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1. Introduction

In this paper we study functions f on R" which possess the generalized partial derivatives

Tk

R
Dlf = QZ{ (r € N). (1.1)

Our main goal is to obtain some norm estimates for the differences
e 43 reej Tk .
A (h) f(x) = D3(-1) ; f(x+jher) (heR) (1.2)
j=0

(ex being the unit coordinate vector).
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The classic Sobolev embedding theorem asserts that for any function f in Sobolev
space W) (R") (1 < p <n)

«_ P
;o q =

. 1.3
p i (13)

of
ox k

n
Il <CY
k=1

Sobolev proved this inequality in 1938 for p > 1. His method, based on integral
representations, did not work in the case p = 1. Only at the end of fifties Gagliardo and
Nirenberg gave simple proofs of inequality (1.3) for all 1 < p < n. Inequality (1.3) has been
generalized in various directions (see [1-6] for details). It was proved that the left hand side
in (1.3) can be replaced by the stronger Lorentz norm, that is, there holds the inequality

n

11, <CY.

k=1

of
axk

, 1<p<mn (1.4)
P

For p > 1 the result follows by interpolation (see [7, 8]). In the case p = 1 some geometric
inequalities were applied to prove (1.4) (see [9-13]).

The sharp estimates of the norms of differences for the functions in Sobolev spaces
have firstly been proved by Besov et al. [1, Volume 2, page 72]. For the space Wr} R (1<p<
n) Il'in’s result reads as follows: If n e N, 1 <p<g<owanda=1-n(l/p-1/q) >0, then

n © vdh 1/p n af
elaton )5 <eX 5] (15)
U brmsion]5) "<z,
Actually, this means that there holds the continuous embedding to the Besov space
1/mn a n
W, (R") = By ,(R"). (1.6)

It is easy to see that inequality (1.5) fails to hold for p = n = 1, but, it was proved in [14] that
(1.5)istrueforp=1and n > 2.
The generalization of the inequality (1.5) to the spaces W,""* was given in [12]. That
is
n ) 1/p n
—a Tk p@ Tk
;(L a5 ) < CXIDE Al 17)

where 0 < 1/p-1/q < r/n,r = n(3, ri’l)*l, and ay = [l - (r/n)(1/p — 1/q)]; the
inequality isvalidifp > 1, n>1orp =1, n > 2. Using (1.7), we get the following continuous
embedding;:

W;;l,u.,rn (Rn) [N Bg,lr;u-ran (Rn) (18)

For p > 1 this embedding was proved by Besov et al. [1, Volume 2, page 72]. The main result
in [12] is the proof of (1.7) forp =1, n > 2.
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In [15], there was the sharp estimates of the type (1.7) when the derivatives D,r{" f
belong to different Lorentz spaces LP+°:. Before stating the theorem, we give some notations.
Let So(IR™) be the class of all measurable and almost everywhere finite functions f on R" such
that for each vy > 0,

Ar(y) = [{x eR" | f(x)| > y}| < 0. (1.9)

Letry e Nand 1< pg, sy <oofork =1,...,n(n > 2). Denote

-1 -1
L | nf<& 1
r=n - 7 = - - 7
con(s LY
r\&sire )

Now we state the main theorem in [15].

(1.10)

Theorem 1.1. Let n > 2, 1, € N, 1 < py, sk < oo, and s, = 1if px = 1. Let r, p, and s be the
numbers defined by (1.10). For every p; (1 < j < n) satisfying the condition

m51+l_l>a (1.11)
nopi P
take arbitrary q; > pj such that
1.1 (1.12)
g4 p n
and denote
1-H; H;
Hfﬂ—l<l—l> aj = Hir;, . L+, (1.13)
Pi\Pi i 0 s s

then for any function f € So(R™) which has the weak derivatives D;k f el (R")(k=1,...,n)
there holds the inequality

(s

where C is a constant that does not depend on f.

th 1/6; n
T 7
OV 7> < CHND S, (1.14)

In many cases, the Lorentz space should be substituted by more general space, the
weighted Lorentz space. In this paper, we will generalize the above result when the weighted
Lorentz spaces AP+ (w) take place of LP**¢, where w is a weight on R, which satisfies some
special conditions.
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2. Auxiliary Proposition

Let M (X, u) be the class of all measurable and almost everywhere finite functions on X. For
f € M(X,u), a nonincreasing rearrangement of f is a nonincreasing function f* on R, =
(0, +o0), that is, equimeasurable with | f|. The rearrangement f* can be defined by the equality

fr@t) =inf{d: pup(L) <t}, 0<t<oo, (2.1)
where
pr(d) =pu{x e X |f(x)| > 1}, A>0. (2.2)

If X = R", u(E) = |E|, then the following relation holds [16, Chapter 2]:

t
sup| |f(x)|dx = fof*(u)du. (2.3)

|E|=t) E

Set
sk _1 ! *
frw =1 s (2.4)

Assume that 0 < g, p < 0. A function f € M(X, u) belongs to the Lorentz space L7 (X) if

© 1/p
Il = ([ @ rrwr ) <o (25)

For 0 < p < o, the space L7 (X) is defined as the class of all f € #(X, u) such that

11,5 = sup /7 f*(t) < 0. (2.6)
t>0

We also let L**(X) = L*(X). Let w be a weight in R, (nonnegative locally integrable
functions in R,).

If (X, p) = (Ry, w(t)dt), we replace L7 (X) with L9 (w). For0 < p, g < 00, 0r0 < p < o0
and g = oo, the weighted Lorentz space Afg (w) = AP (w) is defined in [9, Chapter 2] by

APA(w) = {f € MER"): ”f”Ap,q(w) = ||f*||yo,q(w) < 00} (2.7)

If p = g, denote AP (w) = APP(w). It is well known that

APA(1) = LPA(R™), (2.8)
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and if 0 < p, g < oo, then
AP (w) = AN(w), (2.9)

where

D) = WP (Hw(t), W) = ftw(s)ds. (2.10)
0

In following part of this paper, we will always denote W (t) = jgw(s)ds.
The weighted Lorentz spaces have close connection with weights of B,, B, o, for 0 <
p < oo (see [9, Chapter 1]). Let A be the Hardy operator as follows:

1 t
Af(t) = ¥J' f(s)ds, t>0. (2.11)
0

The space Lzec is the cone of all nonnegative nonincreasing functions in L”. We denote w € B,
if

A: L (w) — L (w) (2.12)
is bounded and denote w € B, ., if
A: LZeC(w) — [P (w) (2.13)

is bounded.

Lemma 2.1 (Generalized Hardy’s inequalities). Let ¢ be nonnegative, measurable on (0, o0) and
suppose —oo < L <1, 1 < g < oo, and w is a weight in R, W (c0) = oo, then one has

(w1 [ "o N U ) 2O )
{IO <W(” W) o"’(s)w(s’ds> W(t)dt} <ot [, worvo) el

([ (o[ vergzhee) i) = [ (vorwo) i)
(2.14)

(with the obvious modification if q = o).
Proof. It is easy to obtain this result applying Hardy’s inequality [16]. O

Lemma 2.2. Let ¢ € AP*(w) (1 < p, s < o) be a nonnegative nonincreasing function on R, w be
a nonincreasing weight on R, and there exists A > 0, such that

W(et) > AW (), VE>1,Vt>0, (2.15)
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Then for 6 > O there exists a continuously differentiable ¢ on R such that
(ii) (YW (£)V/P70 decreases and ¢(t)W (t)/P*0 increases on R,,
(iii) [|pllars ey < Cllgllars ey,

where C is a constant depends only on p, 6, and A.

Proof. Without loss of generality, we may suppose that 6 < 1/p. Set

w)

B0 = WO w0

Then (,bl(t)W(t)l/ P-9decreases and

t
Pi(t) > W(t)“”’fﬁ;p(mwm)l/w 0

W(t)l/P—5 _ W(t/z)l/P—5
1/p-6 ’

> W ()" VPy(t)

Using the conditions which w satisfy, it gives
P1(t) 2 Cyp(8).

Furthermore, noticing w is nonincreasing and applying Lemma 2.1, we get that

11l s oy = {ZI: [W(Zh)‘sfjw(u)l/p—& I/Z\t;((u))d ] vu\,/((zz;;l)) }1/5

Szl/“ﬁ{f [W(h)f W ()P S(F(”)vu\;((u)) ] VZ;((IZI))dh}l/S

ce( [y )

= C”(P”Anf?(wy
now set

w(u)

_ 1 s (1 6541/
¢(t>—(6+5)wa> 7 oW

Then ¢(t)W(t)1/ P*9 increases on R,, and

P(t) 2 g1 () 2 Cyp(h).

(2.16)

(2.17)

(2.18)

(2.19)

(2.20)

(2.21)
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Furthermore,

pOW 7 = <6 + %)W(t)26f;¢l (W)W ()P Vu‘;((l;)) "

- W(t)25ft P1(u)dW ()P (2.22)
0

W(t)zﬁ
:W(t)‘25f 1 (h())oV/P0/ O gy,
0

where v = W(w)®, h(v) = u, that is, h(v) = W™ (0 @). Since ¢, ()W (t)"/7~ is decreasing
function on R, thus ¢ (h(v))v(1/P=0/29) is decreasing and ¢(t)W (£)'/7~ is also decreasing
on R,.

Finally, using Lemma 2.1 and (2.19), we get (iii). The Lemma 2.2 is proved. O

Letry e Nand 1 <pr <oofork=1,...,n(n>2). Denote
-1 -1
L | nf <& 1
’="<Zr> ' P=;<Zﬁ> /
]:1] ]:1 A (2.23)

Then yi > 0 and
>n=n-1 (2.24)

To prove our main results we use the estimates of the rearrangement of a given
function in term of its derivatives Dlr(k fk=1,...,n).
We will use the notations (2.23).

Lemma 2.3. Letry € N, 1 <pr <o, 1 <sx <owfork =1,...,n(n > 2) and w is continuous

weight on R,. Set
-1
n
1
>—) . (2.25)
=1 SiTj

I
0<6< Zryr,lgl(l -Y), (2.26)

n
s=—
"

Let
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and suppose that ¢y € AP+*(w) (k =1,...,n) are positive continuously differentiable functions with
¢ (t) < 0on R, such that (i)k(t)W(t)l/”k*ﬁ decreases and d)k(t)W(t)l/””‘s increases on R.. Set for
u,t>0,

mt ) = (220) i), 02)
o(t) = Sup{llgjgl i (ug, t) ﬁuk =WH", u > 0}. (2.28)
- k=1

Then
(i) there holds the inequality

n

S 1/s
([ werermowrwar) < CT T, 229)
0 1

k=

(ii) there exist continuously differentiable functions ux (t) on R, such that

[ Tty =Wy,
k=1

(2.30)
o(t) = m(uk(t),t) (tERy, k=1,...,n);
(iii) for any k such that
1.rr (2.31)
Pc p n

the function uk()f)W(t‘)‘S*1 decreases on R,.

Proof. The proof is similar to [15, Lemma 2.2]. All the argument holds true when we substitute
the weight w(t) in this lemma for w(t) = 1. O

The Lebesgue measure of a measurable set A C RF will be denoted by mes; A.
For any F, — set E C R" denote by E/ the orthogonal projection of E onto the coordinate
hyperplane x; = 0. By the Loomis-Whitney inequality [17, Chapter 4]

n
(mes,E)" ! < H mes,_1E/. (2.32)
j=1
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Let f € So(R"), t > 0, and let E; be a set of type F, and measure t such that |f(3_c)| >

f*(t) for all x € E;. Denote by A;(t) the (n — 1)-dimensional measure of the projection E, (j =
.,n). By (2.32), we have that

fpj(t) >l (2.33)
j=1

Lemma 2.4. Letn > 2, . € N(k =1,...,n), w be nonincreasing, and w(t) — a whent — oo
where a > 0. Function f € So(IR") has weak derivatives Dlrf f € LiocR") (k=1,...,n). Then for all
O<t<t<owandk=1,...,nonehas

< K[f*(T) (5" <Ki§g> (D) m], 234

where [T Ay (£) > W ()" and K is a constant depending on r,...,r, and a.

Proof. Let Xy (t) = (1//a@)(W (£) /£)Ax(t), then

HA' (t) = <W(t)) H/\ (t). (2.35)

Due to the conditions of w and (2.33), we can get

IEI)U,{(t) > W) (2.36)
k=1
In [2, 12, 15], we have
FH(t) < K[f (1) + ( I (t)> (D f)**(T)]. (2.37)
So we immediately get (2.34). O

Lemma 2.5. Ifw € By, 1 <po <ooand 1 < sy < oo, then v = W()*Pl(t) € Bs,.

Proof. Let w € B . Since By, C By, so by [9, Chapter 1] we get

T
J %dt <C—Tr, V¥r>o. (2.38)
oW (HP W(r)'/P

Then

r r
dt<C———, Vr>0, (2.39)
foV(t)l/SO V(r)t/*
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where
t
V(t) = f v(t)dt. (2.40)
0

So v € By,. O

Lemma2.6. Letn>2, . €N, 1<pr <oo, 1 <sg<oofork=1,...,n. Assume that weight w on
R, satisfies the following conditions:

(1) it is nonincreasing, continuous, and lim; _, ,w(t) = a, a > 0,
(ii) exists A > 0, such that

W(&t) > AW (), VE>1,Vt>0. (2.41)

Set

-1 -1
| nf< 1
r_"<§r_> ’ p_7<gpm> ’

nf< 1 -
s=2(y—) .
r kzlskrk

Assume that a locally integrable function f € So(R") has weak derivatives D}* f € AP~ (w) (k =
1,...,n). Then for any & > 1

=

(2.42)

f1O <K[f @)+ o), (2.43)

where ¥ = max ry, the constants K depends only on vy, ..., 1y, w, and
* (1/p-r/m)-1 e 2 /()
s(1/p-r/n)- s 7 r/(nry
(J wo wodr) < CTTID Ay (2.44)

Proof. For every fixed k =1,...,n we take
pi(t) = (D)7 (®). (2.45)
Thanks to Lemma 2.5, and w € By o, (for w is nonincreasing), we know
v =W (P w(t) € By,. (2.46)
Thus

”‘I’k”APkﬁk(w) = ||(D£kf)**||m(v) < C”(Dlr(kf)*”LSk(v) = C”Dl:kf”APkfsk(w)' (2.47)
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Next we apply Lemma 2.2 with 6 defined as in Lemma 2.3. In this way we obtain the
functions which we denote by ¢ (t) (k = 1,...,n). Further, with these functions ¢ (t) we
define the function o(t) by (2.28). By Lemma 2.3, we have the inequality (2.44). Using
Lemma 2.4 with 7 = ¢t, we obtain

fmSKLﬂm+¥<¥%>¢4, (2.48)
k

where [T A (t) > W ()", Taking into account (2.28), we get (2.43). O

Corollary 2.7. Let 0<0<1,n>2, €N, 1 <pr<oo,1<sg<oofork=1,...,n,andr, p,s
be the numbers defined by (2.42). Assume weight w on R, satisfies the following conditions:

(i) it is nonincreasing, continuous, and lim;_, ,w(t) = a, a >0,

(ii) there exist two constants 1, f with B < 1 such that

AN
vv<g> zu<g>;gC§%vayV¢4u«ﬂ, VE>0,VE>1, (2.49)
and there holds
g=sup{n; 3p <1, (2.49) holds} > 1. (2.50)

Assume that a locally integrable function f € So(R™) has weak derivatives D,r(" f e APk (w) (k =
1,...,n) and f € AY(w) + AP (w) for some py with 1 < py < § such that

.1 (2.51)
po p n

Let po < g < gand
1.1 (2.52)
q p n

Then f € A% (w) and

n
/ (nry)
11l oo ey < c[uanl(w)mm(w) +] |||D,2kf||;p£’,1:k(w)]. (2.53)
k=1
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Proof. Let f = g+ h, with ¢ € Al(w) and h € AP*(w). Applying Hélder’s inequality and
noticing W (c0) = oo and w is nonincreasing, we obtain

I = f FEHW Y T w(t)dt

<[Tg () woremars [ (3w o (254)

1

< C[( jzg*(t)w(t)dt>9 + (Ijzh*po(t)w(t)dty/m].

So
J1 < CFllat oy (w)- (2.55)

Let 0 < 6 < 1. Using (2.43) with ¢ > 1, which satisfies C1KP&P1<1/2(Cy, p are two constants
in (2.49) for 7 = q), combining (2.49), (2.52), and Holder’s inequality, we get

Js = j:f*9<t>wa>9/q-1w<t>dt

<+ Kefl FOEHW ()Y T w(t)dt + Kg’flo(t)QW(t)e/ Tlw(t)dt
& Is)

- 1 (2.56)
<+ K";—lﬂf FOHWEHY T w(t)dt + cf o)W1 \w(t)dt
5 5
0/s
1 ! ms w(b)
< - ! s (1/p-r/n)s .
<+ g+ C <joo<t> W) —W(t)>
By (2.55), Js < oo. Furthermore, from (2.49), we can get
W(et) > ¢POW (), VE>0,V¢E> 1. (2.57)
Inequality (2.53) now follows from (2.44) and (2.55). O

Remark 2.8. If w = a (a > 0) in Corollary 2.7, then it is easy to get § = cc.

Remark 2.9. Letr € N, 1 <pr < o0,1 <sg <oofork=1,...,n(n > 2). Letr, p, and s be
the numbers defined by (2.42). Assume that p < n/r, g* = np/(n — rp) and w satisfies the
conditions of Corollary 2.7 with § > g*. Then for any function f € C*(R") with compact
support we have

n
/
1w < CLTIDE I 258)
k=1
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This statement can be easily got from Lemma 2.6. Inequality (2.58) gives a generaliza-
tion of Remark 2.6 of [15] when pr > 1, k = 1,...,n because w = 1 satisfies the preceding
conditions.

Remark 2.10. Beyond constant weights, there are many weights satisfying conditions of
Corollary 2.7. For example,

() w=t"+a,where0<a<6,0<ac< o,

(ii)

e if0<t<l,
w = (2.59)
1, ift>1,

where0<a < 1.

For weight w in (i) or (ii), it is easy to see the weighted Lorentz space AP (w) for0 < p, g < oo
does not coincide with any Lorentz space L"*.

3. The Main Theorem

Theorem 3.1. Letn > 2, rx € N, 1 <pr < oo, 1 <sx <oofork=1,...,n Let v, p, and s be the
numbers defined by (2.42). Suppose weight w on R, satisfies the following conditions:

(i) it is nonincreasing, continuous, and lim; _, ,w(t) = a, a > 0,

(ii) there exist two constants 1, p with p < 1 such that

W<g> w<g) < CPWEY " w(t), VE>0,VE> 1, (3.1)
and there holds
g=sup{n; 3 <1, (3.1) holds} > max{p; i=1,...,n}. (3.2)

For every p; (1 < j < n) satisfying the condition
>0, (3.3)

take arbitrary q; such that p; < q; < q and

l_>——— (3.4)
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and denote

1/1 1 1 1-H;
Hj= __<___,>’ tX]'=H]'T]', —-= +

(3.5)

Then for any function f € So(R") with the weak derivatives Dzkf € APesk(w) (k = 1,...,n) there

holds the inequality

(NG

where C is a constant that does not depend on f.

A7 (h) f

Proof. First we can get 0 < H; < 1 by our conditions. denote
ge(x) = D f(x)]-
Further, assume that j = 1 and set for h > 0
fu(x) = [AT (W) f(x)].

For almost all x € R” we have [1, Volume 1, page 101]
h h
fr(x) < f f g(x+ (uy + - +uy)er)duy - - - duy,.
0 0
Thus,

fa(t) <h"g1*(t).

Indeed, for any subset A C R" with |A| = ¢

J fr(x)dx <h™  sup g1(y)dy = h"tg* (1),
A

BcRn, |Bl=t ) B

(3.10) then follows.

% dh 1/9; n
.
A‘U'l(w)] 7> - CkZ;”Dkkf I APk (w)

(3.6)

(3.7)

(3.8)

(3.9)

(3.10)

(3.11)
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For py > 1, w is nonincreasing (w € By .,), we get W (£)**/P L2 (t) € B, by Lemma 2.5.

Thus from (3.10)

© 1/s1
illsnrio = (| i W ot
0

1/s

0
< Ch™ 11l arion (o) -

It follows f;, € AP**1 (w). Furthermore
oo . t S1 / 1 1/s1
”D?thAm,sl(w) < C(J’ ((D?f) (F)) W ()" /P~ w(t)dt)
0
[se] 1/51
=C <J‘ ((D;lf)*(t))& W(zh t)Sl/Pl—lw(zﬁ t)dt> .
0
Then due to Hardy lemma [16, page 56]

e 1/s1
”D?fh”,\mm (w0) < C(J‘O ((D?f)*(t))51W(t)sl/pl—1w(t)dt>

= CIID; fl s -

(3.12)

(3.13)

(3.14)

It follows D' f € AP'! (w). Analogically we get Dlrf fn € AP (w). Thus by Corollary 2.7 we

have f;, € A" (w).
Denote for h > 0

1) = Uil = | R OW O @

Set ¢y = (4KC1)1/(_ﬂ+1) (Cy, p are two constants in (3.1) for 77 = g1), and
Q(h) = {t>0: fi(t) 2 2K f; (&ot) },

where K is the constant in Lemma 2.5. Then by (3.1)

[ powereod sk feowe e
R.\Q(h) RAQ(h)

<2k [ oW o/
0

< 2?_(;1 K FOWEHY P w(t)dt.
(0]

(3.15)

(3.16)

(3.17)
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Therefore ,

J(h) < 2f frtW Y1 o (t)dt = 2 (h). (3.18)
Q)
Let
0<6< 4111%1{1(1 - Vi) (3.19)

Now for every k = 1,...,n by applying Lemma 2.2 with ¢ (t) = g;*(t). We obtain ¢ (t) (k =
1,...,n) on R, such that

pOW B PPty |, grOW P w () 1, (3.20)
g (1) < C(t), (3.21)
NPl pprcss w) < Cllge" | apiese (w)* (3.22)

For W (£)*/P<"1w(t) € Bs,, it follows that

||g]t*||APk«5k(w) < C”gk”AF’krSk(w)' (3~23)
Thus
el s oy < CUD Fll g o (3.24)

We will estimate f;(t) for fixed h > 0 and t € Q(h). By Lemma 2.4, (3.21), we have that for
each t € Q(h)

n(t) <C < )LZ\(/t(,t})z)> P (t), (3.25)
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where [T_; A (t, h) > W ()", Applying Lemma 2.3, we obtain that there exist a nonnegative
function o(t) and positive continuously differentiable functions u(t) (k = 1,...,7n) on R,
satisfying the following conditions:

fnt) <Co(t), teQ(h), (3.26)

o 1/s n
(J W(t)S“/P-”")'lw(t)o(tfdt) <C[ JIpg f||TA{a§T§:k(L]), (3.27)

0 k=1
o(t) = <uWk—Eg> k¢k(t), (3.28)
ﬁuk(t) =W, (3.29)

k=1
ul(t)W(f)‘S_1 decreases. (3.30)
Denote
_ W@

p(t) = Ok (3.31)

We will prove that for any h > 0 and any t € Q(h)

Fi(t) < Ch" x(b), (3.32)
where
X =B = dit) (see (3.28)). (3.33)
By (3.24)
1l oy < CIDL Lo - (3:34)

For h > p(t) (t € Q(h)) the inequality (3.32) follows directly from (3.26) and (3.33). If
0 <h<p(t), t € Q(h), then (3.32) is the immediate consequence of (3.10), (3.21), and (3.33).
Now, taking into account (3.26) and (3.32), we obtain that for h > 0 and any t € Q(h)

fi(t) < CD(t, h), (3.35)

where
@O(t, h) = min(o(t), h”x(t)), (3.36)

and y(t) is defined by (3.33).
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Further, we have (see (3.18))

J'(h) < cj?wa)“ql‘lwa)cb(t, n)dt,

© © ®© 0,
]EJ h‘”‘lel‘l](h)eldhscf h-“lf’l-ldh(f W(t)l/ql’lw(t)d)(t,h)dt> )
0 0 0

(3.37)

By (3.30), the function ﬁ(t)W(t)_6 increases on R,. It follows easily that ! exists on

R, and satisfies f1(0) = 0, ' (c0) = o0, and

W(F'22) _ e
W) T

Furthermore, we have

® p7 (k) &
j<C [J‘O h0-1gp <f0 WY1 L) d(t, h)dt> ]

) ) 61
+C f h‘”‘lel‘ldh< W(t)l/ql‘lw(t)CD(t,h)dt>
0 Bl (h)

=C(Ji + o).

Using Minkowsi’s inequality, we obtain

o o 7 @*h o\
18 _ Ih-alel—ldh ZI W(t)l/ql_lw(t)o(t)dt>
0 pary RLE R )

o [ roo 512 h) e l/e
<> [f h‘“lel‘ldh<j W(t)l/ql‘lw(t)a(t)dt> ]
k=070

Bt (@2*h)

pe) a1
o-ka; U Zalelldz<f W(t)l/q‘lw(t)o(t)dt> ] :

<

Ms

0 p(z/2)

=~
Il

0

(3.38)

(3.39)

(3.40)
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Further, using Holder’s inequality and (3.38), we get when 0; > 1 (the case 0; = 1 is obvious)

1 (2)
f WY1 w(t)o(t)dt
p(z/2)

p(2) Vo i) e
< <f W(t)el/ql_lw(t)o(t)eldt> <f wdt> (3.41)
Fi(z/2) p(z/2) W(E)

ﬂfl (Z) 1/91
< c< W(t)"l/qllw(t)o(t)f’ldt> .

0

Thus, by Fubini’s theorem and (3.33)

% 6 (2)
Ji< Cf z-m@l-ldzf W 1w (t)o () dt
0 0
= c'f W) 1w (t)o ) praddt (3.42)
0

= c’f WM (o (t) T (1) at.
0

The same argument gives that

J2 < cf om0tz [ W) () () dt
0 “1(z
e (3.43)

< C'f WO () ()" () dt.
0
By (3.33) the last integral is the same as one on the right side of (3.42). So, we have that
J< cf W ()T o (t)o (b) S (1) 10 dt. (3.44)
0

Now we apply Holder’s inequality with the exponents u = s1/H16; and ©' = s1/(s1 — H161).
Observe that

(1-H)6u = s, (@-i)u'=s<1—1>. (3.45)
a1 piu p n
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Therefore, we get, applying (3.27) and (3.34)

0 (1-Hi)/s u
]1/61 < C(IO W(t)s(l/P—r/n)—lw(t)o,(t)sdt> “D?f”Al}l'Sl )

. 1-H, (3.46)
<C( TTIDE At ) I I
= L k J N APksk () 1 J APLst ()
Since
n
ZL -1, (3.47)
= nri
we get the inequality (3.6). The theorem is proved. O

Let X = X(R") be a rearrangement invariant space (r.i. space), Y be an r.i. space over
R, and s > 0.Setr = [s] +1 ([s] = integral part of s). The Besov space B;Y;]. (R™) is defined as
follows (see [18, 19]):

s n n tis/nwx,]' (f/ tl/n)r
BYy,;(R") =1 f € MR : Ifllgs. = <oy, (3.48)
XYy Oy (t) v
where
wx(f,1), = SUP“AZ,jf”X (t>0), A f(x) = A}l,i<A’;,j>f(x),
st (3.49)
A} F() = f(x+ hey) - f(x),
and @y (t) denotes the fundamental function of Y : ®y(t) = | yglly, with E being any

measurable subset of R, with |E| = £.
Then we have the following.

Corollary 3.2. Letn>2, re€N,p>1,1<spy <o fork=1,...,n,and

n -1
s= n<zl> . (3.50)

k=1°k
Let the weight w be the same as that in Theorem 3.1. Take arbitrary q such that

, (3.51)

|
QR

S | =
= | =

p<q<q,
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and denote

H:1_2<1_1), w=Hr, L-1ZH H (3.52)
r\p 4 0 s sj

Then for any function f € So(R") which has the weak derivatives D f € AP°*(w) (k = 1,...,n)
there hold

f € B S(RY),

A (w), LY
n (3.53)
1fle < CX Do oy
k=1

AV @), L7 55

where C is a constant that does not depend on f.

Proof. We can easily obtain the similar result to Lemma 2.4 in [20] by substituting A%! (w) for
LP#(IR™) there. Now the corollary is obvious using the Hardy’s inequality and Theorem 3.1.
O

Remark 3.3. If there exists j (1 < j < n) with p; = s; = 1, whether Theorem 3.1 remains true is
still a question now.
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