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1. Introduction

Throughout this paper, N denotes the set of positive integers. Let E be a real Banach space, C a
nonempty convex subset of E. A mapping T : C — C is called asymptotically nonexpansive
if there is a sequence {k,} C [1, o0) such that

IT"x - T"y|| < kullx -yl Vx,y €C, VneN, (1.1)

where 37, (k, —1) < 0. A point x € C is a fixed point of T, provided that Tx = x.
To approximate the common fixed points of two mappings, the following Ishikawa-
type two-step iterative process is widely used (see, e.g., [1-9], and references cited therein):

x1=x€C,
Xpi1 = (1= ap)x, + ansn]/nr (1.2)
Yn=(1-by)x, +b,T"x,, neN,

where {a,} and {b,} are in [0, 1] satisfying certain conditions. Note that approximating fixed
points of two mappings has a direct link with the minimization problem (see, e.g., [10]).
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In this paper, we introduce a new one-step iterative process to compute the common
fixed points of two asymptotically nonexpansive mappings. Let S,T : C — C be two
asymptotically nonexpansive mappings. Then, our process reads as follows:

x1=x€C,
(1.3)
Xpi1 = apS"x, + (1-a,)T"x,, neN,

where {a,} is a sequence in [0, 1].

This process is computationally simpler than (1.2) to approximate common fixed
points of two mappings. It is worth noting that our process is of independent interest. Neither
(1.2) implies (1.3) nor conversely. However, both (1.2) and (1.3) reduce to Mann-type iterative
process when T = I, that is, the identity mapping is as follows:

x1=x€C,
(1.4)
Xp1 = ayS"xp+ (1 —ay)x,, neN.

Remark 1.1. The question may arise that one needs two different sequences {s,} and {t,}
for the mappings S and T used in (1.3), but it is readily answered when one takes k, =
sup({sy, t,}. Henceforth, we will take only one sequence {k,} which works equally good for
both mappings S and T.

Let us recall the following definitions.
A Banach space E is said to satisfy Opial’s condition [11], if for any sequence {x,} in
E, x, — x implies that

lim sup||x, — x|| < limsup||x, —y|| Yy € E with y#x. (1.5)

n—oo n—oo

Examples of Banach spaces satisfying this condition are Hilbert spaces and all spaces
IP (1 < p < 00). On the other hand, LP[0, 2or] with 1 < p # 2fails to satisfy Opial’s condition.

A mapping T : C — E is called demiclosed with respect to y € E if for each sequence
{x,}inCand eachx € E, x, = xand Tx, — yimply thatx € Cand Tx = y.

A Banach space E is said to satisfy the Kadec Klee property if for every sequence {x,}
in E converging weakly to x together with ||x,|| converging strongly to ||x||, {x,}converges
strongly to x. Uniformly convex Banach spaces, Banach spaces of finite dimension, and
reflexive locally uniform convex Banach spaces are some of the examples which satisfy the
Kadec Klee property.

Next, we state the following useful lemmas.

Lemma 1.2 (see [12]). Let {6}, {Pn}, and {yn} be three sequences of nonnegative numbers such
that B, > 1 and

Ons1 < Pubu+7y, VYneN. (1.6)

If >y <ooand >7 1 (fn — 1) < oo, then lim,,_, .6, exists.
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Lemma 1.3 (see [13]). Suppose that E is a uniformly convex Banach space and 0 < p < t, <
q < 1 for all positive integers n. Also, suppose that {x,} and {y,} are two sequences of E such that
limsup,_, x|l < 7, limsup, _,_ |ly.ll < 7, and lim,, oo ||t,x, + (1 = t,)ynll = v hold for some
r > 0. Then, lim,, _, s ||x, — ya| = 0.

Lemma 1.4 (see [14, 15]). Let E be a uniformly convex Banach space and let C be a nonempty closed
convex subset of E. Let T be an asymptotically nonexpansive mapping of C into itself. Then, (I -T) is
demiclosed with respect to zero.

Lemma 1.5 (see [16]). Let C be a convex subset of a uniformly convex Banach space E. Then, there
is a strictly increasing and continuous convex function g : [0,00) — [0, 00) with g(0) = 0 such that
for every Lipschitzian map U : C — C with Lipschitz constant L > 1, the following inequality holds:

lU(tx+(1-ty) - (tUx+ (1 -t)Uyl||

(1.7)
<Lg'(lx-yll-LUx-Uy|) VYx,yeC, te[01].

Let wy,({x,}) denote the set of all weak subsequential limits of a bounded sequence
{x,} in E. Then, the following is actually Lemma 3.2 of Falset et al. [16].

Lemma 1.6. Let E be a uniformly convex Banach space with its dual E* satisfying the Kadec Klee
property. Assume that {x,} is a bounded sequence such that lim,, _, .,||tx, + (1 — t)p1 — pa|| exists for
all t € [0,1] and for all p1, p2 € ww({x4}). Then, wy,({x,}) is a singleton.

2. Some preparatory lemmas

In this section, we will prove the following important lemmas. In the sequel, we will write
F = F(S) N F(T) for the set of all common fixed points of the mappings S and T.

Lemma 2.1. Let C be a nonempty closed convex subset of a normed space E. Let S,T : C — C be
asymptotically nonexpansive mappings. Let {x,} be the process as defined in (1.3), where {a,} is a
sequence in [6,1 — 6] for some 6 € (0,1). If F # ¢, then lim,, _, . ||x, — x*|| exists for all x* € F.

Proof. Let x* € F, then

|1 — X*|| = |@nS"xy, + (1 — a,)T"x, — x¥||
= ”an(snxn - X*) + (1 - an)(Tnxn - x*)”
< an||S"xy = x| + (1 = an) [[(T"xn — x7)|| (2.1)

< ankpllxy = x*|| + (1 = an)knllxn — x*||

= kulloen — x7|.

Thus, by Lemma 1.2, lim,, , - ||x,, — x*|| exists for each x* € F. O

Lemma 2.2. Let C be a nonempty closed convex subset of a uniformly convex Banach space E. Let
S,T : C — C be asymptotically nonexpansive mappings, and let {x,} be the process as defined in
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(1.3) satisfying

oy, = S™ x|l < ||S"xp — T"xy||, neN.
If F#¢, then lim,, _, oo ||Sxy — x| = 0 = limy, —, o[ T, — x5 -
Proof. By Lemma 2.1, lim,, _, - ||x,, — x*|| exists. Suppose that

lim [|x, —x*|| = ¢
n— oo

for some ¢ > 0. Then, ||S"x,, — x*|| < ky||x, — x*|| implies that

lim sup||S"x, — x*|| < c.

Similarly, we have

lim sup||T"x, — x*|| < c.

n—oo

Further, lim,, _, oo || X1 — x*|| = cgives that

lim ||a,(S"x, —x*) + (1 - a,)(T"x, — x*)|| = c.

Applying Lemma 1.3, we obtain that
lim [|S"x, — T"x,]|| = 0.
n— oo

But then by the condition ||x, — S"x,|| < [[S"x, — T"x,||,

lim supl||x, — S"x,|| <0.

n—oo

That is,

lim ||x,, — S"x,]| = 0.
n— oo

Also, then ||x,, — T"xy|| < || — S"xp|| + ||S"x, — T"x,|| implies that

lim ||x, = T"x,|| = 0.
n— oo

Now, by definition of {x;}, [|xp+1 — T"x,| < a,||S"x, — T"x,|| so that

lim ||o,41 — T"xp|| = 0.
n— oo

(2.2)

(2.3)

(2.4)

(2.5)

(2.6)

(2.7)

(2.8)

(2.9)

(2.10)

(2.11)
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Then, [[x,41 = S"xp|| < [[xp41 = T x| + ||S™x, — T"x,|| implies
lim [|x,41 — S"x,|| = 0.
n—oo

Similarly, by [|xp1 — Xu || < [|Xne1 = T" x| + ||xn — T"x,]|, we have

lim ||xp41 — x| = 0.
n— oo

Next,

12641 = Sxnan [l < l12mer = S x| + 1S 20a1 = S || + 18" 26 = St |

< ||xn+1 - Sn+1xn+1” + kn+1||xn+1 - xn” + klIISnxn - xn+1||

yields

lim ||x;,, — Sx,|| = 0.
n— o0

Moreover,

1S2ns1 = Totnsa || < ISxns1 = S™ otpsa || + 1IS™ 21 = T x|

T g = Tty | + [Tt — Totpes |

< Kl = Sl + 1IS™ w1 — T e |
+knat [ Xne1 = xull + k[ T" 20 — x|

< ki([|xne = S"xall + 15" %0 = S"xp41l)
+ 18" X1 = T x| + K X1 — Xl
+ k1 ||T"x, — xp41 |

< ki([lxne = S"xull + knll2n — xnal)
+ 18" X1 = T x| + Kt X1 — Xl

+ k1||T"xn - xn+1||
gives by (2.7), (2.11), (2.12), and (2.13) that
lim ||Sx, — Tx,| = 0.
In turn, by (2.15) and (2.17), we get
lim ||x, — Tx,|| = 0.

This completes the proof.

(2.12)

(2.13)

(2.14)

(2.15)

(2.16)

(2.17)

(2.18)
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Lemma 2.3. Let C be a nonempty closed convex subset of a uniformly convex Banach space E. Let
S, T : C — C be asymptotically nonexpansive mappings and {x,} as defined in (1.3). Then, for any
p1,p2 € F, im,,, oo||tx,, + (1 — £)p1 — p2|| exists for all t € [0, 1].

Proof. By Lemma 2.1, lim,, _, o ||x, — p|| exists for all p € F and so {x,} is bounded. Thus, there

exists a real number » > 0 such that {x,} C D = B,(0) N C, so that D is a closed convex
bounded nonempty subset of C. Put

un(t) = [ltx, + (1 = t)p1 = p2l|. (2.19)
Notice that lim,, —, 1, (0) = ||p1 — p2l| and lim,, 4, (1) = ||x, — p2|| exist as in the proof of
Lemma 2.1.
Define W, : D — D by
Wux = a,S"x+ (1 -a,)T"x. (2.20)

It is easy to verify that W, x, = x,.1, Wyp =p forall p € F and

[Wax =Wyl <kallx -yl Vx,y€C, neN. (2.21)

Set

Rn,m = n+m-1 Wn+m—2 T Wn/ me N/
(2.22)
Onm = ”Rn,m(txn +(1- t)Pl) - (tRn,mxn +(1- t)Pl)”

Then, ||Rymx — Rymyll < ]_[?:nm’lkjﬂx - yll, RumXn = Xpsm, and R, ,,p = p forall p € F.
Applying Lemma 1.5 with x = x,,, y = p1, U = Ry,;», and using the facts that >3, (k,—
1) < oo and lim,, ., o ||x,, —p|lexist for all p € F, we obtain v,,,, — Oasn — oo and forallm > 1.

Finally, from the inequality,

Unsm(t) = [Expem + (1 = t)Pl - PZ”
= ”tRn,mxn +(1- t)pl - P2||
< Onm + |Ruym (txn + (1 = t)p1) — p2|

n+m-1 (223)
<Oum+ [ ] Kjlltxn + (1= t)p1 = pal

j=n

n+m-1

=Unm+ H kjun(t)/
j=n
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it follows that

lim sup u, (t) < liminf u,(t). (2.24)
Hence, lim,,, - ||tx, + (1 — t)p1 — p2|| exists for all t € [0, 1]. O

3. Common fixed point approximations by weak convergence

Here, we will approximate common fixed points of the mappings S and T through the weak
convergence of the process {x,} defined in (1.3). Our first result in this direction uses the
Opial’s condition and the second one the Kadec Klee property.

Theorem 3.1. Let E be a uniformly convex Banach space satisfying the Opial’s condition and
C, S, T, and let {x,} be as in Lemma 2.2. If F # ¢, then {x,} converges weakly to a common fixed
point of S and T.

Proof. Let x* € F, then as proved in Lemma 2.1, lim,, _, o, ||x, — x*|| exists. Now, we prove that
{x,} has a unique weak subsequential limit in F. To prove this, let z; and z, be weak limits of
the subsequences {x,,} and {x;, } of {x,}, respectively. By Lemma 2.2, lim,, -, oo || — Sx,|| = 0
and (I — S) are demiclosed with respect to zero from Lemma 1.4. Therefore, we obtain Sz; =
z1. Similarly, Tz = z;. Again, in the same way, we can prove that z, € F. Next, we prove the
uniqueness. For this, suppose that z; # z,, then by the Opial’s condition

lim ||x, — z1|| = lm ||xy, — z1|| < Hm ||x, — z2|| = lim ||x, — 22|
n—oo n; — oo n; — oo n— oo

. . . (3.1)
= 1im [lx, - 2]l < lim [, - 2 = lim x, - 2|
n]' — 00 n]' — 00 n—oo
This is a contradiction. Hence, {x,} converges weakly to a pointin F. O

Theorem 3.2. Let E be a uniformly convex Banach space with its dual E* satisfying the Kadec Klee
property. Let C, S, T,and {x,} beasin Lemma 2.2. If F # ¢, then {x, } converges weakly to a common
fixed point of S and T.

Proof. By the boundedness of {x,} and reflexivity of E, we have a subsequence {x,,} of {x,}
that converges weakly to some p in C. By Lemma 2.2, we have lim;_, o||x,,, — Sx,,,|| = 0 =
lim; _, oo || X, — Txy,||. This gives p € F. To prove that {x,} converges weakly to p, suppose that
{xn, } is another subsequence of {x,} that converges weakly to some g in C. Then, by Lemmas
22and 14, p,g € WNF, where W = wy,({x,}). Since lim, _, . ||[tx, + (1 — t)p — g|| exists for
all t € [0,1] by Lemma 2.3, therefore, p = g from Lemma 1.6. Consequently, {x,} converges
weakly to p € F and this completes the proof. O

By putting T = I, the identity mapping, in Theorems 3.1 and 3.2, we have the following
corollaries. Note that the condition |[x, — S"x,|| < ||S"x, — T"x,||, n € N, becomes trivially
true in this case.

Corollary 3.3. Let E be a uniformly convex Banach space satisfying the Opial’s condition and let
C, S beas in Lemma 2.1 and {x,} as in (1.4). If F(S) # ¢, then {x,} converges weakly to a fixed
point of S.
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Corollary 3.4. Let E be a uniformly convex Banach space with dual E* satisfying the Kadec Klee
property. Let C, S be as in Lemma 2.1 and {x,} as in (1.4). If F(S) # ¢, then {x,} converges weakly
to a fixed point of S.

4. Common fixed point approximations by strong convergence

We first prove a strong convergence theorem in general real Banach spaces as follows.

Theorem 4.1. Let E be a real Banach space and C, {x,}, and let S, T be as in Lemma 2.1. If F # ¢,
then {x,} converges strongly to a common fixed point of S and T if and only if

lim inf D(x,, F) =0, (4.1)
where D(x, F) = inf{||x —pl|| : p € F}.
Proof. Necessity is obvious. Conversely, suppose that

lim inf D(x,, F) = 0. (4.2)

As in the proof of Lemma 2.1, we have

lxn1 = pll < Knllxn = pll- (4.3)
This gives

D(xps1,F) < knD (x5, F), (4.4)
so that lim,, —, ., D(x,, F) exists; but by hypothesis

lim inf D(x,, F) =0, (4.5)

n—oo

we have lim,, _, ,D(x,, F) = 0.
Next, we show that {x,} is a Cauchy sequence in C. Let ¢ > 0 be given. Since
lim,, . D(x,, F) =0, there exists a constant n( such that for all n > ny, we have

D(x,, F) < Z. (4.6)
In particular, inf{||x,, — p|| : p € F} < €/4. Hence, there exists p* € F such that
. €
e, = Pl < 5- (47)
Now, for m,n > ng, we have

* * * €
lxnem = Xnll < xnem = Pl + 1200 =PIl < 2[| 30, — 7| < 2(5) = €. (4.8)
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Hence {x,} is a Cauchy sequence in a closed subset C of a Banach space E, therefore, it must
converge in C. Let lim,, _, xx, = q. Now, lim,,_, oD (x,, F) = 0 gives that D(gq, F) = 0; but as
being well known, F is closed, therefore, q € F. O

Fukhar-ud-din and Khan gave the following so-called condition (A') in [17].

Two mappings S,T : C — C, where C is a subset of E, are said to satisfy condition
(A) if there exists a nondecreasing function f : [0,00) — [0, 00) with f(0) =0, f(r) > 0 for
all 7 € (0, o0) such that either ||x — Tx|| > f(D(x, F)) or ||x — Sx|| > f(D(x,F)) forallx € C
where D(x, F) = inf{||x — x*|| : x* € F}.

Our next theorem is an application of Theorem 4.1 and makes use of condition (A').

Theorem 4.2. Let E be a uniformly convex Banach space, and let C, {x,} be as in Lemma 2.2. Let
S,T : C — C be two asymptotically nonexpansive mappings satisfying condition (A'). If F # ¢, then
{x} converges strongly to a common fixed point of S and T.

Proof. By Lemma 2.1, lim,, . ||x, — x*|| exists for all x* € F. Let it be ¢ for some ¢ > 0. If
¢ = 0, there is nothing to prove. Suppose ¢ > 0. Now, ||x,1 — x*|| < ky||x, — x*|| gives that
D(xp41, F) < ky,D(xy, F) and so lim,_, ,D(x,, F) exists by Lemma 1.2. By using condition
(A"), either

1im f(D(xy, F)) < lim ||, ~ T = 0 (4.9)
or
1im f(D(xy, F)) < lim ||, - Sx, | = 0. (4.10)
In both the cases,
nli_l}I(}of(D(xn, F)) =0. (4.11)

Since f is a nondecreasing function and f(0) = 0, lim,_ D (x,, F) = 0. Now, applying
Theorem 4.2, we get the result. O

Remark 4.3. When T = I, both of the above theorems remain valid for the Mann iterative
process (1.4).

Remark 4.4. Above theorems can also be proved using our process with error terms:

x1=x€C,
(4.12)
Xps1 = apS"x, + b, T"x, + cou,, neN,

where a, +b, + ¢, =1, 37 1¢, < 00 and {u,} is a bounded sequence in C.

Remark 4.5. Non-self-asymptotically nonexpansive mappings case can also be dealt with
similarly using above iterative process even with error terms.
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