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1. Introduction and preliminaries

Ifp>1 (1/p)+(1/q) =1, f(x),g(x) >0, f € LP(0,0), and g € LI(0,0), such that 0 <
(fowf’”(x)dx)l/” <owand0< (f(;”gq(y)dy)l/p < oo, then we have

H wf(x)f;y) xdy < smé 7n) <f f”(x)dx)w<ngq(y)dy>l/lg, (1.1)

where the constant factor sr/(sin(or/p)) is the best possible. Equation (1.1) is the famous
Hardy-Hilbert inequality proved by Hardy et al. [1].

Let K(x,y) = 1/(x +y), (TA)(y) = [K(x,y) f(x)dx, and || fll, = {[;°|f (x)IPdx}"P (or
(T8)(x) = [;°K(x,y)8(y)dy and [Igllq := {[;’g(¥)|7dy}'/). Yang [2] rewrote (1.1) as

(Tf,8) < === If1pllglly (1.2)

sm(yr/p)

where T : L7(0,00) »L"(0,00) (r = p,q) is an integral operator, (Tf,g) = [ (J;"K(x,

v) f(x)dx)g(y)dy = [[7K(x,y)f(x)g(y)dxdy = (Tg, f) is the formal inner product of T f
and g, || fl, (or [|gll4) is the norm of function f in LP(0, co) (or function g in L9(0, o0)).
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If K(x,y) is a real measurable function and satisfies K (ux, uy) = u™*K(x,y) (A > 0, u >
0) for (x,y) € (0,00) x (0, ), then K(x,y) is called a homogeneous function of —\A-degree.
Hence, K(x,y) = 1/(x + y) in (1.2) is called a homogeneous kernel function of the integral
operator T and inequality (1.1) is called an inequality with the homogeneous kernel of —1-
degree also.

Recently, inequality (1.1) has been extended by introducing some parameters [3-6]. A
reverse Hilbert-Pachpatte inequality was first proved by Zhao and Debnath [7]. Zhong and
Yang [8, 9] gave some reverse inequalities concerning some extensions of (1.1). About the
Hilbert-type integral inequalities with a symmetric homogeneous kernel, Krni¢ and Pecari¢
have researched [10]. Zhong and Yang found the conditions for the multiple Hilbert-type
integral inequalities with a symmetric kernel [11]. Xie got a Hilbert-type integral inequality
with an unsymmetrical homogeneous kernel of —3-degree [12]. Xie’s work, as we will see in
Remark 3.3, is a special situation of our results for A =3 and s =r = 2.

By introducing an integral operator T, a norm ||fl,. with a weight function and
two pairs of conjugate exponents (p,q), (r,s) in this paper, we find some conditions under
which the Hilbert-type integral inequalities with a homogeneous kernel of —\A-degree and
their reverse forms and equivalent forms hold, here the homogeneous kernels K(x,y) can be
unsymmetrical. We also prove that the constant factors in these inequalities are all the best
possible. As applications of the theorems, some new inequalities with a homogeneous kernel
and their other two forms are given.

For these purposes, we introduce some notations as follows.

Ifp>1 (1/p)+(1/gq) =1landr > 1, (1/r) + (1/5) = 1, anorm of f with the weight
function w(x) is defined by

o) 1/p
= { [ weifeoras) (13)
where f(x), w(x) > 0 are measurable in (0, o0). If || f||, . < oo, then it is marked by f € LY (R,)
(for 0 < p <1or g <0, we still use the formal mark (1.3) in the following).

Supposing that K(x,y) > 0 is a measurable function in (0, o) x (0, o) and defining an
integral operator T, for f,g >0,

(Tf)(y) = J:OK(x,y)f(x)dx (y € (0,00)), (14)

(T8)(x) :=j0 K(xy)gydy (xe(0,0), (15)
then we have the formal inner as follows:
(Tf,9) = Tg ) = [ Koy seigwaxdy. (16)

Lemma 1.1 (cf. [13]). Assume thatp >0, (1/p) +(1/q) =1, F,G>0,and F € LP(E), G € L(E).
One has the following Holder inequalities:

FOGHdt < ( | Fre)at v G (t)dt UP, (1.7)
J (J;rom) ([ eomn)

(1) ifp > 1, then
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(2) if0 <p <1, then

LF(t)G(t)dt > < LF”(t)dt)l/p (LGq(t)dt>l/p, (1.8)

where the equalities hold if and only if there exist real numbers A and B (A% + B* # 0), such
that AFP(t) = BGi(t)a.e. in E.

Lemma 1.2. If s > 1, (1/r) + (1/s) = 1,p > 0,p#1, 1/p) + (1/gq) = 1, X > O, setting that
K(x,y) (> 0) is a homogeneous kernel function of —A-degree, and defining that

[} xA/r
wi(\, s, x) = J;) K(x,y)md% (1.9)

o) y)L/s
wz(}L,T,y) = , K(x,y)mdx, (110)
Ca(s) :=f K1, u)u™9 1 dy, (1.11)

0
then one has

wi(A,s,x) =wr(\,1,y) = Cy(s). (1.12)

Proof. By the —\ homogeneity of the kernel K(x, y), for x > 0, and setting u = y/x, we have

® (A/r)+1 ©
wi(A,s,x) = f K(x xy> o 079 z = j K(1,u)u®9 du = Cy(s), (1.13)
0 (x(y/x)) s) 0

and for y > 0, letting x = y/u, by dx = —(y/u*)du, it is easy to find that

0 A/s 2 o)
y vV (y/u?) 5)-
) :fo K<Z'y> YO n T ) K(1,u)u9 " du, (1.14)

equation (1.12) is valid. The lemma is proved. O

Lemma 1.3. If s > 1, (1/r) + (1/s) = 1,p > 0,p#1, 1/p) + (1/q) = 1, X > 0, suppose that
K(x,y)(> 0) is a measurable homogeneous kernel function of —\-degree. Defining that, for n € N,

~(1/n) x WA/ T)+(1/ng)
. :J; [j K(x y) —(A/s)+(1/nq) y] (115)

one has

1 o)
I,=n U K (1, u)u®9-1+/mp) gy 4 f K(l,u)u()‘/s)‘l‘(l/"q)du]. (1.16)
0 1
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Proof. By the —\ homogeneity of the kernel K(x, y), for x > 1 and setting u = y/x, we have

” X/ 1 (1/5)-1-(1/ng) ” (A/9)-1-(1/ng)
J; K(x, y)mdy = § K(1,u)u du + J; K1, u)u du.
X
(1.17)
It follows that
<) o 1
I, = nf K1, u)uWo-1=/na) gy, 4 j M ax | K@, u)u® 910/ gy (1.18)
1 1 1/x
By the nonnegative measurability of K(x, y) and using Tonelli theorem [14], we have
o 1
f x -/ gy K(1, u)u(i/s)_l_(l/"q)du
1 (1/x)
(1.19)
1 o 1
:f K (1, w)u/9-1-0/n) g f U gy f K (1, w)yu/9-1+0/m) gy,
0 (1/u) 0
In view of (1.18) and (1.19), we have (1.16). The lemma is proved. Ol

2. Main results

Theorem 2.1. Supposingp >1,(1/p) +(1/q)=1,s>1,(1/r)+(1/s)=1,1>0, f,g >0, letting
w(x) = PV g (y) = ya-WD-1 p(y) = yPV971 and setting T is a integral operator
defined by (1.4) (or (1.5)), if the following conditions are satisfied:

(1) K(x,y) > 0 is a measurable homogeneous kernel function of —\-degree,

(2) the weight coefficient Cy(s) = [°K(1,u)uY*)" du is a positive number depending only on
the parameters A, s, then one has

Iffe LZ;(R+)/ g€ quv(R+)/ and ||f||p,w/ ”g”qw > 0, then

(Tf,g) = f jo K(x,y) f(0)g(w)dx dy < Cy() | fllpeo 1Sl 2.1)
if f € LL,(R,) and || fllp > O, then Tf € L} (R,) and

T fllp = {fy“’“s)‘l (fjmx, y)f(x)dx)pdy}”p < CU I llpr (22)

where the same constant factor Cy(s) in (2.1) and (2.2) is the best possible. Inequalities (2.1)
and (2.2)are equivalent.
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Proof. (1) By p > 1 and the nonnegative measurability of K(x,y), we can use Holder’s
inequality (1.10) and Tonelli theorem in the following:

(/) x(l/q)(1 (A/1)) 14 y(l/ri)(1 (A/9))

AP (-(/r) 1/p
{J‘f K(x, y)wf’”(x)dydx}

q 1)(1-(A/s)) 1/q
A[[ Ko g dy)
1/q

- {J; wi (A, s, x)xP 1=/ 1fr’(x)dx}1/p{f0 wy (A, 7, y)y T/ 1gq(y)dy} :
2.3)

where wi (A, s,x), wa(A, 1, y) are defined by (1.9) and (1.10), respectively. Using (1.12) and
condition (2), we have

(Tf,8) < Cals)ll fllpewllgllgzm- (24)

If (2.3) takes the form of equality, then by Lemma 1.1, there exist real numbers A and B
(A% + B> #0), such that

x P~ (A=(A/7)) g-1)(1-(1/s))

(
A ST - By—mgq(y) ace. in (0,00) x (0, 00). (2.5)

It follows that there exists a constant D, such that
AxPTWN) £p () = By11-WDod(y) = D, a.e. in (0, 00) x (0, o). (2.6)
Assume, without lose of generality, that A #0, then we have

D
PO/ fp (3 = 4o ae in (0,0), (2.7)

which contradicts with the facts that f € L}, (R,) and ||f llpo > 0. Hence, (2.3) takes the form of
strict inequality. So does (2.4). Then, we obtain (2.1).

Supposing there exists a number 0 < C < Cy(s), such that (2.1) is still valid when C,(s)
is replaced by C, then for n € N, we have

(Tfn,gn><c{ fo x”“W”“ff(x)dx} {fo y‘f“‘“”“gﬁ(y)dy}
2.8)

[ee)
= Cf x =M gx = nC,
1
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where

x~A=W/m=/m) -y e (1, 00),
fn(x) =

0, x € (0,1],
(2.9)
y_(l_(i/s))_(l/np), y e (1’ OO),
gu(y) =
0, y € (0,1].
But by (1.15) and (1.16), we have
(Tfovs) = [[ K fizidrdy
: (2.10)
=I,=n U K (1, u)uW -1+ 0/mp) gy j K(1,u)uW)1=0/na) gy
0 1
In view of (2.8), we have
1 s
f K1, u)u®971+0/m) gy 4 f K1, u)u®91=0/m) gy < C. (2.11)
0 1
Then by Fatou lemma [14], we have
Ci(s) = j K1, u)u™9 " dy
0
1 oo
= f lim K (1, 1)/ &)=+ /m0) gy 4 f lim K (1, u)u/9)-1-0/n9) gy, (2.12)
O n—oo 1 n—oo

1 0
< th K1, u)u®971+/m) gy, 4 f K1, u)u®M91=/ma) gyl < C.
0 1

n—oo

Hence, the constant factor C = C,(s) is the best possible.
(2) Setting g(y) = y(m/s)—l(f(‘)”K(x, y)f(x)alx)p_l (y € (0,00)), then we have g(y) > 0.
Using the notation (1.3), by Holder’s inequality (1.10) (as in (2.3)), we have

I, = sl = [ 7007 g2 )y
(2.13)

- ["yrn ([T K s @ax) dy= 15,9 < O algle
which is equivalent to
ITAI = 1glge < CS)If Il - (2.14)
In view of f € L{,(R,), || fllpw > 0, and condition (2), it follows that Tf € L} (R.), g € LL(R,),

and ||gllg= > 0. Using (2.1), we can find that inequality (2.13) takes the form of strict inequality.
So does (2.14). Hence, we obtain (2.2).
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On the other hand, if inequality (2.2) holds, then by using Holder’s inequality (1.10)
again, we find

UO K(x,y)f (x)g(y)dx dy

[

/0

VO RYA PP (7 aaeassn Ha
<{ [y ([Txemswax) a} [ Cpeeotggay)

By (2.2), we have (2.1). It follows that (2.2) is equivalent to (2.1). If the constant factor C,(s) in
(2.2) is not the best possible, then by (2.15), we can get a contradiction that the constant factor
Cy(s) in (2.1) is not the best possible. The theorem is proved. O

(Tf,8)

[yu/s>—<1/p> fo “Kx, ) () dx] [ya/p)—u/s) g(y)] dy (2.15)

Theorem 2.2. Let 0 <p <1 (q<0), (1/p)+(1/gq) =1, r>1, 1/r)+(1/s) =1, A > 0. Assume
that f,¢ >0, w(x), w(y), h(y), and the integral operator T are all defined as in Theorem 2.1. Setting

¢(x) - x(qz\/r)—l Zf
(1) K(x,vy) is a nonnegative measurable homogeneous kernel function of —\-degree,

(2) the weight coefficient Cy(s) = [°K(1,u)uY*)" du is a positive number depending only on
the parameters A, s, then one has the following cases:

if f € LE(R,), g € LY(R,), and |[fllpwr l1gllgw > 0, then
(Tfg) = f jo Ko y) f)gm)dx dy > Co ()| flelglamr (2.16)

if f € LL(R,) and | fllp.w > O, then

IT fllpn = {Lwy(PA/s)—l <J:0K(x, y)f(x)dx)pdy}l/p > Ca () fllp,eor (2.17)

ifge LI (R,) and gllgw >0, then Tg € Lq( +), and

I8l = [ 500 ([ Ko gwdy ) dx <l lgl (2.18)
0

where the constant factors C)(s) and Cj(s) in (2.16) (orin (2.17)) and in (2.18), respectively,
are both the best possible. Inequalities (2.17) and (2.18) are both equivalent to inequality
(2.16).

Proof. (1) Since 0 < p < 1, we can use the reverse Holder inequality (1.11). Using the
combination as in (2.3) and using the notations (1.9) and (1.10), we have

1/ (1/q)(A=(A/71)) Y y(l/p) (A/s))
118 f f [K Py f @) Um—u] [K T(x, y)g(y)w] dx dy

1/q

Z{Iwwl()t,s,x>xpl<“r> fp(x)dx}l/p{fo w2 (A, 7,10~/ 1g"(y>dy}

0
(2.19)
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By (1.12), condition (2), and notation (1.3), we have

(Tf,8) 2 Ca(s)ll fllpllgllg - (2.20)

If (2.19) takes the form of equality. Then by using the conclusions of (2.5)-(2.7), we still can
get a result which contradicts the conditions of f € L!,(R,) and || f llpw >0 (or g € LI(R,) and
Igllgz > 0). It means that (2.19) takes the form of strict inequality. So does (2.20). The form
(2.16) is valid.
If there exists a positive number C > C,(s), such that (2.16) is still valid when C,(s) is
replaced by C, then for n € N, setting f,(x) and g,(y) as (2.9), we have
(Tfur80) > ol = €| x=0/dx = nC. (221)

But by (1.16), we have

(Tfugn) = [ f "k ) fa(x) ga(y)dx dy

: (2.22)
= In =n [f K(l, u)u(l/s)flJr(l/nq)du + l[ K(l, u)u()./s)flf(l/nq)du )
0 1
In view of (2.21), we have
1 o
C< f K (1, u)u®9-1+/mp) gy, 4 f K (1, u)u®9-1=0/na) gy (2.23)
0 1
Also by the nonnegative measurability of K(x, 1), we can use Fatou lemma and obtain
1 ')
C < lim U K (1, u)u™9-1+0/mp) gy +f K1, u)u®9-1=0/na) gy,
n—aoo 0 1
(2.24)

1 [’}
= | ImK(1,u)uM9 0 m gy + | Um K (1, u)u® 91D gy = ¢ (s).

— —
Onoo 1?’[00

Hence, the constant factor C = C)(s) is the best possible.
(2) Setting g(y) = y PV ([PK(x, y)f(x)dx)p_1 (y € (0,00)), we have g(y) > 0. By the
notation (1.3) and in view of (2.19), we have

TSI, = Il = 570 g1y
(2.25)

[ee) [o'e] p
=f yr( f K(x,)f(x)dx ) dy = (Tf,8) > Cu(6) |l
0 0
ITFIE,, = gl > CLOI FI (2.26)

If |Tf ”;h = || gllglw = oo, then by f € LF(R,), (2.25) takes the form of strict inequality, so does
(2.26). That is what (2.17) holds. If T f € LZ (R,) (g € LL(R,)), it tells us that the conditions of
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(2.16) are satisfied. Then by using (2.16), it follows that both (2.25) and (2.26) keep the forms
of strict inequality and (2.17) holds.

On the other hand, if (2.17) is valid, then by using the reverse Holder inequality (1.11)
again, we have

(Tf,8) = J:oy(“ 9-(/w UOOOK (x,y)f (x)dx] [y“/ P S)g(y)] dy

0

(2.27)

By (2.17), we have (2.16). It means that (2.17) is equivalent to (2.16).
(3) Firstly, setting f(x) = x(@/n-1 (LOOK(x, y)g(y)dy)q_1 (x € (0,00)), then we have
f(x) > 0. Using the notation (1.3) and in view of (2.19), (2.20), we have

”Tg”Z,qs = flhw = J P/ £p () dxe
0
(2.28)

e o q
=j foH( f K(x,y>g<y>dy) dy = (Tg, ) > Co()l| flpeollglom-

0 0

It follows that

o 1/q
ITgllup = IFIES = {j xP“-W-lfP(x)dx} > C(9)llgllom (2.29)
0

and by g < 0 (because of 0 < p < 1), we have

o' [’ q
0<ITs, = 115 = [ x4 ([ K isidy) dy < ClONsl <o @30

It follows that Tg € L; (Ry), f € LY (R,). Also by (2.16), we find that (2.28) and (2.30) are strict
inequalities. Thus, inequality (2.18) holds.

Secondly, if (2.18) is valid, then by using the reverse Holder inequality (1.11) again, in
view of

(Tf,g) = fjo K(x,y) f(x)g(y)dx dy

ee]

= j; [x(l/q)—(xmf(x)] [xm/r)—u/q)J:oK(x, y)g(y)dy] dx (2.31)

© 1/p © * q a
f xp(l—()t/r))—lfp(x)dx} {j x(ar/r)-1 [f K(x, y)g(y)dy] dX} ’
0

0 0

(A

by (2.18) and g < 0, we can easily find that (2.16) holds, and (2.18) is equivalent to (2.16).

If the constant factor C, (s) (or Ci(s)) in (2.17) (or in (2.18)) is not the best possible, then
by (2.27) (or (2.31)), we can get a contradiction that the constant factor C,(s) in (2.16) is not
the best possible. The theorem is proved. O
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3. Some particular cases

Corollary 3.1. Let p > 0, (1/p) + 1/q) = 1, r > 1,(1/r) + (1/s) = 1, XA > 0, w(x) =
P g (y) = ya0-V9-1 gnd f,o > 0, then one has the following cases: if p > 1, f €
LP w(Ry), g € LL(R,), and | fllpw, Igllgw >0, then

o A
HO : x f(x)g(y) —dxdy < Ca(9)lIf llpllgllgw. (3.1)

xt + yH)max{xt, yt}

ifp>1, f e LL(R,), and | fllp0 > O, then

ok
J‘ Yy b (I (xA + y,\>max{x_}"y }dx> dy < C)l(s)”f”p,wr (32)
if0<p<1, feL,(R.), g€LLR), and || fllpew Igllgw > O, then
x'f(x)g(y)
fj (x)‘ + y)l)max{x)L, y,\} dxdy > C)»(S)”f”p,w“g”q,w/ (3.3)

if0<p<1, feLl,(R.),and | fllpw > O, then

J\
(pA/5)- x f(x) »
J‘ v (I (x* + y*)max{xt, y }d > dy>C (S)”f”pw/ (3.4)
if0<p<1,geLL(R,), and gl >0, then
/1)1 x'g(y) q . .
j : <J‘ (x)‘ + yi)max{x)t, y)L} dy> dx < C)l(s)”qu,ZU/ (35)

where the constant factors C(s) = (2/A)Z?;O((—1)k(k+ 1))/ ((k+(1/r)+1)(k+(1/5s))), Cﬁ(s) and
CZ(S) are all the best possible. Inequality (3.2) is equivalent to (3.1), and inequalities (3.4) and (3.5)
are both equivalent to (3.3).

Proof. Let K(x,y) = x*/((x* + y*)max{x,y*}), then K(x,y) is a nonnegative measurable
homogeneous kernel function of —\A-degree in (0, o0) x (0, 0). In view of Theorems 2.1 and
2.2, we only need to show that

Cy(s) = j k(1,u)u9 " dy (3.6)
0
is a positive number depending only on the parameters A, s.

Setting t = u*, we have

- (1/5)-1 v ut
C = | k@, “du = d
o L (o " o (1+u')max{1,ut} "

101 /s)-1 @ 4(1/5)-1
= — dt —dt
/\UO T+t +£ A+t

(3.7)

1
= X(Hl +H2).
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By a = (1/s) >0, we find that H; = Ll(t(l/s)‘l/(l +1t))dt is a Eulerian integral [15] and we have

(-1
Zk +(1/s)" (38)
Also letting v = 1/t in H;, we also have
1..(1/r) © (_1)k
v
Hz_,[)1+vdv_§)k+(1/r)+1' (39)

In view of (3.8) and (3.9), we have C,(s) = /M) I, (1) (k+1))/ ((k+(1/r) +1)(k+(1/5))).
It shows that C)(s) is a positive number. By Theorems 2.1 and 2.2, Corollary 3.1 is proved. [J

Corollary 3.2. Suppose thatp >0,(1/p)+1/q) =1, r>1,1/r)+(1/s) =1, 1 >0, w(x) =
xP == g (y) = y10-0/D=1 and f, ¢ > 0. One has the following cases:ifp > 1, f € LL,(R,), g €
L;(RQ and Hf”p,w/ ”qu,w > 0, then

” X f(x)g(y)
IJ;) (xZ)L + yZA) + |x2)L _ y2,\| dx dy < CA(S)”f”p,w“g”q,w} (3.10)

ifp>1, fe LY (R,), and | fllp,0 > O, then

(pA/s)-1 x* f(x) ) .
J:) v (,[) (22 + y2) + |2 — Y2 dx ) dy <C\ ()|l fllpws (3.11)

if0<p<1, fell(R,), g€ LL(R,), and | fllpw: Igllge >0, then

* x'f(x)g(y)
IJ; (x2)L + yzx) + |x2)L _ y21| dx dy > CA(S)”f”p,w“g”q,w} (3.12)

if0<p<1, feLl,(R.),and||fllpw > O, then

(pA/s)-1 x* f(x) ) .
J:) v (L (224 + y2) + |2 — Y2 dx ) dy > C\ ()|l fllpws (3.13)

if0<p<1, geLL(R,),and Igllgw > 0, then

A/r)-1 x*g(y) .
-[ ’ <f (22 + y2h) + |2t — y2| dy dx <Cl(s)lglgw. (3.14)

where the constant factor Cy(s) = (sr)/(M(r+1)), C’j(s) and Cj(s) are all the best possible. Inequality
(8.11) is equivalent to (3.10) and inequalities (3.13) and (3.14) are both equivalent to (3.12).
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Proof. Setting K(x,y) = x*/((x* + y*) + |x* — y*|), then K (x, ) is a nonnegative measurable
homogeneous kernel function of —\-degree in (0, o) x (0, 00). As in Corollary 3.1, we only need
to show that C)(s) is a positive number depending only on the parameters 1, s.

Setting t = u?!, for p > 0, p#1, we have

°° et o w91
C = K(1, 7 du = da
A(s) fo (L u)u Sl NGy s e K
(3.15)
1 (® t(l/ZS)—l 1 1 ) Sr
N Y PR (1/25)-1 1/28)-2 34| —

ufo T 4)LUOt d”flt dt] N+ 1)’

It shows that C,(s) = sr/(A(r + 1)) is a positive number. Corollary 3.2 is proved. O

Remark 3.3. (1) The homogeneous kernel functions K(x, ) appearing in Corollaries 3.1 and 3.2
are just two especial examples. We can give more other examples.

(2) We can extend Theorems 2.1 and 2.2 to higher-dimensional space R x R easily.

(3) Letting A = 3,7 = s = 2 in the forms (2.1), (2.2), (2.16), and (2.17), and setting
K(x,y) = 1/((x + a*y)(x + b*y)(x + c®y)), then we can get Xie’s results [12] at once. So Xie’s
work is a special case of our Theorems 2.1 and 2.2.
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