Xn, Jotn = J%n) + (y = Xn,~An(TXu = f)) = (y =%, -MTx - f))]
<[y =%, Jxn = JZu) | + [{y = X, =An(TXn = ) = (y - %, -M(Tx - f))]
= [y = X, Jxtu = JZu) | + |{y = % = (y = %), =1a(T% - )
H{y =%, -V (TZ, - f) = (-A(Tx = f)))] (3.58)
<Ny = X[l Txn = JZnll + 1% = %[ || A (TXn = £) ||
+ |y = x||[[Aa(T%0 = £) = M(Tx = f)|
< ly = ZalllTxn = JZall + 1% = X[ An(TZn = £) |
+ly = % [l TR - TE| + A = M| TZ - £,

It follows from A, — X € (0, o0) that

lim (v — Xy, Jxn — JXn = Aa(TXn = f)) = (y —x,-A(TX - f)). (3.59)

n— oo



16 Journal of Inequalities and Applications

Letting n — oo we conclude from (3.34) that
(y-x,Tx-f)>0 VyeC. (3.60)

This shows that x = ITr(s)x is a solution of the VI(T- f, C) (1.1). This completes the proof. [

Corollary 3.4 ([11, Theorem2.2]). Let E be a uniformly convex and uniformly smooth Banach
space, let C be a nonempty closed convex subset of E, and let S : C — C be a relatively nonexpansive
mapping. Assume that {a,},_, is a sequence in (0,1) such that lim, _, ,a, = 0. Define a sequence
{xn} in C by the following algorithm:

xo € C chosen arbitrarily,
Yn =] (@] x0 + (1 - ay) ] Sxy),
Ch={veC:¢(v,yn) <anp(v,x0) + (1 - an)P(v,xn)}, (3.61)
Qn={veC:(v-xu Jxo—Jxn) <0},
Xns1 = Ic,n0, %o,
where | is the single-valued duality mapping on E. If F(S) is nonempty, then {x,} converges strongly
to ITF(s)xo.

Proof. In Theorem 3.3, we know from (3.42) and Lemma 2.3 that
(y =X, Jxtn = JXn = Xu(TX, — f)) <0, VyeC, (3.62)

is equivalent to X, = Ic(J7'(Jx, = 1,(TX, - f))). Now, put Tx = f for all x € C. Then we
have

%, = e (J7 (Jxu = (T%, - f))
=11 (77 (Jx— (f ~ ))) (369

= Xn,

for all n. Thus algorithm (3.42) reduces to algorithm (3.61). Thus under the lack of the
uniform continuity of S, it follows from (3.55) that x, — Sx,, — 0. By the careful analysis
of the proof of Theorem 3.3, we can obtain the desired result. O
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