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1. Introduction

By ', we denote the space of polynomials of degree not greater than n. To obtain our results,
we need the following results of Duffin and Schaeffer [1] and of Gautschi and Notaris [2].

Lemma 1.1 (Duffin and Schaeffer). If g(x) = ¢ [, (x — x;) is a polynomial of degree n with n
distinct real zeroes and if p € [ ,, is such that

P (xi)| < |q'(x:)

, i=1,n, (1.1)
then fork =1,n-1,

|p(k+1)(X)| < |q(k+1)(x)

, (1.2)
whenever g™ (x) = 0.

Lemma 1.2 (Gautschi and Notaris). A real polynomial r of exact degree 2 satisfies r(x) > 0 for
-1 <x < 1ifand only if

r(x) =b(b-2a)x*> +2c(b - a)x + a® + ¢ (1.3)

with0<a<b,|c|]<b-a,b+#2a.
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By P,(la’ﬁ ) (x), where n is a nonnegative whole number and a, f > -1, we denote the nth
Jacobi polynomial. It is known that Jacobi polynomials with the same parameters a and p are
orthogonal on [-1, 1] with respect to the weight function p(x) = (1 - x)*(1 + x)ﬂ .

We will need the following properties of Jacobi polynomials [3]:

PP (1) = (” " “) , (1.4)

n
PP(-1) = ()" (" . ﬁ) : (15)
% [P ) = %.(n +a+f+1)-P (), (1.6)

Let 13,5'1’13 ) (x) be the Jacobi polynomial of degree n, normalized to have the leading coef-
ficient equal to 1. Then

T(n+a+p+1) PP (), (1.7)

~(a/ﬁ) n
P = 2"yl
) = e T g

From the relations (1.6) and (1.7), we obtain

d ~(a, S(a+l,p+1
= {P,i 2 } (x) = n- PP (), (1.8)

The Jacobi polynomials orthogonal on [-1, 1] with respect to the weight function p(x) =
1/+/1 — x? are the so-called Chebyshev polynomials of first kind. These polynomials are given

by
T, (x) = cos(n arccos x), x¢€(-1,1), n=0,1,2..., (1.9)

and T, = (1/2" )T, are the Chebyshev polynomials of first kind of degree n with the leading
coefficient equal to 1.

The Jacobi polynomials orthogonal on [-1, 1] with respect to the weight function p(x) =
V1 — x? are the so-called Chebyshev polynomials of second kind. These polynomials are given

by

_ sin[(n + 1) arccos x]

Un(x) N /

xe(-1,1), n=0,1,2..., (1.10)

and U, = (1/2")U, are the Chebyshev polynomials of second kind of degree n with the leading
coefficient equal to 1.

Let us denote by x; = cos((2i — 1)or/2n), i = 1,n, the zeroes of T, the Chebyshev poly-
nomial of the first kind.

The following problem was raised by Turdn.

Problem 1. Let ¢(x) > 0 for -1 < x < 1 and consider the class P, of all polynomials of degree n
such that [p,(x)| < ¢(x) for -1 < x < 1. How large can max y¢[-1,1] |p,(1k) (x)| be if p, is an arbitrary
polynomial in P, ,?
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He pointed out two cases: ¢(x) = V1 - x2 and ¢(x) =1 - x%.

In papers [4, 5], the author considers the solution in the weighted L*-norm for the majo-

rant p(x) =1/v1 - x2.
Let H be the class of real polynomials p,_1 € [,,_;, such that

1
|Pn—1(xi)|5 , i1=1,...,n,
1

where the x; are the zeroes of the Chebyshev polynomial of first kind.
Note that U,,_1 € H.
From paper [5] was obtained the following result.

Theorem 1.3 (see [5]). If pn-1 € H, then one has

k1/2 (k) NP gy < 0 (BT KD k*+n*+3k+1
f (- ["1 (x)] dx S T =) 2k 3) 2k + )2k +5)

k=0,...,n-2, with equality for p,-1 = U,_1.

We denote by H the class of all real polynomials p,_; € [],,_;, such that

lpna(xi)| € ——F—,
2n-14/1 — xl?

where the x; are the zeroes of the Chebyshev polynomial of first kind.
Note that 137(11_{2’1/ ) eH.
The next theorem can be obtained in the same way of Theorem 1.3.

Theorem 1.4. If p,_1 € H, then one has

J‘ (1- kl/Z[ (k+1) (x)] r (n+k+1)! K2+n*>+3k+1

S 221 (n—k—2)! 2k + 3) 2k + 1)(2k +5)’

k=0,...,n -2, with equality for p,, = P>/,

Let H@P be the class of real polynomials p,,.1 € [],,_;, such that

i=1,n,

lpn-1(xi)| <

where the x; are the zeroes of 13,5“”’ ).
Remark 1.5. For a = p = =1/2, the class H/271/2) coincides with the class H.

In this paper, we want to give a generalization of these results.

(1.11)

(1.12)

(1.13)

(1.14)

(1.15)
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2. Quadrature formulae of the Gauss-Lobatto type

In this section, we recall some general concepts about quadrature formulae and we prove some
lemmas which help us in proving our result.
Let

b n p
[ pesdx = 3 Aif (@) + 3 Bif (0) + RIS 1)
a i=1 j=1

be a quadrature formula, where p is a nonnegative weight function, bj#(a, b), j = 1,p, are fixed
and distinct nodes. The nodes a; € (a,b), i = 1,1, will be determined from the condition that
the quadrature formula (2.1) has maximal degree of exactness. These quadrature formulae are
the so-called Gauss quadrature formulae with fixed nodes.

The next theorem gives the necessary and sufficient condition, such that the quadrature
formula (2.1) has maximal degree of exactness.

Theorem 2.1 (see [6]). The maximal degree of exactness, r = 2n + p — 1, of quadrature formula (2.1)
is obtained if and only if the nodes a;, i = 1,n, are the zeroes of an orthogonal polynomial of degree n
with respect to the weight function w(x) = p(x)-I1 ?:1|x -bj|, x € (a,b).

Let
b no_ P P -
fpwﬂﬂﬂ=2&ﬂm+2%ﬂm+zgf@hﬂm (22)
a i=1 j=1 j=1

be a quadrature formula.
Similarly, the next theorem gives the necessary and sufficient condition, such that the
quadrature formula (2.2) has maximal degree of exactness.

Theorem 2.2 (see [6]). The maximal degree of exactness, r = 2n+2p — 1, of quadrature formula (2.2)
is obtained if and only if the nodes a;, i = 1,n, are the zeroes of an orthogonal polynomial of degree n
with respect to the weight function w(x) = p(x)-I1 ’][.’:1(x - b]-)z, x € (a,b).

Remark 2.3. The coefficients A;, Ai, i = 1,n, from Gauss quadrature formulae (2.1) and (2.2)
are positive.

The Gauss-Lobatto quadrature formulae are the Gauss quadrature formulae with two
fixed nodes, namely, b; = a, b, = b. In this paper, we will consider the case (a,b) = (-1,1)
and the weight function is p(x) = (1 -x)*(1 + x)[3 . These formulae of numerical integration are
called the Gauss-Jacobi-Lobatto quadrature formulae.

Lemma 2.4. For any given n and k, 0 < k < n—1, let yi(k), i = 1,n—k-1, be the zeroes of

Iﬁa+k+Lﬁ+k+D

kel . Then the quadrature formulae

n—k—
J‘l (1 _ x)k+a(1 + x)k+ﬂf(x)dx = Blf(_l) + Bzf(l) + ZlAlf(yl(k)> + R[f], (23)
-1 i=1
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where
I'k+p+DI(n+a+1)I'(n-k)I'(k+p+2)
_ n2k+a+p+1
B =2 1 Tn+a+pf+k+2)T(n+p+1) ’ 24)
okrarpe Lk+a+ DI+ p+ DI (n-K)(k +a+2)
By = 2. In+a+p+k+2)T(n+a+1) ! 25)
A; >0, (2.6)
1 n—-k-2
j =01+ 0P f@)d=Brf (1) +Bof ()+Cof (D+Cof )+ 3 Aif (") +RIfL
_ i1
2.7)
where
=~ (mn-k-2)(n+k+a+p+3) nm-k-1)(n+k+a+p+2)
B = Cl'{“ 206+ k+3) i 2(k+p+1) } (28)
= X (mn-k-2)n+k+a+p+3) m-k-1)(n+k+a+p+2)
B, “C2'{1+ 2(a+k+3) ¥ 2k +a+1) } 29)
=~ oksarp2 LK+ P+2)T(n+a+ DI (n—k-1I(f+k +3)
Cy = 2. Tn+a+p+k+3)(n+p+1) ’ (2.10)
~ INk+a+2)I(n+p+1)I'(n-k-1)I'(a+k+3)
— _n2k+a+p+2,
Co= 2" ’ Tn+a+pf+k+3)[(n+a+1) ’ .11)
A; >0, (2.12)

have the degree of exactness equal to 2n — 2k — 1.

Proof. If in the quadrature formula of the Gauss-type (2.1) we consider a = -1, b =1, p(x) =
(1-x)"*1+ ), n - n-k-1, p=2, b= -1, by=1, then by Theorem 2.1, the quadrature
formula (2.3) has the maximal degree of exactness, r = 2n — 2k — 1.

In order to compute the coefficients B; and B,, we need the following formulae:

1 Mrya+A+1
u Ly(@p) _(-D"2 TA+DIm+a+1I(B-A+m)
L(l_x) (1427 ™ (x)edx = T(m+ DI - ) (m+a+r+2) o A<h
(2.13)
1 pA+1 _
o FINCT) 2 FA+DI(m+p+1)I(a—A+m)
f_l 1-x)"(1+x)PP,,"" (x)dx = Tm+ D@~ )I(m+ pris2) A<a. (2.14)

If in the quadrature formula (2.3) we consider f(x) = (1 + x)Pr(ltf;’:rl’ﬂ +k+1)(x), then by

using the relation (2.14) we obtain (2.5), while by using f(x) = (1 - x)Pr(l'lejl’ﬁ +e1) (x) and the

relation (2.13) we obtain (2.4).

If in the quadrature formula of the Gauss-type (2.2) we consider a = -1,b =1, p(x) =
(1- x)k+"‘(1 + x)k+ﬁ, n—n-k-2,p=2b =-1,by =1, then by Theorem 2.2, the quadrature
formula (2.7) has maximal degree of exactness r = 2n — 2k — 1.
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If in the quadrature formula (2.7) we consider f(x) = (1 - x)(1 + x)? P a+k+2 Frice2) (x),
respectively f(x) = (1- x)*(1+ )P(u+k+2 # +k+2)( ), then by using the formulae (2.13) and (2.14)
we obtain the coefficients (2.11) and (2.10).

If in the quadrature formula (2.7) we choose f(x) = (1+ x)? P

f(x) = (1- ) P “+k+2 Frks2) (x), then by using the formulae (2.13) and (2.14) we obtain the
coefficients (2.9) and (2 8). Ol

a+k+2 Ari2) (x), respectively

Lemma 2.5. Let r(x) = b(b —2a)x* + 2c(b — a)x + a® + ¢ be a real polynomial. For any given n and
k,0<k<n-1,let y( ) i=1,n—-k—1, be the zeroes of P(M}H1 P Then the quadrature formulae

1 n-k-
I rx)(1 - x)k+a(1+x)k+ﬂf(x)dx Dif(-1)+Dyf(1) + ZlA r( (k)>f<yi(k))+R[f],

(2.15)
where
o dksasfe I'k+p+DI(n+a+1)I'(n-k)I'(k+p+2)
D= 22 T(n+atprk+2)(n+p+l) (a=b+o),
o OktaiBe I'k+a+D)I'(n+p+1I'(n-k)I'(k+a+2) »
D= 2. In+a+p+k+2)I[(n+a+1) (a=b=c), (216)
Ai >0,
f r(x)(1 - x)* (1 + )P f (x)dx
- e (2.17)
=Dif(-1) + Daf (1) + Gif () + Gof ) + 3, Aur (v ) F(y) + RS,
i=1
where
D1-Crfa(-ths2absbea o1 UKD DD ok Dinekeanped) o)

152:62-{2(b2—2ab+bc—ac) _[1+ (-k-2)n+k+a+p+3) (n_k_l)(n+k+a+ﬁ+2)1-(a—b—c)2},

2a+k+3) " 2kra+l) |

Gi=Ci-(a=b+c)?, Gy=Cr(a-b-0)?, A >0,
(2.18)

with Cy, C, defined in (2.10) and (2.11), have degree of exactness 2n — 2k — 1.

Proof. The proof follows directly by replacing f with r f in Lemma 2.4. O

3. Extremal problems with polynomials

In this section, we want to give exact estimations of certain weighted L?>-norms of the kth
derivative of polynomials which are in the class H®#).
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Remark 3.1. Since P “+1 LA ﬁéa;l'ﬂ +1) , ceR, and (P (a1 p+1) )(k) P}iu;k;l A , it follows that
for k = 0,n— 1, the polynomials P(‘HkJr1 PrkeD) Pnazk;l % +k+l) and (P::rl % +1))(k have the same

zeroes y](.k),j =1l,n-k-1

Lemma 3.2. If p,_1 € H®P), then for k = 0,n — 1, one has

pED (y®)| < (B #) P (), (3.1)
whenever
<1~3,5‘j1’ﬂ+1)>(k) (y](k ) 0 forj=1,n-k-1, (3.2)
Pl ()] < |( (e 0 (3.3)
( 1)| ( (a+1,p+1) ) k+1)(_1)|' (3.4)

Proof. By the Lagrange interpolation formula based on the zeroes of PP, we can represent
any algebraic polynomial p,_1 by

n 5 (ap) n pap)
P, (x) 1& P (%) proa(x)
Puoi(x) = D Pr-i(xi) = —Z o : (3.5)
-1 (x xl) <P ﬂ)) ( ) nl x x,) Pr(l_llrﬂ l)(xi)
We also have
(a+1 ﬁ+1) Zn 13,5“,[5) (x) a+1 ﬁ+1)( ) Z w (3.6)
- 5@ = x-xi '
i=1 (x - x;) (Pn ) (xl) =1
Differentiating with respect to x, we obtain
) ~(a
P’ (x) = lzn:, b xl)< ﬂ) (x) = Py i (x) Pn- 1(xi)
n-1 n “~ (x _ xi)z (nc+1 [5+1)( l)
(3.7)

1o (o= x) (B (x) - B (x)
e G Lo )

2
1:1 (x - xi)

<P (a+1, ﬁ+1)> ( ) _
Since (.0), j =1,n -1, are the zeroes of 13(‘f+1’ﬁ +1) (x), we have (ﬁ,ﬁa’ﬂ ))'( (O)) =0and
y] J n-1 y]

P (yj xi)Z (a+1 [5+1)( 1)

. _pah
(fj}iﬁl,ﬁﬂ))' <y(0)) _ %Z (3/] )

)

(3.8)
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We find

() ()] -

HORID>

/ Lip ; [P ()]
Pn-1 (y](()))| s n ( ) ; <y;o) > |P(f+l ;+$( 1)| (3.9)
L5 - 1 _ ~(a+1,+1)\’
O R )

Now, applying the Duffin-Schaeffer lemma, we have

k Sl pr1)\ D 7 (k) Tk
B e R ) AR = S
By the Lagrange interpolation formula based on the zeroes y] , j=1,n-k-1,0f (P, 'Hl 4 +1)) ,
we can represent the polynomials pn_l ) and (Pnﬁ1 A0 )(kJr1
S(ar1,p+1)\ (K
S ):n—zk—l (P ) (x) D (y(k))
" j=1 (x (k)) (p<a+1 ﬁ+1)> k”)( <k>) LN
y] n-1 y]

(3.11)

=1 X =Y,

Since

n—k-1

Z ( (3.12)

]

‘(P(,mpn) (1)’ 'P(a+1ﬁ+1)> |

using relation (3.1), we have

pi ] <] () |y vt ()

T e )

n—-k-1

~ (k) 1 ~ (k+1)
() 0] 3 g = () )]
B )

(3.13)

IN

We recall that the zeroes of the orthogonal polynomial on an interval [a, b] are real, dis-

tinct, and are located in the interval (a, b). In our case, we have y]@ € (-1,1).
The relation (3.4) can be obtained in a similar way, so the proof is completed. O
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Lemma 3.3. The following formulae hold:
<1’5(a+1,ﬂ+1))(k+1)(1) B 27k 2(p— 1) T(n+a+pf+k+3)(n+a+1)
- T@un+a+f+1)I(n-k-1)T(k+a+3)

n-1

k222 - D) T(n+a+pf+k+3)(n+p+1) (3.14)

I'2n+a+p+DI(n-k-1)I'(k+p+3)

~(a+1,p+1 (k+1)
(BT 1) = (1)

Proof. Relation (1.8) yields

@i p )\ B (=) k1 prke)
(Pn—l ) (x) = m P (). (3.15)

The proof is completed by using relations (1.4), (1.5), and (1.7). O
Theorem 3.4. If p,.1 € H@P), then
j (1 x)k+tx(1 +x)k+ﬂ [p k+l ] dx
(n—-1)! 2Tn+a+P+k+3)T(n+a+ DI (n+p+1)
I'2n+a+p+1) I'n-k-1)
[ 1 (n+a+ﬁ+k+3)(n—k—2)+(n—k—1)(n+k+oc+ﬂ+2)
k+p+2 2(k+p+2)(k+p+3) 2(k+p+1)(k+p+2)
N 1 (n+cx+ﬂ+k+3)(n—k—2)+(n—k—1)(n+k+a+ﬂ+2)
k+a+2 2(k+a+2)(k+a+3) 2k+a+1)(k+a+2)
holds for all k = 0, n — 2, with equality for p,_1 = ﬁi‘f;l’ﬁ D),

< 22n+a+ﬁ—2[

(3.16)

Proof. According to Lemma 2.4 and positivity of the coefficients in the quadrature formulae,
we have

f -0 [P0 )]
-1

n—k-1

_ ( (k+1)( 1)> +Bz<p7<1k+11 (1))2+ Al<p£lk+11)( ! ))2

i=1

+Bz[(P,§ﬁl"’”)) ’ ] " Al[( B (y,-(k)>]
i=1
(a (k+1)]2
:J‘ (1 x)k+zx(1+x)k+ﬂ [( +1,ﬁ+l ( )> + ] dx

~ [/~ (k+1) ~ [/~ (k+1)
=B (B ) e +Bz[(P,5”_‘?'ﬁ“) o]

n-1
126, (I"')’Ec_vlrl,ﬂﬂ))(k*'l)(_1)'(15154_141rl,ﬂ+1)) (-1 +26, (P (a+1, ﬂ+1> (1) ( a+1ﬁ+1)) >(1)

<1’5(a+1,ﬂ+1)> (k+1) (=1)

n-1

<B

n-k-2

+ Z Az [( (a+1,6+1) ) k+1)<]/<(k+1)>]2-

i=1
(3.17)
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~ k+1 -
Since (Pr(flrl'ﬁ +l))( ’ )(yl.(k+1)) = 0,i = 1,n-k -2, and by using Lemma 3.3 we obtain the in-
equality (3.16). O

Remark 3.5. If we choose a = f = —1/2 in the above theorem, we obtain Theorem 1.4.
Theorem 3.6. If p,_, € H@P), and if r(x) = b(b — 2a)x® + 2c(b — a)x + a® + ¢2 is a real polynomial
with0<a<b,|c|<b-a,b+#2a,then

flm@u—x%”u+xfwkfﬂuﬂim
-1

< p2ntarf-2 (n—1)! 2Tn+a+P+k+3)T(n+a+ DI (n+p+1)
= ran+a+ﬁ+n]' T(n-k-1)
2(- b*+2ab+bc-ac) . (nta+p+k+3)(n-k-12) (n—-k-1)(n+k+a+p+2)
' k+pr2 +[_ 2(k+ f+3) " 2k+p+1)
(a-b+c)> 2(b*>-2ab+bc-ac)
' k+p+2 k+a+2
| (nra+prk+3)(n-k-2) m-k-1)(n+k+a+p+2)] (a-b-c)?
+[ - 2(k + a +3) * 2(k+a+1) ] k+a+2

(3.18)
holds for all k = 0, n — 2, with equality for p,_q = ﬁéﬁlﬁ ),
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