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1. Introduction

The theory of means and their inequalities is fundamental to many fields including
mathematics, statistics, physics, and economics.This is certainly true in the area of probability
and statistics. There are large amounts of work available in the literature. For example,
some useful results have been given by Shaked and Tong [1], Shaked and Shanthikumar
[2], Shaked et al. [3], and Tong [4, 5]. Motivated by different concerns, there are numerous
ways to introduce mean values. In probability and statistics, the most commonly used mean
is expectation. In [6], the author proves the mean inequality of two random variables. The
purpose of the present paper is to establish a recurring mean inequality, which generalizes the
mean inequality of two random variables to n random variables. This result can, in turn, be
extended to establish other new inequalities, which include generalizations of the Polya-Szego
and Kantorovich inequalities [7].

We begin by introducing some preliminary concepts and known results which can also
be found in [6].

Definition 1.1. The supremum and infimum of the random variable ¢ are defined as inf, {x : P(¢ <
x) =1} and sup, {x : P(¢ > x) = 1}, respectively, and denoted by sup ¢ and inf ¢&.
Definition 1.2. 1f ¢ is bounded, the arithmetic mean of the random variable ¢, A(¢), is given by
sup ¢ +inf¢
A(g) = 2P TIRS

> (1.1)
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In addition, if inf ¢ > 0, one defines the geometric mean of the random variable ¢, G(&), to be

G(¢) = \/supé-inf¢. (1.2)

Definition 1.3. If &, ..., ¢, are boundgi random variables, the independent arithmetic mean of the
product of random variables &, ..., &, A(&, ..., ¢n) is given by

A1 r8) = 1%, sup §i2+ [T infé'

Definition 1.4. 1f ¢, ..., ¢, are bounded random variables withinf¢; >0, i = 1,...,n, one defines
the independent geometric mean of the product of random variables ¢, . .., &, to be

(1.3)

G, 8n) = Jﬁsup &inf ;. (1.4)
i=1

Remark 1.5. If ¢y, ..., ¢, are independent, then

Ald,... 8 = A(lﬁéi),

(1.5)
n
G(&,... &) = G(Hgi)
i=1
The mean inequality of two random variables [6].
Theorem 1.6. Let ¢ and 1 be bounded random variables. If inf ¢ > 0 and inf 1 > 0, then
—2
EE-En* A (¢,
o"En” A (& mn) (1.6)

E2(¢én) — 62@, ,1).

P(G=5)u(5=5)}=" 17)

G(n*)Eg* = G(&) En?
for A =supé, B=supn, a=inf¢, b=infy.

Equality holds if and only if

2. Main results

Our main results are given by the following theorem.

Theorem 2.1. Suppose that &1, ... ,¢,, &nr1 are bounded random variables, inf¢; >0,i=1,...,n+ 1.
Let {U(n)} be a sequence of real numbers. If

ITi B
———— <U(n), 2.1
B (T8 <U(n) (2.1)

then

TER A (e den)

< = U(n). (2.2)
EX(IT5E) ~ G (2. k)
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Proof. Let A;j =supé;, ai =infé;, i=1,...,n+1. We have
P{(¢1- - &nAni — a1 anéni1) (A1 Apdpar — &1+ &nnn) 20} = 1. (2.3)
So
P{(A1- Api+ a1+ Qpe1)ér - én1 2 A1a1 - Apnl’ ) + Ap@nindl - &2} =1, (24)
which implies that
(A At + @1 @) E@ -8 2 Arar - AuanE(Ey) + Apnag E@E - 8). (25)
Using the Jensen inequality [7] and assumption (2.1), we get

(A1 Apa+ar- an)E(& - dna) > Arar -+ ApanE(EL,) + An@na E> (81 &)

E§2 . Eéi
> Ajay--- AnanE<§i+1) + Ap an+1ilT (2.6)
E‘;Z...Eg’% 1/2
>2 [Al a--- AnanE(giﬂ)AnH an+1 ;lT
Hence,
—2
G (&1, énn1 E§2---E§721 vz _
( g(z) ! H] <SA(é&,... én)E(G- &), (2.7)
from which (2.2) follows. O]

Combining this result with Theorem 1.6, the following recurring inequalities are
immediate.

Corollary 2.2. Let &, ..., ¢, be bounded random variables. If inf¢; >0,i=1,...,n, then

EGES A (5,8)
E2(81¢2) 62@1,@)'

ESEBESR A (3 bb) A (41,8)
EX(a&8) ~ @ (é1,62,83) G (é1,&2) ’ (2.8)

E2(TTicéx) ~ 2 G (&1, ék)
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3. Some applications

In this section, we exhibit some of the applications of the inequalities just obtained. We make
use of the following known lemma which we state here without proof.

Lemma 3.1. If 0 < my < my < My < My, then

(1/2)(1111 + Ml) < (1/2)(1”12 + M2>
m1 My B my M, .

(3.1)

Theorem 3.2 (the extensions of the inequality of Polya-Szegd). Let a;; > 0, a; = min;a;j, A; =
max;a;j, fori=1,...,nand j=1,...,m. Then,

mn = (a ‘ar+ A Ak) m . _n 2
S < T i A (Xl Ta (32)

i=1 j=1 k=2 j=1 =1

=

Proof. This result is a consequence of inequality (2.8). Let ¢; have the distribution

1
Pé=a1;)=—, j=1,..., m. 3.3
(gl 111]) m ] m (3.3)
We define n — 1 functions as follows:
f,-(alj)zai]-, i:2,...,n,j:1,...,m. (34)

Let ¢ = fi(é1),i=2,...,n. Then,
E<§2=—1 mzaz i=1 n
i ]_1 l]/ VA 4 7

E(élgn) - ZHaZ]I (35)

]111

Z(él/"'/ék) = %(al--~ak+A1~--Ak), é(é],...,gk) = \/al---akAl---Ak.

Inequality (2.8) then becomes
n [(1/2)(111---ak+A1"'Ak)]2

[T\ /m)Z}’il a?j < 36)
((1/1’7’1)27;1 H?:l al-j)z B k=2 [\/al"‘akAl"'Ak]z ! ’

from which our result follows. OJ

Remark 3.3. For n = 2, we can get the inequality of Polya-Szego [7]:

<k2; ><Zb2>‘4 \/E \/E (éakbky (3.7)

where ay, by >0, k=1,...,m, a=minai, A = maxag, b = min by, and B = max by.
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Theorem 3.4 (the extensions of Kantorovich’s inequality). Let A be an m x m positive Hermitian
matrix. Denote by Ay and A, the maximum and minimum eigenvalues of A, respectively. For real
Pi,...,Pnand p = P1 + - - + P, and any vector 0 # x € R™ the following inequality is satisfied:

1%, x" Abix (x x)" ZI—[ [z1 e+ Ly L] (3.8)
(x*AP2x)* — 4 Ly Le 7 '
where
J\ﬂl/z, ﬁi 2 0, )Lpi/zl ﬁi 2 0/
li= fi/2 Li fi/2 i:1,...,n. (39)
./\11 , ﬁi<0, )Ll , ﬂi<0

Proof. Let Ay > --- > \,, be eigenvalues of A and let A = diag(\y,...,A). There is a Hermitian
matrix U that satisfies

A=U"AU. (3.10)
Let

2
y:Ux:(yl,yz,...,ym)T, pi=%, i=1,...,m. (3.11)
e |3/i|
Then,
[T, x*Afix _ [T, x*UAPUx
(x*Aﬁ/zx)2 (x*l,I*Af’/lex)2
_ 1T y My
(y*AP/2y)?
_ (y*y) Hz 1 2 1f\ﬂ1

(S )

(x x)n 21_[1 1 2 1)‘ﬂl
(Zke )‘i/zpk)

(3.12)

What remains to show is that

n AP e+ Ly Lil? il
[T >k Pk nl 1 1—[ k 1' - k] , Vpi >0, Zpi =1. (3.13)
SRS e

i=1

We define the random variable ¢, and assign P({ = A\;) = pi, i = 1,...,m. Suppose ¢; =
¢Pi/2,i=1,...,n. Notice that \; and A, are the upper and lower bounds of the random variable
¢, s0 l; and L; are the lower and upper bounds of ¢;. According to Lemma 3.1, we know that

Zz(gl,..,) [(1/2) (Il + Ly - Li) |

G(at)  Wh kL L

(3.14)
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Noticing that
m B2
E(& &) = E¢P? = Z,\k Pk (3.15)

k=1

we can use inequality (2.8) to express inequality (3.13) as

ngEé,% < n [(]/2)(11'-'lk+L1"'Lk)]2.

— < < (3.16)
Ez(gl"'§n> k=2 [‘/ll“‘lkLl“‘Lk]z
O
Remark 3.5. If n =2, p1 =1, and p, = -1, this inequality takes the form
Axx'Alx (M + A’
x*Axx*A™ x < (M ) (3.17)

(x* x)2 T 4,
which is Kantorovich’s inequality [7].
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