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1. Introduction and main result

Let C,R,Z,N, and N* be the sets of all complex numbers, real numbers, integers, nonnegative
integers, and positive integers, respectively. Let T be the unit circle realized as the interval
[0,2or] with the points 0 and 2o identified, and as usual, let L7 := L9[0,2xr] be the classical
Lebesgue integral space of 2or-periodic real-valued functions with the usual norm ||-||;, 1< g <

oo. Denote by W; the Sobolev space of functions x(-) on T such that the (r — 1)st derivative

x(™=D(.) is absolutely continuous on T and x)(-) € L?, r € N. The corresponding Sobolev class
is the set

Wy = (W) : lx0 ()l < 1) (1.1)

Tikhomirov [1] introduced the notion of Bernstein width of a centrally symmetric set C
in a normed space X. It is defined by the following formula:

b, (C,X) :=supsup{A>0: LNABX C C}, (1.2)
L
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where BX is the unit ball of X and the outer supremum is taken over all subspaces L C X such
thatdimL >n+1, neN.

In particular, Tikhomirov posed the problem of finding the exact value of b, (C; X), where
C=Wyand X = L9, 1 < p,g < co. He also obtained the first results [1] for p = g = o0 and
n = 2k — 1. Pinkus [2] found b,,, 4 (W; ; L9), where p = g = 1. Later, Magaril-Il'yaev [3] obtained
the exact value of by,—1(W);LF), for 1 < p < oo. The latest contribution to this fields is due to
Buslaev et al. [4] who found the exact values of by,—1 (W]; L) forall 1 < p < g < co.

Let

d
£L,(D)=D"+a,..D"'+---+a1D+ay, D= 1L (1.3)

be an arbitrary linear differential operator of order r with constant real coefficients
ap, ai,...,a,-1. Denote by p, the characteristic polynomial of £Z,(D). The linear differential
operator £, (D) will be called formal self-adjoint if p,(—t) = (-1)"p,(t), for each t € C.

We define the function classes W, (£;) as follows:

Wy(£,) = {x() : 2 € ACar, 1£,(D)x()llp < 1, (14)

where 1 <p < o0.

In this paper, we will determine the exact values of Bernstein n-width of some classes of
periodic functions with formal self-adjoint linear differential operators W),(£,), which include
the classical Sobolev class as its special case.

We define Q, to be the nonlinear transformation

(Quf) () := | F(B) | signf (b). (1.5)

The maim result of this paper is the following.

Theorem 1.1. Assume that 1 < p < oo. Let £,(D) be an arbitrary formal self-adjoint linear differential
operators given by (1.3). Then, there exists a number N € N* such that for every n > N:

byn1 (Wp(‘ﬁr); LP) = Aoy := Aon (p/ p, ﬁr): (16)

where Ay, is that eigenvalue A of the boundary value problem

L, (D)y(t) = (1)"AP(Qpx) (1),
y(t) = (QpLr(D)x)(t), (1.7)
xP0) = xPD@2r), yP0)=yP@r), j=0,1,...,n-1,

for which the corresponding eigenfunction x(-) = x2,(-) has only 2n simple zeros on T and is normalized
by the condition || £,(D)x(-)||, = 1.
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2. Proof of the theorem

First we introduce some notations and formulate auxiliary statements.
Let £,(D) be an arbitrary linear differential operator (1.3). Denote the 2sr-periodic kernel
of £,(D) by

Ker.2, (D) = {x(-) € C"(T) : £,(D)x(¢) = 0}. (2.1)

Let u (0 < u < r) be the dimension of Ker £, (D) and {¢;, ..., ¢,} an arbitrary basis in Ker.Z, (D).

Z.(f) denotes the number of zeros of f in a period, counting multiplicity, and S.(f) is
the cyclic sign change count for a piecewise continuous, 2;r-periodic function f [2]. Following,
(x(-),A) is called the spectral pair of (1.7) if the function x(-) is normalized by the condition
|2,(D)x(-)[l, = 1. The set of all spectral pairs is denoted by SP(p,p, £,). Define the spectral
classes SPa(p, p, £;) as

SPa(p,p, £r) = {(x(:), 1) € SP(p,p, £,) : Sc(x(-)) = 2k}. (2.2)

Let X2, (-) denotes the solution of the extremal problem as follows:

ar/2n
f |X(t)[Pdt — sup,
0

ar/2n
f |2, (D)X (t)[Pdt <1, (2.3)
0

x(k)<<%+( )k+1”>/2> k=0,1,...,n-1,

and the function xy,(+) is such that x,,,(t) = —x2,(t —or/n) for all t € T:

Xon(t), 0<t<

~ JC J Jr
x2n<__t>/ ~__ tS_
n 2n n

Let us extend periodically the function x,,(t) onto R, and normalize the obtained function as
it is required in the definition of spectral pairs. From what has been done above, we get a
function x,,(t) belongs to SP»,(p, p, £,). Furthermore, by [5], which any other function from
SPy,(p, p, £,) differs from x,,(-) only in the sign and in a shift of its argument, and there exists a
number N € N* such that for every n > N, all zeros of x,(-) are simple, equidistant with a step
equal to or/n, and S.(x2,) = Sc(£,(D)x2,) = 2n. We denote the set of zeros (= sign variations)
of £,(D)x2, on the period by Qz, = (71, ..., T2n). Let

Xon(t) = (2.4)

ikt

Grlt) = 5 3 o0 25)

T gnPr

where A = {k € Z : p,(ik) = 0} and i is the imaginary unit.



4 Journal of Inequalities and Applications

The 2sr-periodic G-splines are defined as elements of the linear space

S(Qan, Gy) =span{gi(t),...,0.(t), G (t—71),..., G (t = Ton) }. (2.6)

As was proved in [6], if n > N, then dim S(Q2,, G,) = 2n.
We assume (shifting x(-) if necessary) that £,(D)Xx2,(:) is positive on (-, o + or/n). Let
Ly, = Lyu(r, p, p) denote the space of functions of the form

2n
x(t) = Za](p] (t) + —f G, (t-1) <Zbiyi(r)>d7‘, (2.7)
i=1

where ay,...,a,,b1,..., by € R, Z b; =0, yl() = xi(1)Lr(D)x2,(- = (i = 1)or/n), and y;i(:)
is the characteristic functlon of the 1nterval A =[-r+({i-1)a/n-or+ir/n], 1 <i<2n
Obviously, dim Ly, = 2n and Ly, C W,(£;).

Let us now consider exact estimate of Bernstein n-width. This was introduced in [1]. We
reformulate the definition for a linear operator P mapping X to Y.

Definition 2.1 (see [2, page 149]). Let P € L(X,Y). Then the Bernstein n-width is defined by

P
bu(P(X),Y) = sup _inf 1LXI (2.8)
X,y PXEXn1 xllx
Px#0
where X,,,1 is any subspace of span {Px : x € X} of dimension > n + 1.
2.1. Lower estimate of Bernstein n-width
Consider the extremal problem
4
x .
126l —sinf, x(-) € Loy, (2.9)

I12,(D)x ()1l

and denote the value of this problem by a”. Let us show that a > \,, this will imply the desired
lower bound for b,,,_1. Let x(+) € Ly, then

12, (D)) = Zf S bit)

i=1
and by setting

1 2n
dt = ZI l|bi|p|£r(D)xn(t)|Pdt = %leipﬂ, (2.10)

zi() = lJ‘ G,/(-—-71yi(r)dr, i=1,2,...,2n, (2.11)
TJ)r

we reduce problem (2.9) to the form

||Z] 1a](P] )+ Z bizi(- )”p
(1/271)Zi:1|bi|p

inf, a1,...,a#,b1,...,bzn € R. (212)
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This is a smooth finite-dimensional problem. It has a solution (aj, . . .EH,El, e ,Ezn), and,
moreover, (El,...,EZn) #0. According to the Lagrange multiplier rule, there exists a 1 € R
such that the derivatives of the function (as,...,a,,by,...,bay) —g(as,...,a,, b1, ..., boy) +
n(b1 + by + --- + by,) (Where g(-) is the function being minimized in(2.12)) with respect to
ai,...,au,by, ..., by at the point (El,...ﬁwgl,...jz”) are equal to zero. This leads to the
relations

IT¢j(t)(Qp§)(t)dt =0, j=1,...,4, (2.13)

f zi(t) (QpX) (t)dt = “—PQ,,Ei, i=1,...,2n, (2.14)
T 2n

where X() = 31,9;(t) + 1 bizi().

We remark that g(ai,...,a,,by,...,b2) = g(day,...,da,,dby,...,dby,) for any d#0,
and hence the vector (day, ... ,dﬁﬂ,dgl, ... ,dEz,l) is also a solution of (2.12). Thus, it can be
assumed that |E,~| <1,i=1,...,2n,and Eio = (—1)""+1 for some iy, 1 <ip < 2n.

Let

H 2n )
Toa(t) = Dagi(t) + DL (=1)"zi(1), (2.15)
j=1 i=1

and X, satisfies (1.7). Let a* = (a],...,a},) and b* = (1,-1,...,1,-1) € R?". It follows from the
definitions of X, (-) and x(-) that

2n . _ s
£,(D)Fanlt) = £,(D)F(O = 3 (4D -0 2Dy (- E2T), 210
i=1
i#i
and hence S.(£,(D)X2,(-), £,(D)x(-)) has at most 2n-2 sign changes. Then, by Rolle’s theorem,
Sc(L,(D)Xou(-) = £-(D)x(:)) £2n—2.Forany a,b € R,sign(a +b) = sign(Qpa + Q,b), therefore
Sc((QpXan) () = (QpX)(1)) < 2n-2. (2.17)

In addition, since X, is 2sr-periodic solution of the linear differential equation
L.(D)y(t) = (-1)"AP(Qpx)(t), and ¢;(t) € KerL,(D). Then, by [7, page 94], we have

IT¢j(t)(Qpi)(t)dt =0, j=1,...,u (2.18)
If we now multiply both sides of (2.15) by (QpX2,)(t), and integrate over the interval
Aj, 1<i<2n, we get
, o L
f 2i(t) (QpXan) (1)t = (—D”lf B (B)Pdt = (1) 22 (2.19)
A,‘ Ai n
Due to [;zi(t) (QpXan) (t)dt = [, zi(t) (QpX2s) (t)dt. Therefore, we have

AP
J' zi(t) (QpXan) (H)dt = (-1)"' 222, i=1,...,2n. (2.20)
T 2n
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Changing the order of integration and using (2.14) and (2.20), we get that

[ 20 (1- P (2] G- (@) (0 - (@) m)r )

(2.21)
- [ 20(@%) - @R®)t = 5 ()4, 0" b).

Denote by f(-) the factor multiply £,(D)x2,(t — (i — 1)or /n) in the integral in the left-hand side
of this equality. If we assume that A, > a, then we arrive at the relations

(i-

signJ‘A.,Er(D)xzn <t - ) feydt= (=17, i=1,...,2n. (2.22)

Suppose for definiteness that £, (D)xy,(t — (i — 1)or/n) > 0 interior to A;, i = 1,...,2n.
Then it follows from (2.22) that there are points t; € A; such that signf(t;) = -1, i =
1,...,2n, that is, Sc(f(-)) > 2n — 1. But f(-) is periodic, and hence S.(f(-)) > 2n, therefore,
Sc(£,(D)f(-)) > 2n. Further, £,(D)f(-) = (QpX2n)(t) = (QpX)(t), that is, Sc((QpXan)(t) —

(QPE)(t)) > 2n.
We have arrived at a contradiction to (2.17), and hence >, < a. Thus by,1(W,(£;); LP) >

Aoy

2.2, Upper estimate of Bernstein n-width

Assume the contrary: by, 1(W,(£,); LF) > A2y, (1 < p < o0). Then, by definition, there exists a
linearly independent system of 2n functions Ly, := span{ fi,e-0, f2n} C L? and number y > Ay,
such that L,, N yS(L?) € £,(D), or equivalently,

2l

min ———————— >y > Ay, 2.23
x()elan || £r (D) x ()l ’ 22

Let us assign a vector ¢ € R*" to each function x(-) € Ly, by the following rule:
2n
x(-) —c=(c1,...,com) €R?, where x(-) = D c;f;("). (2.24)

Then (2.23) acquires the form

. “ng cifiCllp
CER2"\ ||Z] 101—2 D) fiOllp

>y > Aoy (2.25)
Let ¢y = 0. Consider the sphere S?*~! in the space R*" with radius 2o, that is,

2n
sl .= {c cc=(c1,...,cm) ER™, |Ic|| = Z|c]-| = 2.71'}. (2.26)

=1



Feng Guo 7

To every vector ¢ € R?" we assign function u(t, ¢) defined by

(2.27)

(2.7r)_1/”’sign cj, forte (t,tr), k=1,...,2n,
u(t,c) =
0, fort=t, k=1,...,2n-1,

where tp =0, tx = Zle lcil, k=1,...,2n, and the extended 2sr-periodically onto R.

An analog of the Buslaev iteration process [8] is constructed in the following way: the
function x(t,c) is found as a periodic solution of the linear differential equation £,(D)x, =
u, then the periodic functions {xx(t, ¢)} ey are successively determined from the differential
equations

L, (D)xic(t) = (Qpyi) (),
£L,(D)yk(t) = 1) 1 (Qpaxk-1) (1),

where p' = p/(p — 1), and the constants {ur : k = 0,...,} are uniquely determined by the
conditions

(2.28)

12, (D)xilly =1, (Qpxi)(H) LKer£, (D), (Quyi)(t) L Ker, (D). (2.29)
By analogy with the reasoning in [8], we can prove the following assertions:
(i) the iteration procedure (2.28)-(2.29) is well de fined, the sequences {p};oy is

monotone nondecreasing and converge to an eigenvalue A(c) > 0 of the problem (1.7),

(ii) the sequence {x(-,¢)}rey has a subsequence that is convergent to an eigenfunction
x(-,c) of the problem (1.7), with A(c) = [|lx(:, ¢) ||,

(iii) for any k € N there exists a ¢ € S?"! such that xi(-,¢) has at least 2n zeros
(Ze(xx(-,€)) 2 2n) on T,

(iv) in the set of spectral pairs (A(c), x(-,c)), there exists a pair (A(¢), x(-,¢)) such that
Se(x(-,¢) =2N > 2n.

Items (i) and (ii) can be proved in the same way as [8, Sections 6 and 10]. Item (iii)
follows from the Borsuk theorem [9], which states that there exists a ¢ € S$?"°! such that
Z:(xx(-,¢)) > 2n—1, but since the function x (-, ¢) is periodic, we actually have Z.(xk (-, ¢)) > 2n.
Finally, item (iv), by (ii) and (iii), which Z.(x(-,¢)) > 2n. In view of x(-,c) zeros are simple,
therefore, S.(x(-,¢)) > 2n.

Since spectral pairs of (1.7) are unique and the Kolmogorov width d»,(W,(Z£,); L) =
A2n(p,q,£L,) for p > g [5], when n > N, it follows that

)‘(E) =N =don (Wp (»ﬁr)} LP) < dZn(Wp (ﬂr); LP) = Aon. (230)
Therefore, by virtue of items (i), (ii), and (2.30), we obtain

IR0l IEBELOl Ikl
B0} | 57 6L (D) fi()lly ~ 15746520 (D) £l ~ ILr(D)xic(, E)llp

<A(C) = Aan < Mgy,
(2.31)

which contradicts (2.25). Hence by,1(W,(£,); L) < \a,. Thus, the upper bound is proved.
This completes the proof of the theorem.
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