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For a sequence {X,,n > 1} of dependent square integrable random variables and a sequence
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1. Introduction

Throughout this paper let {X,,n > 1} be a sequence of random variables defined on a
probability space (€2, ¥, P) and let {b,,n > 1} be a sequence of positive numbers. We assume
that there exists a sequence {p,,n > 1} of nonnegative constants such that

SUPE(XiXkin) < pn, form>1. (1.1)
k>1
In this paper, we establish a maximal inequality for weighted sums of the dependent random
variables satisfying (1.1). Applying this inequality, we obtain under some suitable conditions
on the sequence {p,} that

n X
Zb—l converges a.s. as n— o0 (1.2)
i

i=1

and the strong law of large numbers (SLLN)

n
X
% —0a.s. (1.3)
n

Note that if 0 < b, T oo, then (1.2) implies (1.3) by the Kronecker lemma.
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For a sequence of dependent random variables satisfying (1.1), the SLLNs were
established by Hu et al. [1, 2] and Lyons [3]. Lyons [3] obtained an SLLN under the conditions
that Var(X,,) = O(1) and b,, = n. Without condition Var(X,) = O(1), Hu et al. [1] obtained
an SLLN, where b, = n. Hu et al. [2] also obtained an SLLN for more general sequence {b,}
(b, = nisreplaced by n = O(b,)).

For other results on the SLLN for a sequence of correlated random variables, see Chandra
[4], Méricz [5, 6], and Serfling [7, 8].

In this paper, we give a sufficient condition under which (1.2) and (1.3) hold. Our results
(partially) improve those of Hu et al. [1, 2]. The technique used in our proof is the well-
known method of subsequences. Note that the maximal inequality is used in the method of
subsequences. Our maximal inequality for weighted sums of the dependent random variables
satisfying (1.1) is sharper than that of Hu et al. [2].

Throughout this paper, log x denotes the natural logarithm.

2. Maximal inequalities for dependent random variables

To prove the maximal inequality for weighted sums of dependent random variables satisfying
(1.1), the following lemma is needed.

Lemma 2.1. Let {X,,,n > 1} be a sequence of square integrable random variables satisfying (1.1). Let
{by, n > 1} be a sequence of positive numbers such that

n < Db, Vn>1 andsome constant D > 0. (2.1)

Then foralln >1, m>mn,and 6 >0,

(EX X ) D2Cs
g J% max{ (log2)°, (logn)°}

Z % (1 +log k)™, (2.2)

where Cs= 22" max{1, 5% ).

Proof. For simplicity of notation, let I, ,, = ZZ#Z;’; A (EXiX;j)"/(bibj). Then we get by (1.1)
and (2.1) thatfor1 <n <m,
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We next estimate 3% 1/i. If n = 1, then

n+k—11 k 1
D ;:Z; ’[ —dx <1+logk < (1+logk)™*. (2.4)
i=n i=1

If n > 2, then

n

k-1 n+k-1

1 1 k k

— < — = < — ). .
2 i_J‘ 1 xdx log<1+n_1>_2log<1+n> (2.5)

i)

1

The log(1 + k/n) is estimated as follows:

k
log <1 + E)

( 1 6 6 _-6 1+1 1+6
1Og<1+i>< (log n) _ (26)% < (26)% 5% i 1<k <,

V)~ (logn)®vn = (logn)® ~ (logn)®
< <
21 k 15) 1 k 1+6 1 1 1+6
1og<1+5>( o8 i <5080 (1 +1ogh) if k > /1.
L n/ (logn) (log n) (log n)
(2.6)
Thus, we have the desired estimate for I, ,,,:
DS 25 (1 1 log k)19, ifn=1,
p k
Lym < 3
6 -5
DZZ pk 2maX 2 (26) € } (1 + log k)l+6/ lf n 2 2, (2"7)
L (log n)

2n6+1 6 ,—
< D?25* max{1,5%7%) Zpk(1+logk)1+6
max{ (log 2)?, (log n)°)

O]

The following lemma is a maximal inequality for general dependent random variables.

Lemma 2.2. Let {X,,,n > 1} be a sequence of square integrable random variables. Then for all a > 0
andn >1,

a+k 2 log 2n a+n ) a+n-1 a+n
E X, EX?+2 EX:X; 2.8
(o) Sx] )= () | S oS S} s

Proof. Let F,, be the joint distribution function of X1, ..., Xs:n. Define a function g on {F,, :
a>0,n>1} by

a+n a+n-1 a+n

g(Fan) = D EX?+2 > D (EXiX;))" (2.9)

i=a+1 i=a+1 j=i+l
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Then we can easily obtain that fora >0, k> 1,and m > 1,

g(Fu,k) + g(Fa+k,m) < g(Fa,k+m)~ (210)

Moreover, we have that foralla>0and n > 1,

at+n 2
E< Z Xi) < g(Fapn)- (2.11)

i=a+1

By Serfling’s [9] generalization of the Rademacher-Menchoff maximal inequality for orthogo-
nal random variables,

ok log2n\?
X; F..). 2.12
({gfg; _;1 ) <10g2 > §(Fan) (2.12)
Thus, the result is proved. O

Combining Lemmas 2.1 and 2.2 gives the following maximal inequality for weighted
sums of dependent random variables satisfying (1.1).

Lemma 2.3. Let {X,,,n > 1} be a sequence of square integrable random variables satisfying (1.1). Let
{bn, n > 1} be a sequence of positive numbers satisfying (2.1). Then foralln >1, m > n,and 6 >0,

. 2
1 X]
E<m’°‘ﬁ 25, )
]:n
loe(2(m —n+ 1))\ [ & EX? 2 m-
S < Og( (m n+ ))> Z 21 + 2D 56 ZP_ 1+10gk)1+5
log2 & b7 max{(log2)®, (logn)®} &5 K

(2.13)

where Cs = 22! max{1,8%7%}.

3. Almost surely convergent series and strong laws of large numbers

In this section, we will assume that {X,,n > 1} is a sequence of square integrable random
variables satisfying (1.1). A sufficient condition will be given under which (1.2) and (1.3) hold.

We first state and prove one of our main results. The proof is based on the well known
method of subsequences. Our proof is similar to that of Hu et al. [2]. However, the maximal

inequality (Lemma 2.3) used in the proof is sharper than that of Hu et al. [2].

Theorem 3.1. Let {X,,, n > 1} be a sequence of square integrable random variables satisfying (1.1). Let
{by,n > 1} be a sequence of positive numbers satisfying (2.1). Suppose that the following conditions
hold:

(i) Sy (log n)*EXZ/ b} < o0,
(ii) X%, (log n)**°p,./n < oo for some & > 0.

Then (1.2) holds. Furthermore, if 0 < b, T oo, then (1.3) holds.
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Proof. As noted in the introduction, if 0 < b, T oo, then (1.2) implies (1.3). To prove (1.2), let
Sn = 2i.1Xi/bi. By Lemma 2.1 with 6 replaced by 3 + 6, we have that for m > n,

m m-1 m EX X
E(Sm — Sn)? Z e
i=n+1 i=n+1 j=i+1 blb]
EX2 2D2C m-n—-1
<> 3+53+6 346 %(1 +logh)™? G-1
i=n+1 b max{ (log 2) ’ (10g Tl) } k=1
EX2 2D? @
= Z 35‘53+6 )3+ Z% (1+log K" —0
S48 max( (log2)™?, (log m)™ ) £

asn — oo by (i) and (ii). Here Cs,5 = 20+ max{1, (3+ 6)3+6e‘(3+5) }. By the Cauchy convergence
criterion, there exists a random variable S such that E(S, - S)*> — 0asn — co. Itis easy to see
that So;» — S a.s. by the standard method. It remains to show that

max |Skx—S»| — 0as. asn— oo. (3.2)
2n<f<2n+l

Using Lemma 2.3, (i), and (ii), we get that

ZP( max |Sk—szn|>€>

2n<k<2n+1

1 [o.e]
— max |Sk — Son )
2;1 (2n<k<2n+1| k 2 |

(3.3)
© /oo 27+1 2 ( onil EX2 2
< lzz< 0og > { Z 21 + 2D C3+6 — Z &(1 + ].Og k)4+6}
e?75\ log2 i b7 (log (2" + 1))
log(2i))’EX?  2D2Csps & 1) &
ZZ(Og l)) + C3 662(n+6) Z&(1+logk)4+6<oo
62(log 2)"4 e2(log2)*0id n*® Gk
Then (3.2) follows by the Borel-Cantelli lemma. O

Remark 3.2. Hu et al. [2] proved Theorem 3.1 under (i) and (ii)".

(i)’ 3%, pu/n9 < oo forsome 0 < g < 1.

Since condition (ii) of Theorem 3.1 is weaker than (ii)’, Theorem 3.1 improves the result
of Hu et al. [2].

We can now establish the following SLLN if condition (2.1) on {b,} is replaced by the
condition 0 < b, T 0.

Theorem 3.3. Let {X,,, n > 1} be a sequence of square integrable random variables satisfying (1.1). Let
{bn,n > 1} be a nondecreasing unbounded sequence of positive numbers. Suppose that the following
conditions hold:

(i) 21 (logn)*EX2/ b} < oo,
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(i) X21pn2ip (log i)z/biz < %,
(iii) 35524 EX; %2, logi/ (ib?) < co.
Then (1.3) holds.

To prove Theorem 3.3, we need the following lemma which is due to Fazekas and Klesov
[10].

Lemma 3.4. Let {X,,,n > 1} be a sequence of random variables and {b,,n > 1} be a nondecreasing
unbounded sequence of positive numbers. Let {a,,n > 1} be a sequence of nonnegative numbers.
Assume that for eachn > 1,

1
E{ max
1<i<n
j=1

. r n
ZXj > < Zai, for some constant r > 0. (3.4)
If > a, /bl < oo, then (1.3) holds.

Proof of Theorem 3.3. From Lemma 2.2,

? 1
E<¥<% ZX ) <;)0gg2n> {ZEX2+2Z 3 (EXX)) } (3.5)

i=1 j=i+1
Define a,, = (log 2n/ 10g2) — (log2(n - 1)/10g2) n-1 for n > 1, where Ap = 0 and A, =
SILEXZ+2300 Z] Hl(EXX )" forn > 1. Then E(max1<l<n|Z] 1XilH) < 3 and

_ (log2n log 2n log2(n—1)
fn = < log2 > (An = An-) +A"_1{< log 2 > - < log 2 > }

1 2 2 n-1 .
- < f08g2”> { EX} +2> (EXiXy) } (3.6)

i=1

AGEE) - () B g S e}

i=1 j=i+1

By Lemma 3.4, it is enough to show that
(log 2n) 2EX2

i < oo, (3.7)

n=1

[ 2n-1
Z(logzn) SUEXiX,)" < oo, (3.8)

n=1 i=1

o (log 211)2 _ (10g2(n _ 1))2 -1

2 B2 2EX} < oo, (39)
n=2 n i=1
©, (log2n)* - (log2(n —1))* 12 ! .
> = bzg > DL (EXiX))" <o (3.10)
n=3 n i=1 j=it1

Clearly (3.7) holds by (i). It is easy to see that (3.8)—(3.10) hold, and the detailed proofs are
omitted. O
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The following corollary shows that condition (ii) of Theorem 3.3 can be simplified under
the additional condition (2.1) on {b,}.

Corollary 3.5. Let {X,,n > 1} be a sequence of square integrable random variables satisfying (1.1).
Let {b,,n > 1} be a nondecreasing unbounded sequence of positive numbers satisfying (2.1). Suppose
that the following conditions hold:

(i) Sy (logn)*EXZ/ by < o0,
(ii) 352 (logn)’pn/n < oo,
(ifi) Do  EXG 352, logi/ (ib7) <
Then (1.3) holds.

Proof. By (2.1), we have that

2 1 1 & (logn)®
W 5 (Og’) DZZ s (Og’) <c3p, dogn)” (3.11)
i=n+1 1 i=n+1 n=1 n
for some constant C > 0. Thus the result follows by Theorem 3.3. O

Remark 3.6. Condition (ii) of Corollary 3.5 is weaker than condition (ii) of Theorem 3.1. On the
other hand, an additional condition is needed in Corollary 3.5 (namely condition (iii) above).

Using the following lemma, we can omit condition (iii) of Theorem 3.3 if conditions
(2.1) and (3.12) on {b,} are satisfied. If C1n < b, < Con* for all n > 1 and some constants
C1>0, C;>0,and a > 0, then (2.1) and (3.12) hold.

Lemma 3.7. Let {b,,n > 1} be a nondecreasing unbounded sequence of positive numbers satisfying

2.1). If

log b,
lim sup 08 < oo, (3.12)
oo logmn

then

2 oo .
b"z Zk"% - 0(1). (3.13)
log"ni=, ib;
Proof. Without loss of generality, we may assume thati < b; for all i > 1.
Let fix n. For each k > 1, define my by my = min{i > n : b; > kb, }. Then b,,, > kb, and
n=m; <mp <---.Itfollows that

b2 & logi b2 Oo"’"*1‘1logz 2 & 1 ™ logi

2 T2 2 e > =5 (by0<b,

2 2 v
log™niz; ib; log'nio S by log Ni=1 Omp i=my

(3.14)

3

1 &1 [(&logi  (™alogx
S (R [

1 il<log2 . log 3 . (log(ms1 — 1))2>
2 3 2 ’
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where we assume in the case m.1 = my, the sum ka”k 1= 0. Since b >iforalli>1, byp,ja >
[kb,] + 1 > kb, and my < [kb,] + 1 < kb, + 1. So we have that

(log(mi.1 — 1))* < (log((k + 1)by))* < 2{ (log(k +1))* + (log b,)*}. (3.15)

Substituting this into (3.14), (3.13) holds by (3.12). O

The following example shows that Lemma 3.7 fails if (3.12) does not hold.

Example 3.8. Let $(0) = 1 and ¢(n) = 290D for n > 1. Define a sequence {b,,n > 1} by b, =
¢(k+1)if p(k) <n < p(k+1). Then0 < b, T co and b, > n for all n > 1. Since by(n) = ¢(n + 1),
we obtain that

logbpm 1 1 log 2
gy _logdp(m+1) ¢p(mlog2 (3.16)

logp(n)  log¢(n) log ¢ (n)

asn — oo. Hence (3.12) does not hold. We also obtain that for n > 2,

b ) i logi _ b3 ) ¢(n+1)—1%
1 (n); ib? T 1 2(). ib?
og’p(n) i 50y b7~ log’p(n) 55, ib;

1 - 1log1

log d(n) 25 i (3.17)
> 1 J“’}("”) logx o
log$(n) x
¢(n)log?2 1
< log ¢ () > 20

asn — 0. S0 (3.13) does not hold.
If {b,} satisfies (2.1) and (3.12), then we can obtain the following SLLN.

Theorem 3.9. Let {X,,, n > 1} be a sequence of square integrable random variables satisfying (1.1). Let
{bn,n > 1} be a nondecreasing unbounded sequence of positive numbers satisfying (2.1) and (3.12).
Suppose that the following conditions hold:

(i) 21 (logn)*EXZ/ b} < 0.
(if) 352, (log n)2pu/n < co.
Then (1.3) holds.

Proof. By Lemma 3.7 and (i), we get

o 1 * | 1)EX2
S EX? Z Og; < 0(1)2 °8 (”; EX o, (3.18)
n=1 i=n+1 (lb = bn+1

since log(n + 1) /b,1 < log(n+1)/b, <2logn/b, if n > 2. The result follows by Corollary 3.5.
O
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Remark 3.10. Under condition (3.12), Theorem 3.9 improves Theorem 3.1, since condition (ii)
of Theorem 3.9 is weaker than condition (ii) of Theorem 3.1.

If b, = nfor all n > 1, then {b,} satisfies (2.1) and (3.12). Hence we can obtain the
following.

Corollary 3.11. Let {X,,,n > 1} be a sequence of square integrable random variables satisfying (1.1).
Suppose that the following conditions hold.

(i) X*, (logn)’EX2/n? < oo.
(ii) 352 (logn)’pn/n < oo.
Then the SLLN holds. Namely,

"X,
Zl-Tl — 0a.s. (3.19)

Remark 3.12. Lyons [3] proved an SLLN (3.19) under the conditions that EX2 = O(1) and
S, (3.20)
n=1 n

When EX?2 = O(1), condition (i) of Corollary 3.11 is obviously satisfied. Hu et al. [1] proved
an SLLN (3.19) under conditions (3.21) and (3.22):

*® H p+1
(nr)

22 0, (3.21)
p
, anl < oo, (3.22)

where ¢ = (1++/5)/2(= 1.618 - - -) is the golden ratio, and H(x) > 0 is a nondecreasing function
on (0, 0) such that EX2 < H(n) for all n > 1. Condition (ii) of Corollary 3.11 is weaker than
(3.22). In general, condition (i) of Corollary 3.11 is not comparable with (3.21).
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