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1. Introduction and main results

g-series, which is also called basic hypergeometric series, plays a very important role in many
tields, such as affine root systems, Lie algebras and groups, number theory, orthogonal polyno-
mials, physics, and so on. Inequality technique is one of the useful tools in the study of special
functions. There are many papers about it [1-6]. In [1], the authors gave some inequalities for
hypergeometric functions. In this paper, we derive two inequalities for the basic hypergeomet-
ric series ,¢,, which can be used to study the convergence of g-series.

The main results of this paper are the following two inequalities.

Theorem 1.1. Suppose a;, b;, and z are any real numbers such that |b;j| <1 withi=1,2,...,r. Then

a,az,...,ar,
r¢r<b1/b2/- . '/brlqlz>
Theorem 1.2. Suppose a;, b;, and z are any real numbers such that z < 0 and |a;| < 1,|b;| < 1 with
i=1,2,...,r. Then

< (- I2; q)ml‘[ C ' Ve (1.1)

ai,ay,...,a (|az
rPr 74, > 1.2
¢ (bl,bzl- b, Z) = q)wn — |bil; q) -

< Or
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Before the proof of the theorems, we recall some definitions, notations, and known
results which will be used in this paper. Throughout the whole paper, it is supposed that
0 < g < 1. The g-shifted factorials are defined as

n-1 [°)
(@q9),=1 (@q,=][0-a"), (a9, =]]1-aq"). (1.3)
k=0 k=0

We also adopt the following compact notation for multiple g-shifted factorial:

(ar,az,...,am;q), = (a1;q),(a2q), - (am:q),, (1.4)

where 7 is an integer or oo.
The g-binomial theorem [7]

2 (4,9),2°  (azq),
é @G, - @, A<t (1.5)

Replacing a with 1/a, and z with az and then setting a = 0, we get

§ (VflD)

=(Z/9) - 1.6
2 (@), =(z49) (1.6)

Heine introduced the ,¢, basic hypergeometric series, which is defined by [7]

ai,ay,...,ay © (al,az,...,{lr}q>k K (k) 1+s-r L
s 4z ) =2 ~1)"q2 : 1.7
(Ib <b]/ bZ/ .. .;bs q Z> ar} (q, blleI, B ,bs; q)k [( ) q ] z ( )

2. The proof of Theorem 1.1

In this section, we use the g-binomial formula (1.6) to prove Theorem 1.1.

Proof. Since

n-1 n-1
[@a),|=]11-aq| <[] (1+lalg) = (-lal;q), < (-lalq),
S o
|B;9),| =] ]11-bq'| =] ] (1-1Iblg") = (Ibl:q), > (1bl:q),, >0,
i=0 i=0
we have
(@q),| (= Ial;q)w. (2.2)
®;9),| = (Ibl:q9).,
Hence,
(a1,ar..., |ai|;

(— |alia).,
T i) 23)

(bll bZ/- . -/br; l])n
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Multiplying both sides of (2.3) by

<g> — z|"
% (2.4)
gives
(a1/a2/ . aer) ( ) (121)|2|n : (_lail;q)oo (2.5)
(q/blle/ .. er) a (q’q)n i=1 (|b1|’q)oo
Consequently,
ai, az,
<q/b1/b2/ Ib % )
0 (a1,a2,...,ar;q) ( ) (al,az, ar;q) (")
= 1 Z"| < —(-1)"g\2/z" 2.6
% (q,bl,bz,...,br;q) ( ) q Z (q/blle/ . ,erQ)n( ) q ( )

:i q<2>|z|”. (ar,az,...,a:;q), Zq 1_[( |al
| @), |(bby... bsq), (@ 9),
Using the g-binomial theorem (1.6) obtains
Z —1zl:9) .- (27)
Substituting (2.7) into (2.6) gets (1.1). Thus, we complete the proof. Ol

3. The proof of Theorem 1.2
In this section, we use again the g-binomial formula (1.6) in order to prove Theorem 1.2.
Proof. Since

n-1

n-1
(@;9),=][(1-aq) >T ] (1-lalq’) = (al;9), > (lal;9),, >0,
i=0 i=0

(3.1)
n-1 n-1
0<(b;q), =[] (1-bq") <TT(1+1blg) = (= Ibl:9), < (- bl:q).,
i=0 i=0
we have
(@9), _(alq),, (3.2)

b:q), ~ (-1bl:q),,
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Hence,
(ai,a,...,a9), (|111| q)
(3.3)
(b1,by,...,b,;0q), H
Multiplying both sides of (3.3) by
_1y14(3) on
g =" (3.4)
(4:9),
gives
’ AR rrs n _1 " (g) " L i I
@182/ @)y () gy, (V002727 2y (Jailia), (35)
(ql bl/bZI .. r/ Q) (q’ q)n i=1 ( - e
Consequently, we have
ai,az,...,ar - (al’az""’ar"q)n n <n> n
rPr 74, = -1 2
¢ <q/b1/b2/ . b qZ) %(q/blfbb---/br;‘ﬂ ( ) q )
" (3.6)
. (-1)"q(2) 2 H (Iazl 9.
B n=0 (q; q)n
Using the g-binomial theorem (1.6) obtains
© (—1)nq(§)z"
IR () (3.7)
E;) (4:9), i
Substituting (3.7) into (3.6) gets (1.2). Thus, we complete the proof. O

4. Some applications of the inequalities

Convergence is an important problem in the study of g-series. There are some results about
it. For example, Ito used inequality technique to give a sufficient condition for convergence of
a special g-series called Jackson integral [8]. In this section, we use the inequalities obtained
in this paper to give some sufficient conditions for convergence of a g-series and sufficient
conditions for divergence of a g-series.

Theorem 4.1. Suppose a;, b;, and z are any real numbers such that |b;| <1 withi=1,2,...,r. Let {c,}
and {d,} be any number series. If

Cn+1
Cn

lim

n—aoo

:P<1/ |dn+l|§

n=12,..., (4.1)

then the g-series
') al,az,...,ar_
nZZOCn r¢r<b1,b2,...,br,q,dn> (42)

converges absolutely.
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Proof. Letting z = d,, in (1.1) and then multiplying both sides of (1.1) by |c,| give

a, a,...,ada,
C’”‘i’f(bi bi br;q’d">

From |dy41| < |dy|, we know

< feal (=

ooH( |al| q) (4.3)

(= ldnalr9).,
(-

<1. (4.4)

The ratio test shows that the series

~lail;q),
Zlcnl( Idlq)wl"[ T4 (45)

is convergent. From (4.3), it is sufficient to establish that (4.2) is absolutely convergent. O

Theorem 4.2. Suppose a;, b;, and z are any real numbers such that |a;| < 1, |b;| < 1withi=1,2,...,r.
Let {c,} and {d,} be any number series. If

Cn+1
Cn

lim

n—aoo

=p>1, dp1<d,<0, n=0,1,2,..., (4.6)

then the g-series
ay,az,...,ar,
ch T¢T<b1 b2, ..,b /q/dn> (47)

diverges.

Proof. Letting z = d,, in (1.2) and then multiplying both sides of (1.2) by |c,| give

ail;

ay, az, .. (l
ni\ryvr Y7 > n dTl/ 4.8
lcl¢<b1,bz,...,b g ) o (i) LT w8

From d,..1 < d,, we know

dTl+ 7
(i) o (49)
(dn; ) o
Since
nil | (At n+
tim ing [0 Gt Dy oy fenal (4.10)

e fen| (dniq),, e el
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there exists an integer Ny such that, when n > Nj,

(Iaz

)

>0.

a,a,...,a
|Cn|r¢r<b1’b§’“ ,q, >>|cn|(dn,q)w1_[( ) >|cNO|(dNO,q)OOH(

“(411)

So, (4.7) diverges. Ol
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